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DEFINITIONS ANI> SIGNS, 



over the other with a line between.them, in the fqrrn of a fraction . 


The result is called ^the quotient. 


a 


jV 


Thus, a-±b and ~ both rmjan that the nunVber denote*)^by a is 

to be divided by the number denoted by b. If and* b=* 2 > then 

cl b 


a + b or \ = 3. 

b 0 


Also ^ means J that the sum of th^\numbers de~ 

v C (l 

noted by a and b is to be divided by the difference of the numbers 
denoted by c and d; that, if «=*= 8, b= 4, c= 5, and' d — 2, then 
a + b _ 8+412^ • 

T-d~ t, -2 ~~3~ 4 ' 

Sometimes the symbol / is used to denote the operation of 
division Thus 8/5 —8 -5- 5 = J. 

c 

14 . Any collection of algebraical symbols (letters and figures), 
together with the signs, is called an algebraical expression, 
or briefly an expression. 

Thus, 5 ab + ad- $bc is an expression . 


15 - The numerical value of an algebraical expression is the 
number found when a certain value is given to each letter, and he 
operations carried out as represented by the signs. It is worth 1 re 
remembering .that if one of the quantities forming a produc o, 
the whole product is o, and that o divided by any quantit nich 
is not zero is o. 


10 ^ The numerical vra/ues of the following expressions will 
illustrate the use of the principal signs explained above. 

Ex. 1. If tf~ 8 , b = 4 , c= 3 , d= 2 , then the numerical value of 

( 1 ) 4 ^ 4 - 3 ^ = 4 x 8 + 3 x 4 = 32 + 12 = 44 . 

( 2 ) 6 ^ + 9 /;- 4 c = 6 x 8 + 9 X 4-4 X 3 = 48 + 36 - 12 = 84 - 12 ** 7 ?. 

(3) 7«- 3 ^ + 4 c- 2//=7 x 8 - 3 X 4 + 4 X 3 ~ 2 X 2 = 56 - 12 -^ 12-4 

= 68 - 16 = 52 . 


Ex. 2 . If a— 1, b = 2, c=3, d— 4, c—o, then the value of 
(1) 6ac~3bc+7ad=6x 1 x3-3 >^2 x3 + 7 x 1 X4 

= 18 — 18 + 28 = 28. 


(2) 6abc+$bcd -6b — 2ade=6 x 1 x 2 X3+3 X2X3X4—6x2 

-2x1 X4 x0=36+ 72 - 12 — 0= 108- 

_ * ’ T * 

Ex. 3 . If a = 24, 6—i^c=~> 4, <f=6, then the value of^. 

gbcd^_g x 8 x4x 6 172*8^ ^ 

' 4 (i 4 x 24 — 96 ~ 
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33 + 2^ 3X.24 + 2X8 

5 <f- 3 $~ 5 x 4 - 3 x6 

\ / . 
f 

' / 


72 + 16 88 

= 20-T8= 2^ 44 - 

Exercise I. 


1. If a=j*j b— 2, c= 4, </=8, firjd the numerical values of :— 

(1) 5 fid. t (2) 411c. . (3) Tube. (4) ?i + 3b. 

♦ 

(5) 9^-2 e+d. (6) ba-zb-y. (7) Sc-76. (8) 15^ -2^5*4 


2. If a= 1, 3 = 2, c = 3, d=A* find the values of :— • 


( 1 ) 3bc-2ad. 

(3) 1 6ac — $bc + 7 ad. 

(5) 9 ac + 5<*b “ “ 4^*. 

( 7 ) 3*c — 2bc — cd +/\acd. 


(2) #£ + &; +3a.' 

(4) 2 bc + 6**// — 2 dc . 

(6) yie—be —cd+ 4 ad. 
(8) 3&r + 2abd — bd — 


f 

3. If a = 24, b— 8, ^=4, rf=6, £ = 2, find the values of :— 


0) 

( 6 ) 


6c . , 

~d ' <*> 

\oa x 

4, ' (3) 

( 1 C 

bd ' 


. . 18^ 
(4) 3^ * 

, . 6*/^ 
's j 

1— 2e 

2d+ 3 c 

(,) 'Sir 3 4 . 

(7; 4rf- 3 C ‘ 

(8) 

6 fz 

4? 

9 - 

2d' 

, v 12^ 


4 . If tf = 6. Z> = 5, ^=4, d= 3, ^ = 2, /=i, and ^ r =o, find the 
numerical values of the following expressions :— 

(1) 3^-4#-6r + 7<'/+2£ — 4^. (2) — y + ib + y — 2 e 4 -f 

(3) ab + $bc - 4de + 5fc. (4) 4ag- rff+tce-ad. 

(5) ~?i a b -2ac+ 4 be - (6) abed — 2bcde + ydef— 4dcfg* 

5 wWi = 3, £ = 4, 5, x = 2, y = 8, find the values of :— 

1 * ▼ 


(0 

+ 

5^'r 

• 



3* ■ 

2C 



(3) 

Si 

1 

00 

IO* 

-y 

• 

-- 

+ - 

’ » 


x+y 

t - 

a 


(0 

6 ab 

£ 2*V 

}bc_ 


\ D/ 

y 

/ 

x 

• 

/*7 ^ 

2 a — 4$ + 6r 

6a 

- 4 b 

V7; 

5- v ■ 

-y 

2X- 

-y+c 


&. 4 Find the value of — X~- 

o 

1 - *- 

when a = 1, £ = 3, 


/ \ 1 * s ' c 
(2) 


(4) 

( 6 ) 


( 8 ) 


I2.ry 6 ab 
tiAr c 2x 
18 ax 


+ 


4 by 


a + b + c a-b+c' 

2d be 6 xy 4b c 

-1-T" + ~ - 

x ab y 
4a + 4 b + 4 c 2 o x - 4y 


2x+y 


2b + 3 e ^ 2 ab-c 


4 b — 4 a 

5 ad 


7a 

A 


a 


c= 5 and d—o. 


a + e 9 



ASTD SIGNS. 5 

17 . The nurribe#, Whether positive or negative, prefixed to 
any algebraical quantity showing ho.w many times tha| quantity 

is to be added to itself, is called its numerical coefflci&Dfc. 

.*■' • . - 

Thus, in 3 a, 3 is the numerical coefficient of a and 3 a means 
a + a -f a ; in — 7 ax, — 7 is the coefficient of ax. 

18 . If no number is expressed, the coefficient understood, 
being i ; thus a means la \ ab means sap. 

19. The term literal coefficient is sometimes applied to 
a coefficient which is represented by a letter or letters instead of 
a number. 

% 

Thus, in ab, a is the literal coefficient of b ; and in abc , a may be 
termed the coefficient of be, or b the coefficient % of ac, or c the 
coefficient of ab. * 

20 When any quantity is multiplied by itself any number of 
times, the product is called a power of the quantity, and is briefly 
expressed by writing down the quantity, with a .small figure above it 
to the right denoting the number of times it is repeated. 

Thus, instead of a x a, we write a 2 , and/? 2 is called the second 
power of a . Similarly, we write a 2 to denote axaxa, and/? 3 is called 
the third power of a, and so on. 

21 The small figure of the above Art. in any case is called 
the index or exp.onent of the corresponding power. 

Thus, in ci' the index is 3 ; in ab the expone?it is 4 ; \A a* the 
exponent is n. 

22 . When a quantity has no exponent, 1 -is always understood ; 

thus, a = a\ and denotes that a is taken once as 3 factor. 

• * 

23 . The student must carefully notice the distinction oefween 

a coefficient and an exponent. ? 

Thus, 3/? means three times a ; here 3 is a coefficient. But a 3 
means a times a times a ; here 3 is an exporjnt. Thus, 3/? = /?+# + ^, 
but c? = axa xa. * * ' 


24 . The second power of 1 a , written a\ is often called the 

square of a , or a squared ; the third power of a, wriy:fen a 2 , is often 
called the cube of a, or a cubed*\ the fourth power of a, written a 4 , 
is called a to the fourth, and so on. ^ 

25 . Those parts of an expression, which are connected by the 

signs + or —, are called itf> terms, and the expression itself is said 
to be simple or compound, according as it contains one or 
more terms. . \ 

.. Thus, a* 2ab and -5 b\ are each simple quantities, and a* + 2ab 
- 5^* is a compound quantity, whose terms are a^+iab and —5 bK 
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26 . A quantify of one term is called a monomial, of t%uo 
terms, a [binomial, of three, a trinomial, &c., and, generally of 
more than two terms, a multinomial. 

Thus, a 7 ab, a monomial; t/ + ?£, a binomial; 2a + b-c, a 
trinomial\ and a + 2fi — y + 4^/, a multinomial. 

27 . Those parts of an expression which are connected by 
Multiplication are called its factors. 

Thus, the factors of a? are a and those of 5 ab are 5, a and b> 
those of -3 IP are -3, and b y or, as we should rather say, —3 
and b' 1 . Of course we might include 1 as a factor in each case ; 
thus, since a‘ J = 1 x a‘ J , the factors of a 1 are 1 and a 1 , and so of 
the rest. 

Ey. 1 . If <2 — 3, b = 4, c= 5, z/= 6, the numerical values of 

(1) 3£ 2 -2/i 3 »3 x 5 2 —2 X3 3 —75- 54 = 21. 

(2) 4^ + 3tf 2 ^ 2 — 3^ = 4 x 3 a + 3 x 3- x 4 2 - 3 x 5"= 108 + 432-375 

= 54 o~ 375 = '65. 


Ex. 2. If a= 1 , b~ 2 , c— j, then the values of 



b + c* 2 + 3 s _ 


2 + 27 _ 29 

9 -8 ~ i 



+ + tf£ + 2 ^ 2 - 1 2 + 3 x 1 X 2 + I X 3 + 2 X 2 2 - 2 x 2 x 3 

a + a 1 - b 2 + 2 be — c l ~~ i+i-- 2 2 + 2 X 2 X 3 - 3 :i 

_ i+6 + 3 + 8 - I2_ 18-12 _ 6 __^ 

1 + 1— 44-12 — 9 14 — 13 1 


Exorcise II. 


1. If « = 3 , b — 4 , c— 5 , <tf= 6 , find the numerical values of 

(1) 5 a?#*. (2) 3 a*a\ (3) jab^c 1 . (4) 3a 3 i 2 + 4^ s rf s . 

(5) 5^ 8 + 2tf s +.3rf 5t . (6) 5rt 3 ^V + 4a r, rf*. (7) 9<$ 2 + 2aV- 3^*. 

2 . If <2—i, £ = 3, r = 5, <tf=o, find the values of 

0 ) <* 2 + 2 # J + 3 c 2 + 4 df 2 . ( 2 ) 3 a 2 ^ + 2 < 5 L V- 2 a 2 t* + 3 ^ 2 <f. 


(3) tf 3 -3<*V+3(Z6 3 -ZT S 


(5) 


tf 3 — C 2 + 2^C 


b 1 - $a 

( 8 ) 

a 3 + 3^ 


... + ^ + r 1 

(6) "t+rt+2 • 

3 « 2 + 5 ^ 2 + 2^ 2 


( 4 ) - 4 ^ + 6 a 2 ^ 2 - 4 dz/r + ^ 4 . 

<z 3 - £ 3 + c 3 


(9) 


a 3 +rf*+1 


(7) 

(10) 


5 *+ **-«*’ 

0 2 ^ i-2aV+^ 4 rf 
4a 2 + b* 
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3 . Find the value of 4 abr-$a i bc+- 


2 ab*c • 


j ' icl +b + c * 

when a= 1, b — 3, c= 5. 

A jr‘ 1 iU 1 r . tf 2 + f 8 3 2 + £ 2 

4 . Find the value of _ - -4- ,4 -— ; , 

b + c b- + d a + d* 
when a= 1, 6 = 2, 4 = 3, rf=6. 

p 

5 . If x— i,j' = 2, " — 3, p-= 4, ?~(j, find the values of 


(1) 


•V s + y s _ q*-p 
x+y q-p ' 


__ 


, . a- 4 +6£^-4 r r£ 3 + 2 4 
/ — 4 y*z + 69/V J — 4 j'2'* 5 + s’ 4 ’ 


, . ,r- 4 - 2 xy 4 - V 1 _ V 2 + 2yz + z 2 
^ x+y y+u 


e.2 


/ -V 28 

( 4 ) ' 2 “T.>~ + 


24 


9 + 


4 - 2pz -f/j 
.?+/> 

16 


9 , 9 1 9 • V) 9 9 * ""*» .9 9 / 

,r-+jr + .? - p'-z'-y- x~ + q l ~ z* -ft 


\2 • 


28 . Brackets, (),{},[ ], are employed to shew that all 
the quantities within them are to be treated as though forming but 
one quantity. 

Thus, a + (b + c) means that the sum of b and c is to be added to 
rt, and a-(b + c) means that the sum of b and c is to be taken from a. 
Again, a — (b — c) is not the same as a — b — c ; for, in this last both b 
and c are to be subtracted, whereas in the former it is the quantity, 
b — c 1 which is to be subtracted. means that the sum of 

b and c is to be multiplied by /tfpPikewise (a + b)(x-y) means that 
the sum of a and b is to be multiplied by the difference of x and_y. 

Hence, if a = 4, £ = 3, c= 1, we have 

(1) #-^-£=4-3 -1—0, and = 4-(3- 1) = 4-2 = 2. 

% 

(2) 40-3^ + 24-= 16-9 + 2 = 9, and 

4«-(3^ + 24) =16-(9+ 2)= 16-11*5. 

(3) 2 a + b - c= 8 + 3- 1 = 10, 2 (a + b) -c= 2.7 - 1 = 14- 1 = 13, 

and 2(a + b — c) — 2(4 +^3 — 1) = 2(7 — 1) = 2 x 6 = 12. 

\ 

29 . Sometimes, instead of brackets, a line is used, called a 
Vinculu m, and drawn above the quantities that are connected ; 

thus a-b-c is the same as a — {b — c ). 

» 

30 . The line, which separates the numerator and denominator 
of a fraction, is also a species of ?Xnculum, corresponding, in fact, in 
Division to Che bracket in Multiplication* 
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ci 4 * b 4 * c , 

Thtfs, — - - implies that the whole quantity a + b + c is to be 

divided by V and might have been written \{a + b^rc). 

Ex. 1 . If a=8, <5=4, c= 5, d= 6, e=*2, then the values of 
fl) (^ + < 5) 3 -(^t+^) 2 ==(84-4) 5S -(S4-6)‘ j =i 2.I2- 11.11 = 144- 121=* 23. 
(2) (</+^) s =(6 + 2) s =8.8.8 = 5i2. 

< ‘ (3) (rt - < 5 ) 3 (</- c)* = (8 - 4)' j (6 — 2)*=4 51 x 4 3 = 16 x 64 = 1024. 

« 

Exercise III. 

* 

1 . If <2=6, b= 4, £= 1, <^—3, ^ = 2, find the values of 

(1) <z 4 -(< 5 -c). (2) tf-(< 54 -<r). (3) la-b-c-cL 

(4) 2<i-b — {d-c). (5) 2 a-(b — c-d). (6) 9a-(3#4-2c). 

(7) 2(# 4 -<* 4 -rf)-^ (8) 2(a-b)+d-c. (y) (<5 4- £)-(rt- d). 

2 . If <2 = 8, <5=4, c= 5, </= 6, r = 2, find the values of 

(0 (b + d)(a-c). (2) 4*(< 5 a + £ 2 ). (3) 3^(<5 + rf) + 2^{^-^). 

(4) (* 4 -£)V+* 0 2 . (5) (<5 + ^nT) 3 . (6) (,z + b?~(c+d)\ 

(7) 3^ + ^) + 2^ 2 -rf 2 ). (8) 4(a*-b il )(a-d) + 3(c 2 +d'*)(b-e). 

3 . If a = 10, b = 4, = 3, find the numerical values of 

(1) 2<5 4 *# — 3 £- (2) 4 « + ^-3^4-r. (3) a + 2b-c+a — 2 b + c* 

4 . Find the value of 3 b(a 2 b + cd 2 ) — e(ab* + c 2 d) y 

when a= 8, <5 = 4, c=5, rf=6, *=2. 

5 . If (1 = 0, <5 = 2, c=4, rf=6, find the values of 

(0 3 a +/ 2 < 5 -c ) 3 4- {c 2 -(2a 4 -3^)}4-{3c-(20 4 - 3^)} 2 . 

(2) 3<54-(3*- rf) s 4-{3^ - (2^- )} a - {3^ - (2c - rf) 2 }. 

( 3 ) {nH6 + c)*-tf\i(a + 6)* + {d- 


31. The square root of a quantity is that quantity 
square power is equal to the given quantity. 

Thus, the square root of 9 is 3, since 3 s = 9 ; the square 
a 2 is a*\ of 25 is 5. 

So also the cube, fourth, &c . root of, a quantity is that quantity 
.whose cube, fourth, &c. power is equal to the given one. 

Thus, the cube root of 125 is*5, since 5 S = 125 ; the cube root of 
is a 1 of ( a — b ) 3 is ( a — b ). 
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312. The symbol used to denote a root is (a corruption of r, • 
the first letter of the word radix), which, with the proper, iriUex on 
the left side of it, is set before the quantity whose root is expressed. 

Thus, ^125 — 5, fi /3i25 = 5, 

The index, however, is generally omitted in denoting the square 
root; thus s/a is written instead of 'if a. 

Ex. 1, Find the value of J{$abc), when a *=2, £ = 3, c=8. 

J{$abc) = V(3 x 2 x3 x8)= V /(9 X i6)==3 X4= 12. 

Ex. 2. Find the value of Jib 2 -by)- J(ac+ 1), 

when a = 6, b= 5, c=8. 

The Exp. = 8 ^(s 2 - 3-8) ■+ 5 v'(5 2 + 3-8) ■- v'(6.8 +1) 

= 8 s/(25 -24)4-5^(25 + 24)- ^(48 + f) 

= 8x Ji + S ^49- ^49=8x1 + 5x7-7 =8 + 35-7 = 36. 

Ex. 3. Find the value of 4 J(a + b + 2c + d) + 2 J(d- b) 

+ 3 V(2f + 3rtT- 1), when « = o, b— 2, c= 4, d=6. 

The Exp. = 4 J(o + 2 + 8 + 6) + 2 x /(6-2) + 3 */(8 + 18 - 1) 

= 4s/(i 6) + 2 v '4 + 3V(2s; = 4X4 + 2X2 4-3x5 
= 16 + 4+15 = 35. 

Exercise IV. 

1. If <2 = 4, <5 = 5, c=g, d— 2, find the values of 

(1) J($abc). (2)4 V(«V). (3) V(a*b*c). J (4) *(9^). 

(5) bs/{ad+ic- 1). (6) s /(3<zc + 2<W-2« + i). (7) 

2. If <2=25, £ = 9, <r=4, rf=i, find the values of * 

(1) Ja + 2 Jb + 3 Jc + 4 Jd. (2) J{^a)+ ,J(gb)+ 

(3) 3 + 2 >/(4-5) - 4 k/( 9^) + J(i6rf)- 

(4) 5f(5«) + 2 3T(3^)“ ^( 2 <:) + 4 (5) "/a 2 -2 ?f3 s + 3 4 /c 4 -4 6 7'/f. 

(6) ^) + 3 v /(a^)-4V(<5V)+y(cV s ). 

3. If <2=o, <5=2, <r=4, d= 6, find the values of 

(1) 2 v/(rf-^) + 3</(3^+2t- \ )+$J(a + b + 2c+d). 

(2) 3«f(23 s -a) + 2 V(^+f»+7)- SW+c^-^ + rf) 2 }. 

4. Find the value of yj +2 y a ^ 

when <2=2, <5 = 4, r=3, d= 5. 
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5 . If a = 2, /> = o, t=3, d=4, find the numerical values of 
(l) J{(8«+£)(£ +£<-)}+ ^|(5t-2rf)(2i + 7rt ? )}. 
r \ r + i\ , /f3Cfr 2 + ./ 2 )'l 

(2 >WV ;.v + —) +2 V { Ai=—j 


33 . It is very necessary that the student should learn at once 
c to distinguish between terms arid factors . 

Thus, 3 cz 4 -^-r is a compound quantity of three terms y 3a , £, and 
— * ; 3 (tf + />) — t is one of two /tvv/w only, 3(^4-^) and ~f, of which 
the former, 3(0+ Z 0 , consists of two factors , 3 and a + £. the factor, 
a + being itself a compound quantity of two terms ; and so also 
3{a-\-b — c) is a simple quantity or single term, of two factors, 3 
and(a + ^-r), of vdiich the latter is itself a compound quantity of 
three terms. 

Hence, terms are the"i’quantities which make up an expression 
by way of Addition or Subtraction, , whereas factors, by way of 
Multiplication. 

34 . Each of the letters which occur*in a product is called a 
dimension of the product, and the number of letters is called the 
degree of the product. 

Thus, a 3 b %l c or a x a xa xb xb xc is said to be of six dimensions , 
or of the sixth degree . 

# A numerical coefficient is not reckoned ; thus, tv'Pc and 3 a 3 b 3 
are both of six dimensions. 

35. An expression is said to be homogeneous when all its 
terms are of the same dimensions. 

Thus, 3a 3 4- 4a'‘ i b — yabc is homogeneous , for each term is of thre’e 
dimensions, but 3a 4 4- 4alr + ^d~bc l is not homogeneous. 

36 . Algebraical quantities are said to be like or unlike, 
according as they contain the same or different combinations of 
letters. 

Thus, a and 3a, - 5 d 2 b and 7arb, 3(i l bc and — d l bc , are pairs of like 
quantities ; a 3 and a‘\ 3ab and — 7#, 5 ab 2 and 5 aPb, of unlike 
quantities. 

37 - Th« sign — is used to denote that the less of two quantities 
is to 'oe taken from the greater, when it is not known which is 
the greater. 

Thus, a~~b denotes the difference between a and b. 

38. The sign /, stands for then or therefore, and V f° r 
since or because. 
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Ex. 1 . If a=4, £=3, c= 2, d= i, find the values of 

y T \ /„\ abc{a + b-c)+bcd(b + c-d) 

X } v ° W ~'~ad{^d)~+bc(b-c) * 

ti) The Exp. = J. 4 2 .3.2 3 = -J x 16x3x8 = 3x4x3 x 8 = 288. 

<2) The Exd _ 4 ; 3 - 2(4 + 3 -=) + 3-=->(3 + 2 -l) 

W C P ’ _ 4.1(4 -0 + 3 . 2 ( 3 - 2 ) 

_2_4(7-2) + 6(5 - i)_ 24.x 5 -H’»X 4 _ 120 + 24 144 
~ 4 X 3 + 6 X 1 — 12+6 — 18 — 18 

Ex. 2 . If a= 4, <£ = 3, c — 2, <f= 1, find the va’ues of 
. rt 2 + /5 2 + £ 2 « 2 -ab'a-b) 4(« 2 + P) 

V) - + 


= 8 . 


(2) 


a‘ 

aP + ad 2 


nab 

c 2 -rt' 2 + 1 


<jV 


aW (« + ^)(t — rf)' 


<1) The Exp. = ------ 2 


4' 4- 3 s + 2* . 4 » - 4.3(4 - 3 } 4<'4 :i + 3 s ) 


2-4-3 


•1 1 

4 J . 2 ' 


16+9 + 4 16-12.1 4(16+9)_ 29 1.6-12 

16 24 164 i6 + 24 


<2) The Exp. = 2- 


29 , 4 

100 

r 3 , 

1 

9 

1 

T 

5 • 

/ "h- 

It) 24 

64 = 

I -/ + 

16 

6~ 

1 16 

= - + 
4 

6 = 

12 - 

4 : 3 * + 4 -1 2 


— 1 2 + T 

_ 4-9 + 4 -I 

__ 4 

-1 + 1 

4 - 3-1 

(4+3X2- 

-o' 


12 


yr 

3 6 .+ 4 _ 4 

11 

. 0 

• 

_ 4 _. 

10 

_ 4 _ 

Lri 

cc 

i! 

16 

0 — 


12 7 

12 

7 " 

"3' 

7 

21 

“21 

• 


4.25 

%• 


Ex. 3 . If <2 = 5, i5 = 2, £:= 3, find the value of 

*/{ v /(2tf 2 - 3^ 2 - £) + V(3^ 2 - 2^ 2 + 2c) + J(abc - 5)}. 

The Exp. = J { s /( 2.5 2 -3.2 2 -2)+ J (. 3 - 3 ~- 2.2 2 + 2.3)4- V(5-2.3~5 )> 
= n/{xX5°- I2 -2) + V(27-8 + 6)+ ^'(30-5)} 

- -s/{ ^(50-14)+ ^(33-8)+ ^(25)) 

= V{ n /( 36 )+ n /( 25 )+ ^(25)} = n/(6 + S + 5}= J ( i6) = 4- 


. 4 . If ^ = = = 4) find the numerical value of 


3 *y+ 


{(rr 


6jy 


' 2 
+ - 
* 5 


M 


7 7 
4-r 2 +7 


?)}• 
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The Exp. — 3-£.i + 




i) U-itf+Jtlf 


=i+ (f^ + ?) + (iri) =i + (| + f) + (») 

= ^ + (^X2+2X4)-^(ix§) = J+( : V+8)-i-i 

= i + 8 i -4- i J + -V ? x 3 = ^ + -V-=V-= 26 . 


Ex. 5 . Shew that (b + c+d)(b+c -d)(b+d-c){c+d—b) = 
-{o^-O^-t-c 3 )} 2 , when £ = 2, c— 3, ^=4. 

The left side = (2 + 3 + 4)(2 + 3-4)(2+4-3)(3 + 4-2) = g.i.3.5 = 135. 
The right side = 4 . 2 3 . 3 3 -{ 4 2 -( 2 3 + 3 2 )} :! = 4 . 4 . 9 -{i 6 -( 4 + 9 )} s 

=,144 -{16- i3} 2 = 144-3*= 144-9= 135. 


I 


Exercise V. 


1 . If a = 3, find the numerical values of 

3a; a? ; 3a 2 ; CW S ; 3 +a ; 3-a ; 3/a. 

2 . When .r=2, y = 3, find the values of 

3 X + 2 r ; 3 .V- 2 J ; ( 3 ,r + 2)') 2 ; 3 X 2 + zy 1 ; ( 3 -r) a + ( 2 /) 2 . 

3. When <2=9, £ = 3, find the values of 

a 3 — 3&b 2 •, a\a ~ 3b)(a + 3b) ; a\a — b'f. 


4 . If .r = 4,= 6, s= 8, p — 3, q=7, w=i, find the values of 


, . x , v , 2tr 

(1) - + -+ — ■ 
''ye p 

(3) 2 *-37+4*” 


( 2 \ 2g ~ 2 y + 2/ + 3.W_ 3^ ~ x _p y 
; ^ 7>y -22 3 ^ + w 

2^ + 2.r-r + 2jK , J , 2/ 3T--^ , (.r + v)( j - *) 


ijpx 


, . xy+ fi z+wq pqw-xyz + s 

pz — xy + *wq 2q — 2px xyw 


( 4 ) - 4- — 

x y 

pq 


xy 


5 . If a=0, b= 1, c — 2, a*= 3 , 7 = 4, js*=s 5, find the value of 

a 3 4- 3 a 2 £ 4- 2 A: 4- 7#.r 3 + 4- 3^yar. 

6. If <z®4, £=*2, c—o, x= 5, j = 3, 2'= i, find the value of 

zcx - for# 4- 2a.ry 4- $byz - 4«r. 

4 - 

7 . If —5, ^==2, c=i, find the values of 

. (2^4-^) 3 X(2a-2) 3 ^(<2-3) 2 X(^“ i) 2 • 

(,) -- - . 

M («± 3 )_* , (« 3 - 3) 2 . 2 ( a + J ) 3 _ ^ a 2 -? 3 

^ ' ab ab * a — £ * 
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a' + P-c* (2a + 3 + /r) 3 / a+i ^ 5«f 3f+i , 

2ub + 2u — b' {a?-6b) 1 \a a — if a? — c+ 5 

(4) 5 . 

8. Find the values of :— 

. . ns , 7 ^ io /5 , , 

(1) 7;-r+-r-, when a=4, 0=3, c= c. 

w 8a- 7/5 iia-3/5 7c-^a' 3 

. . a i + 6' l + c 3 a*+ £* — (? . 1 • r 

< 2) —/,-+c — -7+6+ r* when rt=4 > * =5 > " =6> 

(3) (a 3 -t- 3 *)(a — 3 ) 2 — 3 (c — / 5 ) s + (a — f) 4 , when a = 4, b — 1, r= 3* 

( 4 ) *(^+*)+(* s 4 \y*+**) + (* 4 ^+ *) ! , if ^=1,7=2, s-=3. 
,. s a z (6*+c 2 + 3d) , 2«(/r + 2rt?+2/?) , / 5 n/(i-c 1 

<5J <5 + r , + de + i+c~ ’ 

if a=o, 3 = A, c = $> d ~?> 5. 

^ *y 

{6) ——-- N /(a + 2) + 4, when a= 7. 

( 7 ) ^ when — 4 , *= 5 , ^-6. 


( 8 ) 


— P 


o 

a“ — b’ 


N /(a 2 + < 5 J ) x /(a-/ 5 ) 


when a = 4, ^ = 3. 


(9) «-{ J(«4- I )4-2}-~—~, when a = 4. 

, . ab-cd+d 2 a-b + c , ‘ , 

(10) ——■;—-* H-7— , when a = 2, /5 = 4, £ = 3. 

2 ab + cd-d 2 a+/5-t J 

(,,) *l ^r.w }’ whe ' 1 «=4,^-S, 4-9 ,rf 

(,2) \/ when ‘ , “ 4,4 * ! ' f_9 ' 


=2, 


9 . If a= 1, 3=2, zr= 3, find the values of f 

(0 3 e . (2) a‘ + 3 ». (3) c 0 " 3 . (4) 5^*. (5) S' 5 . 

a‘ + 3 e , a“ + 3 t + f c , ON /^- 3 C 

W a 2 -a 3 + 3 *’ ^ 7; 3a s +^+^' W 

♦ 

10 . If «=i, 3=2, /r=^3, d= 4, shew that the numerical values 

of the following are equal. 1 

(l) {rf-(<?- 3 +a)}{(//+t)-( 3 +a)} and // 2 -( 3 s +£ s )+a a + 2(3/:-<*«f). 
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\ 2 ) + C)- {it- fl)>* + {{c + it)-{b- «))* + K* + rf ) - (c - a)p 

+ and 4(#' + £ 2 + c 3 + ^ ? ). 

(3) d 1 - {2d— c)c + {2{d - c) + b\b - {2(d~ c+b)-a\(' -and 

{{d-a)-{c-b)\*. 

(4) {(a±d)-(r-b)){((i + c+d-b\{c-(d-a-b)){(b + c+d-a)} and 

4 («rf+ *-) a “ (0** + rf*) - (** + c *))*. 

11 . Find the value of 2^V* + 2A* 2 +■ 2d i b' i — a* — b l — c*, 
when a = 2, <$ = 3, c- 5. 


12 . Find the value of a* -b* — c 3 - $abc\ 
when <2 =’05, b = ’035, <*=015. 



Find the value of, when # = • 05, ^=*03, c—'02 





'i 


14 . 

15 . 


What arc the numbers 3 and 4 called respectively in 4^ ? 

Find the value of -—- + X —— - 2. X -- 2 when x= 5. 

•r + I X - 3 .r - 3 


CHAPTER II. 

SYMBOLICAL EXPRESSIONS AND NEGATIVE (QUANTITIES. 

I. SYMBOLICAL EXPRESSIONS. 

39 . The student who has already become familiar in Arithmetic, 
must carefully notice the following examples of the expression in 
Algebraic symbols. 

Since 4 Rupees = (16 x 4) annas, 

a Rupees = (16 x a) annas = 16*2 annas. 

Similarly ; a Rupees—192a pi*s. 

Again, 240 annas = (240 ■*- 16) Rupees 

* 9 \ a annas = (a-^ 16) Rupees = a/i6 Rupees. 

x Rupees +y annas = (16* +y) annas. 

If 2 be taken from 5 the result is 5-2, that is 3. 

So if y be taken from x the result is x—y. 

The number which is 3 greater than 5 is 5+3. 
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So the number which is 3 greater than x is *4*3. 

5 oranges at 2'pice each, cost (5x2) pice. 

/, x oranges v .<.y pice each cost (xxy) pic G~xy pice. 

A man walking 6 miles an hour, walks (4x6) miles in 4 hours. 

Thus, he walks (,rx6) or 6 x miles, in x hours. 

Again, he walks 26 miles in V hours. 

x 

he walks x miles in y hours. 

6 

Exercise VI. 

I . . .By how much is x greater than^ ? 

2 What is the number which is 5 less than x ? 

3 . A has .r Rupees, B has y annas, and c has z pice ; how many 
.pice have they between them ? 

4 . If x be a whole number, what are the numbers next above 
and next below it ? 

5 - Ram had v oranges, out of which he gave Jadu y ; how 
many oranges has Ram now ? 

6. Bepin has a marbles more than Sham, who has b marbles ; 
how many maibles has Bepin ? 

7 . Express a Rupees (i) in annas, (ii) pies, (iii) tn pice, 

(iv) in quarter-rupees, (v) in two-anna pieces. • 

8 . Express b yards (i) in feet, (ii) in inches. 

9 . Express b inches (i) in feet, (ii) in yards. 

10 . Each of a boys has x marbles ; how many marbles have 

they altogether ? ^ 

II . By how much is x greater than 13 ? 

12 . By how much is 13 greater than x ? 

13 . If I give 2 rupees to each boy, how many rupees do I give . 

to x boys ? IIow many pice do I ^ive them ? * 

14 . If a book costs a shillings, how many can I buy for five 
shillings ? How many for five pounds ? 

15 . What is the total number of pies in a rupees and b annas ? 

16 . What is the co$t of X maunds of sugar at y rupees per 
maund ? How many maunds for a rupees ? 

17 . If x rupees be equally divided amongst y boys, how mucli 
does each boy get ? 
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18 . If I walk a miles an hour, how far do I walk : 

(i) in 3 hours ? (ii) in half-an-hour ? (lii) x hours ? 

19 . Express a square feet in square inches, 

20 . Two boys write an essay ; one writes x lines and a words 
in a line ; the other writes y lines and b words in a line ; find the 
total number of words written between them. 

21 . Express in symbols the following :— 

(1) The sum $f x and v divided by z. 

(2) Five times the square of z, multiplied by x minus y. 

(3) Six times the cube of <2, diminished by the fourth power of 
x f rand the whole multiplied by the square of c. 

(4) The square of a added to the cube of b divided by the 
excess of the sum of a and b over d. 

1 

(5) The square of the sum of a and b multiplied by the differ¬ 
ence of c and d. 

22 . What is the coefficient of a 2 in 4 cPb ? of a h in 3 a h ti*c ? of x K 
in \abx* ? of y in ax*y ? of x 2 in aPx'* ? 

23 . What does the expression a(b + c) denote ? 

21 . What does 3a stand for ? And what does a s mean ? 

25 . Of how many dimensions does the expression (i) 7(i 2 b*c 
consist ? (ii) 3 a*6'*c* consist ? (iii) o?xy 2 consist ? 

r II. NEGATIVE QUANTITIES. 

40 . Any quantity to which a 4 - sign is prefixed is called a 
positive quantity, and any quantity to which a — sign is prefixed is 
called a negative quantity. 

41 . The expression 3-5 has no arithmetical meaning i. e ., we 
cannot subtract 5 from 3. In Algebra, however, such an expression 
has a meaning quite intelligible. 

This idea may be made clearer by considering the following few 
examples. 

(i) -If a man whose income ia Rs.i 00, spends Rs.7 o, he saves 
Rs. 30. But, on the other hand, if his income be Rs .70 and spends 
Rs. 100, he incurs a debt of Rs. 30. 

* Thus, Rs. 100 - Rs. 70 - + Rs.3 o, 

, and Rs. 70-Rs.ioo*= - Rs.30. , 

(ii) If a man gains Rs. 50 and then loses Rs.^o, his total gain is 
Rs. 20. But, on the other hand, Ff he gains Rs. 30 and.then loses 
Rs. 50, the result of his trading is a toss of Rs. 20. 
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Thus, Rs .50 — ifa.30** + 7 ? j . 20 , 
and Rs. jo - /?j. 50 = - 20. 

Moreover, if he loses Rs. 50 and then g&ins Rs. 30, the result 
of his trading is still a loss of Rs. 20. 

Thus, -Rs. 50-f-Rs. 30= - Rs. 20. 

(iii) If a man sells first 5 horses and then again 3 horses, he has 
8 horses less than he had at first. 

Thus, — 5 horses - 3 horses = - 8 horsey * 

(iv) If a man starting from a given place walks 100 yds. along a 
road, and then walks 30 yds. backwards, he will be 70 yds. from his 
starting place. But if he first walks 30 yds. and then 100 yds. back¬ 
wards, he will still be 70 yds. from his starting place, but on the 
opposite side of it. 

Thus, 100 ^yds. - 30 yds. =+70 yds., 
and 30 yds. - 100 yds. = - 70 yds. 

, Hence, we see that + 70 and — 70 are the exact opposite 01 one 
another. In considering a man’s money +Rs. 30 means an increase , 
whilst — Rs.$o means an equal decrease; +70 yds. and —70 yds. 
means 70 yds. in opposite directions , and so on. 

(v) Again, in periods of time, if a date after A. D. be denoted 
by a number with a + sign prefixed, a date before B. C. will be 
denoted by a number with a — sign prefixed. 

Hence, using symbols, we have 

$a — 5#= 4- 3 a; 5« — 80=— 3a; 

— 8a — — 13a ; — 8a + 5a=—3a. 

42. Graphical Illustrations. Take a straight line XOX f of 
unlimited length, and consider all distances measured to % the right 
, as positive, whilst all distances measured in the opposite direction , 
from right to left, as negative. 



Take OA i ^A 1 A a =A s A^=A e A 4 =; . x along OX, 

and O a t ~ a x a % =■ a^a t = a % a^ =. *x along OX'. 1 


Taking p as the starting point*in each case, 

OA 6 denotes +5#, whilst Oa 6 denotes -5#, and so on. 
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Also A 4 A 7 denotes +3.r, whilst A 7 A 4 denotes -3*. 

Again, since OA 5 denotes 5-r (5 spaces to the right) ^ 
and A 5 A, ( denotes -2* (2 spaces to the left) ; 

/, 5x~ 2,r=OA s = 3r, (3 spaces to the right). 

Again, since O a s denotes — 3.x (3 spaces to the left ), 

and a ? Aj denotes 4-7-r (7 spaces to the right) ; 

/, ~ 3r + 7* = OA 4 ~4.r, (4 spaces to the right). 

« 

Again, since Oo ti denotes — 6r (6 spaces /V? the ley /}, 

and denotes -f 4*r (4 spaces /V? the right) ; 

— 6r + 4-f == Oao = — 2.v (2 spaces to the left). 

Again, since' 0 ^ s denotes -31* (3 spaces to the left\ 
and denotes — 5.1- (5 spaces to the left) : 

,\ 5r=Orf s — - 8.r (8 spaces to the left). 


Exercise VII. 

1 . If Rs. 5 loss is the unit, what is again of Rs.6 o? 

2 . Tf Rs. 5 gain is the unit, what is the loss of A\r.6o, and a gain 
of Rs 60 ? and a gain of A^.40 ? 

1 

3 . If a debt of Rs. 50 be represented by 10, what will an income 
of Rs.Goo represent ? 

4 . A boy lost 40 marbles and afterwards won 25; how many 
did he (i) win (ii) lose altogether? 

5 . A man walks East for 20 miles, then 35 miles due West and 
then East foi 30 miles. How far (i) East, (ii) West is he from the 
starting place ? 

6. A man said that he missed the 5 o’clock train by —15 
minutes. When did the train start ? 

7 - If a maund weight is too heavy by -5 seers, what is its 

actual weight ? 

* 

0 . If a man ; s - 10 years younger than another whose age is 
40 years, how old is he ? How old, if — 10 years older ? 

9 * t If a foot measure is -3 inches too long - , what is its length? 

10 . A man has 15 cows in* a field ; he drove away -25 cows ; 
bow many has he now in the field ? 
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Graphical Examples. 


Prove the following graphically, using squared paper :— 


1 5-3 = 2 . 

4. -7 + 3 = ~ 4 - 

7. — 3 .r+ 5 ;r= 2 .r. 

10 . + — 4 #. 


2 . 8-3 = 5 . 

5. 3 - 8 =- 5 . 

8. “3-r- 5*=.-8*. 
11. 5^ — 7^= — 2#. 


v 

3 . 6 — 4—2; 

6 . -2-3= -5. 

9. - $x+2x= - $x. 

12. -3a + 5^ = 20. 


III. CHANGE OP THE ORDER OP TERMS, 

43 . When several Arithmetical quantities are connected to¬ 
gether by the signs + and-, the value of the restilt is the same in 
whatever order the terms are taken. (See Arith. Art. 57), This 
rule also holds good.for Algebraical quantities. 

Thus, a+b=b+a ; a-b= —b + a ; 

• a + b c~a- c + b — b + a- c — b - c-V a=* — c+a + b= — c + b + a. 

44. Graphical Illustrations. Using the diagram of Art. 
42, and adopting the same convention as regards signs, &c. 



6,r — ~jx -f 4X brings us first from O to A 6 (6 spaces to the right), 
then from A 0 to a x (7 spaces to the left), then from a l to A g £4 spaces 
> to the right) ; 

6.r-7.r + 4-*' = OA s =3jr (3 spaces to the right). 

Similarly, 6^r + 4^-7.r brings us first from O to A 6 (6 spaces), 
then from A 0 to A 10 (4 spaces), then from A l0 to A 3 (7 spaces to the 
left), (/. e.) to the same point as before ; • 

/. 6^r + 4.r-7^ = OA s = 3.r (3 spaces to the right). 

Hence, 6x— jx + $x = 6x -f4.tr — jx. 

Again, 3-r-f6.tr brings us first from O to a x (t space to the 
left), then from a x to (3 spaces to the left), then from a 4 to Aj 
(6 spaces to the right); 

/ f — x -3x4-6# =aOA 1 ar2^r, (2 spaces to the right). 
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Similarly, 6x~*$x—x brings us first from O to A 0 (6 spaces), then 
from A 0 to A, (3 spaces to the left), then fron\ A 2 to A 2 (r space to 
the left) ; 

/, 6^-3.r-.rs=OA a = 2A: (2 spaces to the right). 

Hence, — x — 3x+f>x=*6x — 3.1- — x. 

45. Any algebraical expression consisting of like terms may be 
simplified by collecting terms. 

Ex. Find the simplest form of 

6rt-h3i-<z + 3<r— b- 2^ + 5^- 5a-6r*+4i. 

The Exp. = 6a — a- 2a- 50 + 3^- £ + 4^ + 3C + 5C- 6c 

* (collecting like terms) 

— %a + lb~b -+- 8r: — 6c= — 2 a + 6 b+ 2 C. 

r 

Exeroise VIII. 

Find the simple forms of the following expressions : — 

1. 12-8 + 7-5 + 3. 2. -8 + 4-9 + 6-10 + 2. 

3. 3 a - 6 a + 4« — 5 « - 3a. 4. 6^ + 3.r-9-r-7jr + 5 ^r. 

5 . 7a-2b-3c-4a + 5f> + 4c + 2a-3b-5c. 

6. 5a 2 + 3 ab — 2 i* — ab +9 ft — 2 ab —7£ 2 + 4 ab — b l . 

7 . 3<z s -2« 2 + 5«+a 3 + tf + 9'i 2 — 4« s - 6« + 2a 2 - 7a. 

8. jx 2 y — 4* 3 - 4,rv 2 - 6 x 2 + 2xjy 1 - 3.* 2 j/ - 5-r 2 - 3* 3 + 6 + 2 x_y 3 + 7x*. 


Graphical Examples. 


Prove the following graphically, 

1 5 + 3-4=+ 2 . 3 + 6-7 

4 - - 5 + 3 - 4 = -6. 5 . —6 — 7 H 

7 . -2 + 3-4 + 5-6 + 4=10. 

9 . 3* + 4* - 9*= - 2 X. 

11 . -7x + S^+x= -x. 

13 . 3<i+4fl-6a=a. 

15 . - 9 #+Sx + 6 x-7x=* -3*. 


>ing squared paper :— 

2. 3 . -1-2-4=-7. 

= - 10. 6 . -7 + 3+4==o. 

8 . 1 -2 + 3~4 + 5 -6= -3. 
10. - 3* - 4* + 7*=o. 

12. -a~3a-5a= ~ga. 

14 . — 7 «+ 4 «- 3 a=- 6 a. 

16 . -8a+6fZ — 3a + 5a=o. 


IV. SUBSTITUTIONS. 

46 . Hitherto we have considered the numerical value of every 
expression to be a positive quantity, but the numerical value of an 
algebraical expression may be a negative quantity. 
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Ex. 1 . If a= 2, 0=3, r=4, find the numerical* value of 
2 a 3 b + — a 1 be — 4 bc ij r abc. 

The Exp. = 2,2.2.3 + 3.3-3.4 - 2.2.34 - 4.34.4 + 2.3.4 
= 24+108-48-192 + 24=156-240=-84. 

Ex. 2 . Find the value of 3jr 2 -, whenjr—1,^=2,s'=»3, 

2X 

2 2 2 

The Exp. = 3.i.i -5.1.2 + —-— =3- jo + 6=9-*io= - 1. 

2.1 

Ex. 3 - Find the values of 2x 2 — $x— io, when x has the values 
o, 2 j 3 > 4 ) Sj 6. Tabulate the work. * 

When 


X = 

0 

I 

2 

3 

4 

5 

6 

2JtT 2 = 

0 

2 

8 

18 

32 

50 

72 

- 5 -r = 

0 

-s 

— IO 

-15 

- 20 

-25 

- 3 ° 

- JO = 

- IO 

- IO 

- IO 

- IO 

— IO 

— IO 

— IO 

2,r 2 - 5*- 10= 

- IO 

-13 

- 12 

-7 

2 

15 

32 


/, -10, —13, —12, -7, 2, 15, 32 are the required values. 


Exercise IX. 

1 . Find the value of 3^-4a~6r + 7^ + 2 J', and of $ad-%bc+2xy, 

when a — 6, b= 5, £=4, ^=3) >'=2. • 

2 . Find the value of -ytb-abc+^bc—ytCi and of 4a 2 b — gb*c 
+ 2$abc when a = 6, £=5, ^=4’ 

3 . Find the value of (a 3 —3a 2 /; —3<z£ 2 -f £ 3 )(£ 8 —3^) —(r 2 + 2£) 
x(abc-a 2 b 2 ), when a=i, £ — 4, <r=*6. 

4 . If <2=2, £ = 3, £=4, find the ^values of 

( 1 ) {7a-(a + £+c)}-{6£+a(2a-£ + 2<:)}. 

(2) a - (£ 4- r) - {b - (c - a)} - {3a - (2<5 + a - c)}. 

-(f- § tf)(a + tf)J* x(2^r-3^). 

5 . Fine? the value of 6ax + 2by-c2-(2ax-3by+4cz)-cz~ax> 
when a=o, b— 1, <r=2, ^r=8, ^—3, ^=*4. 


{ 


(3) Ub+2C - 


a + 2t 
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6 . When a** 4, £ = 3, 2, ^f*o, find the values of 

(1) 3a 2 —4fc — Sad+scPbcd. (2) -llPc + qa — ab+cd. 

7 . If /2=r, ^ = 2, £=3, </=o, find the value of 

(<w - bd) J{(Z 2 bc + b' l cd + c 2 ad - 2). 

8 . Find the values of .r 2 — 5^+6, when x has the values o, 1, 
2, 3 j 4 » 5 - Tabulate the work. 

9 . Find the values of 6,r 2 — 1 ix — 10, when .v* has the values o, 
i, 1 '5, 2, 3, 5’5, 8 . # Tabulate the work. 

10 . Prove that .r 2 - jx + 12 = 0, when * = 3 or 4. 

• 11 . Prove that 32r 3 -26.v 8 + 7i.r-6o—o, when .r —ij, 3 or 4. 

12 . Given 1^=4, /=io and^=32, find the value of 

• (I )S=Vt+tefl m (2 ) S-V*l2g. (3) S=vt-\£t\ 


CHAPTER III. 

THE FUNDAMENTAL OPERATIONS. 

I. ADDITION. 

47 . Addition is the process of collecting several quantities 
into a single term. This single term is called their sum. 

48 . The Addition of like quantities with like signs-will 
be obtained by addding the numerical coefficients, prefixing the 
common, sign and annexing the common letter or letters. 

Ex. 1 . Add together 4^, 5 a. 

Here, we have to add 4 like things to 5 like things of the same 
kind, and the total is 9 of such things ; 

/. 4 a + 5a~qa. 

Similarly, 4 d l b + 5 d l b + 2a 2 b 4- erb = 12 orb. 

jEx. & Add together —2x\ -52:, ~x % -3*. 

Here, we have to take away successively 2, 5, 1, 3 like things of 
the same kind, and the result is the same as taking away (2 + 5 +1 +3)* 
or 11 such things on the whole. 

Therefore the sum of -‘2x, -5.r, -.r, -3*= - iur . 

Similarly, (- 6 x*y) + (- 3 &y) + (- *M+ (- 9 &y) = - 19 ***. 
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49. The Addition of like quantities with unlike signs' 

will be found by adding separately the positive and negative, epeffi- 
cients ; taking the difference of these two sums*, prefixing the sign 
of the greater and annexing the common letter or letters. 

Ex. 1 . Add together 6a and -2 a. 

Here, we have to take away 2 like things from 6 like things of 
the same kind. Now as the difference of 6 and 2 is 4, and the 
greater is positive, * 

/, 6a-2a = da. 

% . 

Ex. 2 . Find the sum of —12 be, 4 be, —8 be, $bc, $bc. 

The sum of the coefficients of the positive terms =44*5-f 3«= 12. , 

.negative.=*12 -f 8 *= 20. 1 

The difference of these two sums is (20- 12) or 8, and # the sign 
of the greater is negative ; 

/. the required sum = - 8 be. 

Exercise X. 


1 . 

3 

5 . 

7 . 

9 . 



13 . 

15. 

16. 
18 . 

J20- 


Add together : — 

5 a, la.' 3a, 6a, a, 2a. 

5 ab, 6 ab, ab, Sab, jab. 

- 2 *, -5*, -*• 

4 ab, — Sab. — 3 ab, 6ab, ab. 

5 a, - 3 a, 6 a, 9a, - 7 a. 

— 2>abc, — 2<ibc,S<ibc, 1 oabc. 

— 4fi 2 b\ — 5 ci l b'\ 10 a 2 b\ 6a 2 b*. 


2. 4<r, qr, 5.r, 6x, x, c.v. i 
4. 3 a-b, 4 a l b, 6 d 2 b, <)a l b , a l b. 

6 . — 3 «, - 7a, - 1 2a, - %a, — 4 #. 
8 . 4* *“ 5 *i ~ 8 .r, Gr* 3*. 

10. -2ai, - 6ab. 

12. ***», -5^//-, - 6a 1 b\ 4 *W. 

14 . na£ 2 , — 2ab >i , — S f ^ 2 » lo ^ 2 - 


Sabcd, - 4abcd , S a bcct, — loaded\ baled. 


» 


Find the value of 

5«- 2dV + 4aV - 8aW - 6a 2 ^ 3 . 17 . - 2a +100 + a - 4a - 5a. 

- 5ax - 7<z.r + 1 oax 4 - 4^; 19 . 3a 2 + 4a 3 - 8a 2 4 - 5<r - 7a 2 . 

7yz - 272: “ 5 — 67* 4- 37* 4 - 97* - 67*. 


50. The Addition of unlike quantities can be fofind by 
writing the quantities one after the other and prefixing the proper 
sign to each. * * 

Ex. Add together 5<r£, 3d 2 , —2 ab*-, -$b, 2a. 

The sum = - 2 ab* 4- 2a - 3b 4 - $b\ 
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' * Exercise XI. * 

Find the sum of the following quantities :— 

1 a , - 35 C > - 7*. %. sxy, - $xy, - 6 xy\ 9 x*jr* 

3. - 3fib, 5<2 2 3, 43 s , - 5 ^. 4. 2 < 2 , - 3 a 8 , 2 a s , - 5 a 4 . 

5. 4<2 8 ^ 2 , - 3ad\ - 7a 2 A 2 , - 7^’, - 5a r ', 290*^. 

‘ * 

4 , 51. The Addition of quantities partly liko and partly 

unlike may be /ound by writing the like quantities so that they may 
fall conveniently in' the same column, and adding each column 
separately by the preceding Rules and writing down thefbthers with 
• their proper signs. 

Ex. 1 . Find the sum of 2a — + r, 2b-y + a, — 3a^2c V#and 

5 a- 4 <; + 3 <h 

2a-3^+ c Here, re-arranging the expressions so that 

a + 2b -y like terms may fall in the same vertical columns, 

— b + 2c and then adding up each column separately, we 

•, 4 + 36 - 4 c have the sum = 5^4- 3 6 — %c. 

I 5 <*+ 3 t>~ 4 c 

Ex. 2 . Add together 3a 2 + 2 ab\ 4a 2 - 311b\ — 8a 2 + i\ab'\ $a 2 — 6ab 2 
7 a 2 + 3 ab 2 . 

3a* + 2ab 2 Here, the algebraical sum of the terms in the 

4a i ~3^ 2 first column is na a , and that of the terms in the 

— 8a 2 + 4fi£ 2 second column is zero. 

5a*—*Sab' Hence the sum = iia 2 . 

I 7 a 2 4- yib 2 H, — 

11 a* 

V 

Ex. 3 . Find the sum of 2 a + c+d> — b + a + e, c-d, -Za — e-f 
and — 2c 4“ 2d— 2e. 


^ e Here, the terms are arranged in 

c _ " alphabetical order and then each column 

— e-f' IS a ^ded separately. 

- 2C+ 2d-2c The sum = - b + 2d-2c — f 

^1 +~2d-2e-f * 

Ex. 4 . Add together a 3 — 2b* + 3ab 2 , 5# 2 £ - a£ 2 — 3a 3 , 8a 3 4 - 5b*, 
a?6 - 2a 8 +afi* and — $b* - 12 a?b - 6a 8 . 

a 8 / 4-3a3 2 -2^ 3 T , . ^ , 

+ taH— ab* Here, the terms are arranged accord- 

1, -^s ing to the descending powers of'a and 

. - 2«*+ 9 a*b + ah' 1 ascending powers of b. 

—6a % -~i2a 2 b -3 b z The sum = - 2a 8 4 -2 a 2 b 4 -3 ab\ 

— 2a* + 2a 2 b + 3ab* 



ADDITION. 

* 

52 . The Ri'le laid down in Art. 51 is only an illustration of the * 
principle given in Art. 45. 

Ex Add together x - 2y + 32, 3_y - 42 - 2X, 3X - $z — 5_y, x + 2y. 
The sum=x-2y+3x+3y~4s-2x+3X~$z~Sy+x+2jy . 

-x -2x + yc+x - 2y + 3 y - 5 y + 2y + 32 «- 4* - 5 z 
(re-arranging terms) 

« 

= 3* — 27 — 6sr (collecting like terms). 

Exercise XII. 

Add together :— > 

1. 3* 4-7, 2x + 27, 4X 4- 37, 5*4-27, *4-7, 42:+67. 

2. -2^4-3^, -5a+ 2^, -6a+ 3^ - 7 a 4 -<$, -a4-*2^. 

3 . a-b, b — c, c-a. it. a+ b —c, b + c-a, c+a — b. 

5. 2 * 4 - 3 ^ —4^> — 3 a+ 4^ 4<z + 7b4r7c, ^ — ^-<K, - 5 a 4-2^-,6c. . " 

6- 7 a - 3 b ■+• 4 c -2/f4-7, -8a4-4^-6c4-2<tf- if, 1 3*4-30- 5^+4//— 4 * 
2a-/$4-£4-ii and a4-2*f-3. 

7. a*-4/7 4-3^, 13** —9074-70*, -5a* 4-707 2ax — by^cz y 

and - na*4- \7Jby-4cz. 5 

8. 2a* + ab 4-3^ 2 , 3a 2 - 4*0 4-20 2 , 3a 2 4- 3a0 - 0 8 , 12a 2 — 14^-7 ^^, 

and 3a 2 -12*0 4-170 s . • 

9. 2.tr —374-42’ —4, .v4-27-32', -3*4*27-52 4-7, 4*-7 4-2*-3,. 

9* — icy/ 4-11*— 12 and x 4-7 4-2’. 

10 . 8a0 + 3cvtf— 5c 2 , 7ab-2cd+6c 2 > 9*0 —40a?- joc 2 , 7ab-2cd+6c 2 , 

6ab 4- led— 7c 3 and 7a0 - 3*7/4- 4c 2 . 

11 . 20* 8 4-20* 2 7 —3*7 2 4-i47 8 , — 17* s 4-14**7 — I2*7 2 — 37 s , 14**4- 
1 7x 2 y 4-15*7 2 — 57 s , - 12* 8 — 13*7 - 14*7 2 - 57 s and 12* 2 7 4- 37 s . 

12 . x 4- xy - 3* 2 7 2 ,3* 4- 3^7 - 4 x 2 y\6x 4- 7xy 4-1 oxy 2 , ye 4- 2 xy 4- 6* 2 7 2 , 

7 x - 6,17 4- 6r 3 7 a , ’ yc - 6*7 - 3^ 2 7 2 , - ax — 3*7 - * 2 7 2 , 5* 4- ?xy + 
* 2 7 2 and - 2* - 10*7 - 9„r 9 y\ • 

13 . /8 ax -7by + 37 s , a* 2 4- 2^7 - 7y\ 9 ax 4- 47 9 - 2, 74- 3^7 “ 2 7 3 + 4 &x> 

6ax 2 — 7 2 and 2by 4- 37 s - 5. 

14 . 2* 2 — 327 — 47 a , jxz 4 -27 s - z \ * 2 — 27* 4 - 5# a , 3*7 — 6 xz - 3I 9 , 3*# 

- 2* 2 4- 572* and 47 2 # - 375 4- 2* g . 

15. x 3 — 3 ax 2 4- 3a 2 * - a 3 , 4* 8 u 5a* 2 4- 6 a 2 x — 15a 8 , 3* 9 4- 4a* 2 4- 2a 2 x* 

4-6 a\ - 17*® 4-19a* 2 - 15a**4- 8a 8 , - 1 yuc* - 27a 2 *4-18a 8 and 
9* fl — 12a 2 * 4- 4a* 2 — 16a 8 . 
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4 * 6 abed) — 4- babed, bc l d 2 — 5^ a — 6 ax 3 — 

6a !l ^ 3 + 5, -64-a* 3 - 6fl ,J ^ 2 4 - and - 6c 2 rf 2 — 2dcr 2 4 -17a 3 £ 3 4 -1. 

17 . a 8 - 2a < 5 3 - <z£ 3 4- d s b 4 - 2a J c 4-2 abc, — <2 2 ^ 4- - 2fo fl 4- lab 1 + 2 abc 4- 
b*c, -'2a?c~~b s c+c* + 2abc+ac 2 + 2bc 2 and — a 3 —£ 3 —<r\ 

18 . 11 x s +14~V - 7 ' r v 2 4 - 3 yV 4- -r 3 - 2x 2 y — 2s 3 4- 3-ry 8 — 7 y 3 , 2 / 8 — 

11 ~ s — 3-iy/ir 4 - 4 ys s 4 - 4* s , 12,v 3 - 4 yz 3 + 4 xyz + e^xy 2 + 3 y* and 122^ 
- 1 2x l y — xyz 4- 2 v* - 3 y*s. 


53 . When compound expressions, with brackets, areTo be added, 
it is gnore convenient to retain the brackets. 

Ex Find the sum of 6(^4-^) and $(a 4- b). 

Here$ taking a + b as a single quantity x , we have 

6 .r 4 - 3 -r = 9 *r, 

*• /. 6 \a 4- b) 4- 3 (a +b)~c/ a + b \ 


54 . When the numerical coefficienjt& ttre fractions, they must be 
created by the Rules of Fractions u^Arithmetic. 

|br Add together W+y~ -\6\ h#* ~ W+lab, hab-\b*+ la-. 

»w* — I Here, X/- ■?,- 4- ^ = T 'jj — ^ 4- S =*J ^ 

/S+i + i= i 4 -S+I“v;=L 

— .1 _L X _ _ T I 4 S _ 

» r / 4 - IJ + Tf “TI- 

/Hence sum = Tn« 2 4 -/i£ - lb 2 . 


Lift. — «>- *1 

- &l* r ^+ *** 


's^+ab-ib- 


/ 


/ 

\ Exercise XIII. 

Add together :— 

... • 

% 4 (*-£), 2(a-^), -7(rt-^). 

r ‘4 - 2(a - b)x 2 , 3{a-b)x\ 4 [a-b)x 2 . 

% 4(x*+y’-) + 2ab(x*-y 2 )- 3 , -2(^+^)-5^-y) +4 , 3(^ 2 +y) 

’ — labix 2 —y 1 ) — 5, 5(jr' J + y 2 ) + 7*b{x' i -y 1 ) + 4, 

t , ^ ■ ~ 3 (* s +y t ) - 2 ab(x 2 -/’) - s and 2(x s 4 -V 2 ) - -j/ 2 ) 4 - 5. 

> 4 . 6a —'2(w —y)a" + 3a 3 , 7a + 3(;r — _y)a a +4<z 9 , — 6a —-6(.r —y)a 2 — 6a s , 

'/« +13(.r -y)ar - 1 oa s , - ioa + 4(x-y)a s + 10a 3 
and 7a— 12(.r —y)a 2 — a 8 . 


,<5. ^ - ^r 2 4- ^r 2 . ^ 6 . $.ry + ixy - $xy - Ixy. 

* 7 . • 6<*V+ia 8 o 3 — 4 <s 4 — 7a 2 ^ - 2a 2 ^ + ^c> s ^ 3 — ^a*b\ 

~9a 2 ^ + Tfffl 8 ^ 2 - |a 4 ^ 4 and — + T Vca 4 ^ 4 - 



SUBTRACTION. 


*7 

* 

8 ia + it + $a?b*+i f 7 — \* + \b + \a*b*) \a i b* f£, fc+la+t 

— 2a* 6 A anijla -£+3 

9 tV^+J^ + ^ + H 4 , t* 4 + h* s + 4* 2 + $*i - 

and -fcr 1 * * * f f 

10 + ^{a A — b°) + ^a-ab y )a b z + }(a* — b*) + \a — 4*4dW*r* 

%(a 2 — b + \a + 2ab and — 5^ 2 ^— — £*) — 


II. SUBTRACTION. 

T* 


55 Subtraction bein* tne re\eise of Addition, it isevi<?,Wfe* 
that to subtract al 0 ebiucd quantities, chang the signs a] ?«# 
mtities to bt sub It acted ind then proceed as in Addition y 

Thus, if \\c subti act /> from a, the result w ill be a — b , bdt *»f Ttp 
0 take b-c fiom a flic lesult will be b /uzter than by c than the t rt frjeL 
since the qumtity now to be subti acted is less by c thar^^ra 
ffoimer case, hence the result will be a — b + c y which is tl 
the value of a-(b-c) y so thit the quantities b y -t when subtract*/ 
become — b y + c y respective!) 


56 We will further confirm the principle of the list Aiticle 
as follow s — 

(i) Since a — i-b + b y if wc subti ict +b fiom a y the result 1 j a-b y 
the s mie as if we tdd — b to it, • 

(n) Since a — a + b-b y if we subtract - b from i y the icsult is a + b , 
the same is if v e uid + b to it 

Thus, if l pei son possesses i Rupees and owes b Rupees, his 
mone) in hand may be expre^^ed by +a Rupees and his debt by 
— b Rupees, so that he mi/ be olid to possess +a ind —^ Rupees, 
or in one sum, a-b Rupees Now if wc subtract or innul his debt, 
that is take awiy his negatnc property, — b Rupees, he will possess 
the whole positive propeity, +a Rupees, the same as it we b /V^him 
+b Rupees, to pay his debt with 

Hence, the following results are obvious — 

6a —2a = 4a , — 6 i — 2a = —i>a , 6 a —( — 2a) = 8 a , 

— 6a-{ — 2a) = — 4 a , 2a —6a — — 4a 

Ex 1 Subtrict a + b from a— b 

The result =*a—b- (a + b)?=a —b — a — b— —2b 

0 

Ex 2 • What must be added to 2a + b to make va ? 

The icsult —2a — (2a + b)**2a — 2a — b— —b 
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Exercise XIV. 


Subtract :— 


1. 4 a from 9 a. 

4 . — 4 xy from ycy. 

7 . — 4 a from o. 

10 . a from — a. 

13 . - 2 a from — ^b. 

*■ < 

16 - b + c from a. 

19 . a + b from x —y. 
ili 


2. - 4 ab from - 8 ab. 
5 . -8£fromi2£. 

8. 2a + $b from o. 

11. x from o. 

14 . abc from 2 bed. 

17 . - a from yxx. 


What must be added to 


% 3. - yib from 10 ab. 

6 . 6 cPb from — a*6. 

9. -7ax* from 11 ax*. 
12. 20: - b from 3a - 2b. 
15 . - 3 a* from - 3 b*. 

18 . - 2a from - 3 ax. 

20. 3<2~£ + <; t from 3 a + b. 


21 . 

23 . 


i m 



^ 4 * 3 y to m ake 2 x? 

. } +ax + b to make 5 x 2 ~ax? 
- 7x + 6 to make jx - 6 ? 


22. a* ~ b 2 — c 2 to make 3 b 2 + c 2 ? 
24 . a\-2b + c to make a ? 


57 . In dealing with compound expressions containing unlike 
^rms we may conveniently apply the following Rule. 

Hule. Write like quantifier under like quantities , change the 
sign of all the quantities to be subtracted and then, proceed as in 
Addition. 

r 

Ex. 1 . Subtract $x + 4? - from $x+ 7 y-Sz. 


S.r -f Ty - 8.? 
- 3 X- 4 V+ 5 Z 
2 x + iy-~ 3 z 
(by addition). 


The like terms are written in the same 
vertical column (the signs of all the terms 
in the lower line being changed) and each 
column is treated separately. 


Not©. It is not necessary that the signs should be actually changed ; 
the change may be made mentally. 


Ex. 2. From $x 3 - 3 xy + 4 y l take - 4 -f 2 - 3 xy + 7y 3 . 

Here, 5 -r 2 - (- 4* 2 ) = S x% + 4^ 3 =9** 

- 3*7 - (- 3 x y) = -3*7+3%?=°- 

4y e - (+ 7y*) =4 y l - 7y i = - * v*. 


Sx* - 3 xy + 4 jy 2 

- 4 -r* - 3 xy + 7y* 


7 fx* 


-3 y* 


3 r 


Ex. 3 . Subtract - 7« 8 + 3 ^ a - 2c 8 from - 3a 2 + 4 ab - 

- -la 1 4 - tab - 5^ s Here, -3rt*+7a*=4a*; 4<i<5-oi=4a£ ; 

r iq% + 3^-2^ b + 2^=2r 8 . 

4a 2 + 4 ab - 8# 3 4 - 2c 8 




subtraction. 
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Exercise XV. 

From .. 

1. za-2b+c take a + b-2c. 2. 7a 2 -8a-i take 5a 3 -6a + 3. 

3 . 2x s - 3 xy Ary* take \x"- + 4xy - 2 /*. 

4. 5 ax — 7 by + cz take ax + 2 by — cs. ; • 

5 . 7Jr s -2a , +4 take 2,r a + 3^-1. 6. 2 a 3 - 3 «^ 4 *£ s take 4 a 3 - 4 a 04 - 3 < 5 3 . 

7 . 4« 3 -5i 2 +n<' a take 3a 2 -2^ 3 -8<; 2 + i. • 

8. 4 x*~ 2 ^t ! _k+ 4 -ry' J + 3 _y s take 3* 3 + 4 -v'V - lxy % + 57 s . 

9 . ~ 5a 3 +7a‘ 2 b — 3 ab 3 4 - 6 b* take 7a 3 — 4 cPb — 3 ab 3 + 3 b*. 

10 . 5a 3 - 7a l l) + tab'- - b* 4 - 5 take 3a 3 +4 a-b + 3 - 8 ab' 1 + 3d*. 

11. 8a 2 -2a + 65 ' J - 5 a£ + 5£ 2 -3ta4-2 take a 2 +a + 23 ,J 4 - 2 a 3 + 3f 2 + 

3 be + 2 ; 5« 2 ^ - 3 b"- + 2xy take - 3 a 3 b - 5 IP+xy. * 

I 

12 . 2x* — 4 x l y - 3/ 2 + 6 - 2x* - 3 xy 1 - 14 j/ 3 take 3.r s 4 - 2*^ —3*y 2 

• + .r 2 - 1 oy* ; 3at 2 — 2 ry 4 - 4jy 9 take 5^ 4 - l^y, 

*1 

13 . g* 3 + 6.ry - 4j>/ 2 - 1 2xz - jyz - 5 y 2 take 2.r 2 - 3J 2 + 4 xs - $s 2 4- 6 yg 

- 7xy ; 7x l + 5 xs - 22* take 3s 3 -• 7 xe 4- 5a- 2 . 1 

14 . 4a 4 — 3a 3 — 2 ab — 7a + 7 take a 4 — 2a 3 — 2 ab 4 - 7a - 7. 

15 . 5a + 3c-4/5-7</-i? take 43 + 7^-5(f+6c-5 <j. 

16 . 6fi 3 - 97 3 + 1 2pq take 6p 2 4-S7 2 - 1 opq and g p 3 — 3pq 4 - 2q 3 . 

17 . ^V 3 + 2x 3 / 3 -4-ty/ 4 take a’ 5 + 4^ 3 -3.r 2 _y 3 -4,r^ 4 aiid 5 x 3 y 3 ~x\ 

18 . 3x 3 + 2xy-y* take - x l - yxy + 3y l and 3x 2 +4xy~5y a . 

19 . 1-2X + 3X 2 take 7x 9 - 4#* + 3* 4-1 and - 4a 3 4- 3a: - 2ar 3 . 

20 . a*-2a*b+3a 3 b 3 — 4ab 3 4-$b v take 2ab 3 — 3a 1 b' 1 4 - 4a*b — 5a 4 , and 

3a 4 - 2 a 3 <5 + ta l b- - 2a£ 3 + 3b*. * 

* 21 . What must be added to p 3 - q- + 2pq - q 3 to make p 3 - 4pq + 2^* ? 

22 . What expression must be taken from 2a 3 -6a 2 i +4a 3 b 3 ~2 to 
leave a 2 - 7a 3 b - 4a 1 b 3 ? 

23 - From 4a 4 - g£ - g c take the sum of a -b+c, 2a + 2b-$c, -a-b-c 
and -3a+4/;+4f. 0 

24 . Subtract g# 3 -2x4-6 from unity, and 2x - 3* 2 - g from zero, 

and add the results. ' 

25 . If V=*$a+4b-6c, X=* -3a- gb 4- 7c, V=i2oa + 7b-$c, Z=iyi 

“ 5 ^ 4 - 9 <t, calculate the value of V-(X+ Y)+Z. (M. M. 1883.) 
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58 . In the subtraction of compound expressions, with brackets* 
retain the brackets, and of quantities with fractional coefficients, deal 
with the fractional coefficients as in Arithmetic. c 

Ex. From (a — b)x 2 + $(e— d)y 2 take 2(a — £).t 2 — \[c^d)y k and 
from §xy — \ab+\fl take lxy + $ab — lkc\ 

(i) (c-d)y 1 (ii) lxy-\ab+\c* 

2(a — b)x' 2 — 4(c -v d )y 3 \xy 4 \ab — 

7(f-rf),y g “hab-ysab + iyC*. 


Exercise XVI. 


r 


1 . 

2 . 



4. 

5. 

6 . 



From 4a(r-y)-\- $(x 2 -y 2 ) take 5(* 2 —y' l ) + 2a(x—y). 
i Take a\a — b) — (x + y)b 2 4- 5 (a — b)(x—y) fiom a\a — b) 
+ 3 ( a “ <*)(* -J') + (x+ m y)b*. 

Subtract 4 (a + b)* — 2 x(d*+b*)+x*(a + b) from 2(a+b ) 2 

- x(a J 4* b s ) 4- 3 x s (a 4- b). 

Subtract \abc — \io*b+ r n<i* from j^abc+ \a 2 b — la*. 

From >,rt 2 4-’]rt 2 £+ la*b 2 take ia 2 + §a 2 b + Hla 9 b‘ J . 

Subtract 7 a 2 b\a - b) 4- 61 2 y 2 (a 2 4 - //-*) — 2 ab(a* - b s ) from 
11 a*b*(a-b)-l ox yfa* 4- b*) + 7aVa 3 - b 3 ). 

Take £x 2 y 2 -f \x 2 yz 4- ( ]xy 2 z 4 £ from l \x 2 y 2 4- i'axyz 4- ixy*2+l~ 
From £a 2 b 2 — \abc 4- ^x 2 y 2 ^ 2 + J — b) take ^a 2 b 2 4- \abc 

- :J.r 2 j/ 2 r 2 - — b). 

Subtract 3a-%bF''\c from 2 a + ^b-$c. (c. E. 1875). 


* III. BRACKETS. 

* 

59. We have already seen (Art. 28) that when two or more 
quantities are to be treated as a single quantity, they are frequently 
enclosed in brackets. 

60. Removal of brackets. Since a + (b-\-c) means that the 
sum of b and c is to be added to 0, we have, by the rule of addition, 

> # 4 -(^ 4 -£)=tf 4 -^ + £. 

Similarly, a + (b — c) means that to a we are to add b , diminished 

by c. 

Thus, a + (b-c)=>a + b-^c. 

In like manner, a + b-c+(d-V+f)=a + b -c + d-e+f. 

Hence, the following Rule. 



BRACKETS. 


3* 


Rule. When cm expression within brackets is preceded by the 
sign ( + ), simply remove the brackets. 

61 . Since a-(b + c) means that the sum of b and c is to be: 
taken from a, the result will be the same whether b and c are taken 
away separately or in one sum. Thus, by the rule of subtraction, 
we have 

a — (b + c) = a — b — c. 


Again, a-(b-c) means that we are to take away the excess of 
b over c from a. If from a we take away b , we g^t a- b ; but by so 
doing we shall have taken away c too much, and must therefore 
add c to a-b (Art. 54). 

Thus, a — {b — c) = a — b 4- c . 

In like manner, a — b — (c + d- e) = a~ b - c-d+e. 

Hence the following Rule :— 

Rule. When an expression within brackets is preceded by the 
sign ( -), the brackets may be removed\ provided the signs of all the 
quantities within the brackets be changed\ 

1 

Ex. 1 . Trove, by removing the brackets, that 

('* + Afc- (3« ~ 2/') - {2a - 3c) + y - (3« + ib - 4c) =* - 7a +1 oc. 

The given expression = a + b -3a + zb-2a + 3^+3^ — $a — 3# + 4c 

= a — 8/1 + 36 — 3# + ioc= -70 + ioc . 

62. A straight line, called a vinculum drawn over several 
quantities is equivalent to a bracket. (Art. 29). * 

Thus, a-3b + 2c is the same as « —(3^ + 2c). 


63 . In the case of a fraction with a numerator of more than 
one term, the line separating its numerator and denominator is 
also a species of vinculum —, drawn underneath and may be removed 
by the preceding Rules. 


Thus, 5 + -y- 4 ==5 + i !(3*-4) = 5 + 3 7 1 - 
Also 5-3fZi ==5 _I( 3 . r _ 4 ) -5-35+ 


4 

7 

4 

7 




Ex. 2 * Simplify the expression 

&ar-8 1 ox — 5 I4X-2JI 

___+ 5 7 

T,, . . fc* 8 io* 5 

The given expression = —— ~-i ——— y 

’ =3.T-4 + 2^-I-2AT + 3 


I 4 .V 2A 

- ~y + 7 

= 5* —2* —5 + 3 = 3*-2, 
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Exercise XVII. 

i % 

Remove the brackets from the following,‘and then reduce the 
resulting expressions to their simplest forms 

1. 2a +(3a-46). 2- 3-r-(2 jt- 4y). , 3 . x-(-x+y). 

177-3*-(2*-7). 5 . (ya + 46)-{$a-7&). Q. 3a-(a+26-3c). 

' _ - --■- 

7 . x + (fiy - s)-3X -3/4-'*. 8. 2x~4x + 3jy~3y-x. 

9 . a~x-(2x-~a)r0i~2a)+(.3-2x)-(i-x). 

10. (a s — 2!<*V + 30c 1 )— (a 3 c — 2(2 s + 2ar 2 ) + (a* - at 2 - a 3 c). 

11 . (22T 2 - 2_J/ 2 - Z 3 ) - (3_y* + 2r 2 - 2 s ) - (3s 2 — 2y 2 - x 3 ). 

12 . (X s + ax' 1 +a-x) - ( y 3 - by 3 +b 3 y) + (z 3 4- cs l +c 3 z)~ (x 3 -y 3 +z*) 

+ (ax 3 •+■ by 3 + cz l ) - (a 3 x - b 3 y + c 2 z). 

13 . (io.r 2 — 2j y 3 +1 5yz) - (8 yz - 7 y 3 + x 3 ) — (6 y 3 +jyz - g* 2 ). 

14 . (3a-b+7c)-(2a + 3b)-(tf-4c)+(-a + 2 t c)., 

15 . (7« 3 - 8 a 3 b + 3d 3 ) -(17a 3 - 2 a 3 b + X 56 s ) - (- 1 Sfl* - r 3IP + 5a 2 <J). 
Prove the following by removing brackets :— 


16 . 

17 . 

18 . 


5.r-i5 , zx-4 

22-33* c „ _ 

s + » ‘ 

— \X 7. 
II * 

6-qx 7 ~ 2 \x , 

2$X -20 

-£-f- 

3 7 

5 ~ — S x 3 - 

6x+S 27X-S4 

12+42* 

t 2 Q 

6 ~ 


19 . (4 a -2b + $c)-2a~3b+7c+<)c+3b-2a**4b4 7 c. 

20. ga — ^ H— 2a + 3^ — 6a + 5^ — a — 3^ = o. 


64. > When there are brackets within brackets, first remove the 

innermost bracket, then the next, and so on. » 

% 

Ex. 1 . Remove the brafckets from 

{3a-b-(3c-d)\-{2a-(b + 2c) + d). 

The given expression = {3a-£-3r+</}-{2«-3-2£+*f 

= 3 a-b~3 c + d- 2a + b + 2C-d—a-c. 

65. ' When there is a coefficient before a bracket, all the quan¬ 
tities within the bracket must be multiplied by that coefficient . 

Ex. 2 . Simplify 4(1 ■X2a)-2[3a+2{2a-(4a-i)i]. 

The given expression =* 4 + 8a - 2(3 a + 2(2 a -4 a + 1}] v 

=4+8a-2[3a + 4a~8o+2] t , ■ •* 

=»4 + 8a-6a-8a + i6a-4«* t loa. 
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Exercise XVIII. 

Express, removing brackets, in their simplest forms 
1. 2a-'{b-(a-2b)). 2. a - {2b - (2b + 3c) - a\. 

3 . 7a-{b’+{2a + b)-(a-b)\. 4 . 3x-{y-{2x-y)-(x+y)\. 

5. a 3 - ( b 3 - c 3 ) - {d 3 - (c 3 - a 3 )} + {c 3 - {b‘ l - a 3 )}. . 

6. {2a i — {‘$ab-b' i ))-{a' i -{^ab + b' i )\ J r{2b' i -(a i -ab)). 

7. {x s +y*‘- (3*9/+3*/)} - - y*y) - (sxy* -\£ s )}- 

8- {2x-(2y-z)\-{jy + (2x~z)l + 3s-(x-2y)}-\2x-(y-s)\. 

9 . 2a-{3a + 4(b-a)-2b\. 10. 2a - ${b - c) - z{a - i{b - c)}. 

11. 2 jt- ${y -ir) + ^- 2 (_y-s)) - 2{x - ${x-y)}. 

12. a - [5/$ - {a - (3c- 3^) + 2c - (a — 2<* - c)}]. 

13 . 7a-2[3a-2b + {(a + b)-(a-b)\]. 

14 . {2 a - (3// + c - atf)} - {(2« - 3^) + (c i 2d )} + {2a - (3b + c) - 2d * 

-\(2a-$b+c)-2d). 

’ 15 . 4(3^ ~a) - 3 [ 7 « - 3 (( 2 « -b)- 2(b - a)}]. 

Vl6. {/n - n — (3X - 2_v)} - [3/« + 2 n-{x-y + {in + 2 ») - (2^ -.*)}]. 

(M. M. 1890.) 

17 . .*-[«■•* tea-(3a-4a-*)}]. (m. m. 1889). 

18 . <3« ~{b~ 2c)) - {2 b ~{c~a)) + {2b- [4a -a-a- 2 b]}. 

19 - 3« - 2[3 a - 2(3 a - 2(3 a - 2 a + b) + b\ + b]. 

20. 3[2x + gy-2{3v-2(x- 5*- 2y) + $y\]. 

21 . 3-r - \jy - {2x - (6^ - 4" - 3 y -y) + 4x-(x -5 /+*))]. 

22 . 5* + L 3 - r -\ly—- x + 3y — 2\y\- by] - [6y + {7-f - (3^ + +r) + 

+ S- 1 ']) anc ^ then find the value of the resulting Expression, 
when x= J,y~2. 

66. Formation of brackets. It is often necessary not only 
to break up, or resolve, quantities contained in brackets, but also 
to form such quantities, that is, \o take up in a bracket any given 
terms q£. an expression. Now, in doing this* it should be noticed 
that, whatever term we choose to set as first term within the bracket, 
the sign of that term ^vill h%ve to be placed before the bracket, 
and this sign, will qf ''course affect all the terms we may place 
within the bracket. ;4 ♦ 

Thus, +a —£ —collected in £ bracket with +a as first term,** 
will be +(# — k — c)\ buj, with - b as first term, — (£-a + *r), and with 
- <ras first term, - {c - a " 
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So also we might use an inner bracket, and write the quantity 
thus :— 

+ - b) - c), or +■{<*-(£ + <:)}, or -{(£-«) + f), or - [b - (a - c)), &c. 

\ 

« 

Hence, the following Rules 

Buie (i) Quantities can be enclosed within a bracket , preceded 
by the sign ( 4 -), without chqpging their signs. 

Buie (ii) Quantities can be enclosed within a bracket \ preceded 
by the sign (—), provided the signs of all the quantities within the 
bracket be changed *' 

Ex. a-2b + 4c~2d-c~ $=a-[2b-4c + 2d+e + $] . 

— a - [2b - {4c — 2d~ e - 5}] 

— a- [2b - {4 c - (2d+e 4 - 5)}] 

= a - [2b - {4c-(2d+e+ 5)}]. 

. * 

67 . When any terms of a quantity contain some common 
factor, a bracket is often employed to collect the other factors, , 
considered as its literal coefficients, into one quantity, which is set 
before or after the common factor. 

Thus, we have seen already that 3* -f 5.r-6.r=2.r, that is, 
= (3 + 5 - 6 )*. 

In like manner, ax + bx-x*=(a + b-i)x. 
r 2 a — 4 ax 4- 6 ay = 2 a{ 1—2*4- 3 y). 

(a + 2b)x~ - (2 b - c)x 2 - {2c - a) x- = {(a 4- 2 b) - (2 b -c)~ (2 c - a))x 2 

= (2 a — c)x\ 

68. Conversely , when a bracket comes in this way before or 
after a single term as factor, it may be resolved after multiplying 
each term of the quantity within it by the common factor. 

Thus, a[b — x) — {a — y)b = ( ab - ax) - ( ab - by) * 

~ab - ax - ab 4 - ly=by - ax— - [ax - by). 

<? 

Exercise XIX. 

•v 

Place the following in a bracket preceded (i) by a positive sign, 
(ii) by,a negative sign :— 

1 . — 3^ 4 -5^ — 4^*. 2 . 2-a + b-c. 3 . 20 4 -3^-4^--5. 

Express by brackets, keeping the terms in the order given, and 
taking them (i) in sets of two, (ii) in sets of three - 

4 - 3 *~ 2 / 4 - 5 s' + tf+ 3£-2 <t. 5 . 2 a-~ 3 b + 4 c- 2 d-e+ 5 . 
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6 . n *■» 3a 8 +5a 2 —3a- 1. 7 . 4« 2 +S^ 2 - - 2.* 3 - 3y s + 2s' 3 . 

8. + 2C-* 3d~iz -y 4- 3-r 9 . - 3 r 2 - 2/ J - $z 2 -a + 2b~ y. 

10-m; Sbcjiress Examples 4-9 by biachets, m sets of three, with the 
* V second and third of each set enclosed in an inner bracket 

In the following expressions bracket like powers of x 

16 . ax* - bx* - ex— bjfi 4 - cx % *-dx+cx* — dx*— ex 

17 . 4X -f s bx* + 3 bx —+ ax* ~ ax. 
la — 3 * 3 + 5« x l — $cx +8 ax 1 + 6 x - 31 s 

19 3^ - 2c** s - 40&E*+3 «a 2 + 3 r’ - 3# £ r s 

20 4ax+6v a +a?x s -3i>x' i ~2i - 

* 

Add together — 

21. ar — by, x +j , and (a- i)t -(b 4 - i)y # 

22 (a + £)* ,J - 3 a - £)ry + (0- c)y\ ( 4 - 0 r> + 2 ( / * + +(«- 3 ^ 8 , 

and [a — $b)\y — (a — c) y* + (a+b)x* 

S 3 (a- 2/}r*-2i J + (26- 3/)v, + f, - (/> —a)i* 

— (£ + ^i s -\/— i)t, and — 3^t 3 -(^r— 2r)v 

24 {a + fox+ib + diy and (a — b) t -(b-c)y, and subtiact the latter 

from the foi mer 

25 From ar* — bx l 4 rx take 

IV MULTIPLICATION. 

69 Multiplicat i /n consists in finding the sum of a numbei 
repeated any numbei ol times 

Thus, axb means a repeited b times 

= a + a + a+ . continued b terms 

70 To prove that ax&-&xa, when a and b are positive 
integers. 

As a numencal example, let a and b stand for 4 and 5 t respectively. 

Then 4 x 5=* 4 repeated 5 times 

= (i + i4*i-t-i)-f(i + i + i + i)4- . .. repeated 5 times 
= i+i+i+i 
+1 + I +I ■+■ I 

+1 +1 + 1 # +1 

+I+I+I+I 

# +1+1+1+I 
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= (i + i + x + i+i)+(i + i + i + i + i)-t-.lep^t^d x^^Jmes 

(adding vertical columns) 

= 5 + 5+. .repeated 4 times 

= 5x4 

Hence, algebraically, axb^bxa 

» 

71 Ihe definition of Multiplication given m Art 69 does not 
hold good when the quantities to be multiplied together are not 
positive whrle numbers It has to be modified. (See Arith. Art 269) 

Thus, to multipl) 5 h> % we do to 5 that operation which when 
done to unity gives 4 , that is, we divide 5 into 7 equal parts and 
take 3 such parts 

So algebiaicall), to multiply a b) b in this sense, is to do to a 
that operation which has been done to unity to get b 


72 In this extended sense of multiplication the statement ab 
==ba can be extended so as to include every case in which a and b 
stand foi any quantities 

Hence, abt — axb xi=*(a xb) xt ~b xa xo = bcu % 

— bx(axt) = bxi xa=bca, and so on 

Thus, as we have ahead) seen (Art 10) that factois can be 
multiplied in an> oidei without affecting the value of the lesult, but 
it is usual to wnte the letters in alphabetical Older 

f 


73 Rule of Indices Since d' = axaxa, 

and a =axaxaxaxa , 
/, d* x a f) =a xaxiixaxaxaxaxa 
— a 8 (b> definition) = ^ +6 
Similarly, a J xdxa* = a xa 4 = a°j and so on 


I (b> definition) 
(8 factors) 


Hence the following Rule — 

Rule I he product of powers of the same quantity is obtained 

by adding the indicts of the powers 

74 If m be a positive integer, a and b having any values what¬ 
ever, then 

{a + b)m = (a 4* b) + (a + b) + (a 4- b) + 1 epeated nt times 

= a + a 4- a + 1 epeated m times 

+b -l- b + b + . 1 epeated in times 

— a taken m times +£ taken m times 
bin 
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{fence, when m is a positive integer, we have • 
i ( a + b)m = am + bm .(1) 

The above law being true for any positive value of m, it must 
also be true for any negative value. For, suppose ;«= —,r, where x 
is any positive quantity. 

Then (« + £).( — -r)= — {{a + b)x\= — (ax\bx), by (i) 

= — ax-bx =a (-x) + b.(~x) ; 

Hence, for all values of a, b and nt, we have * 

(a + b)m — am + bm .(2) 

In like manner, , 

(a-b)m = {a-b}-\-(a-6} + (<i-b) + .. . repeated/// times 

repeated m times — b repeated m times # 

= am — bm. 

75 . Ryle of Signs. Let it be required to multiply a -b by 
-d. 

Here, (a — b)(c — d) — (a - b) r, (writing x for c~d) 

= ax-b \, Art. 74 

= a(c-d)-b{c-d) 

= {ac-ad)- (be - bd ) 

= ac -ad~6c + bd. 

If on the nght-hand side of this result, each teim be consideied 
separately we find that 

( + <zlx( + r) = +ac, (+a)x(-d)= -ad, 

(-b)'x( + c)= -be, (-b)x(-d)** +bd. 

The results enable us to state the following Rule *— 

Rule. Like si^m multiplied together give plus (+ ). 

Unlike signs multiplied together give minus ( —). 

Or shortly, Like signs produce 4 - and unlike 

76 The convention of signs for direction (Art. 42) enables us 
to illustrate more clearly the Rule of Signs . 

(i) To multiply +3 by +4; this is arithmetically intelligible. 

( + 3) x ( + 4^=+3 repeated 4 times, 

= ( + 3)+ ( + 3)+ ( + 3)+ ( + 3) = + 12. 

So, in algebra, (+a) x(-t-£)=* +ai. 
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(u) To multiply — 3 by +4 ; this is arithmetically intelligible** * 
(-3)*( + 4)= ~3 iepeated 4 times, * * 

So, m algebra, (-a) x( 4 -£) = -ab. 

(in) To multipl} 4-3 by *-4 , this is meaningless m atithmetic. 

Its algebiaic mteipietation is the fqUowmg —■ 

(+ 3) x (-4) = + 3 repeated 4 times, but in the opposite direction , 

= 4 - 12 , in the opposite direction , 
r = -12 

So, 1 n algebra, (4- a) x (— b) = — ah 

(iv) To multiply -3 by — 4 , tins is aiithmetirally memmgless. 

Its algebraic intei pi etalion is the following — 

(— 3Xx (— 4) = - 3 iepeated 4 times, but in the opposite dilation , 

= — 12, in the opposite dn cl tton , 

= 4-12 

So, in algobia, (-/7)x(-Jl=+fli 

77 # To lllusli<ite the Rule of Signs, we shall add here a feu 
examples in Substitution, vvheie some of the symbols denote negative 
quantities It mav easily be shewn b> iepeated applications of the 
Rule of Signs that an> odd powci of a negative quant it) is negative , 
and any even power of a negative quantity \<-> positive 

Ex. 1 If — 1, b = 3, c= - 2 , find the value of — 6 a*6c\ 

Heie, — 6 a^bc % = — 6 x (— 1 ) 2 x 3 x (— 2) s We write down at once, 

*=— 6XIX3X - 8 (-1 /= 4 -1 and 

= 144. -2r=- : 

Ex. 2 If a = o, £ = — 1, ( =2, find the value of 

(a-b)* + (b-cf + (c-a)*. 

The given expression = (i ) 2 + (-3; 2 4-(2) 2 « 1 4-9 + 4 ” 

Ex. 3. Find the value of (x 2 +jP)(x -yf +y{y — zf+(z~x)*, 

when x=4, y = 1, z — 3. 

The given e\pression = (i64-i)(3) 2 4-i(-2) 8 4-(--1) # 

= 17x94-1 x -84-1*153-84-1*146. 
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Exercise XX. 


<If a«- 2 , J- 

1. $ac. 

5 . aW. 

9 . <z s ++ d. 


- 3, c- i, find the value o f 
2 . — 5 < 5 r. 3 . 4 < 2 2 ^. 

6 . (- ab)\ 7 . —a*be*. 

10. ab+bc+ca 11. tf 4 + £ 4 +c*. 


1 - 5 a*b*c. 
8 -3hPc*. 


12 . cr+b* + c*—6c — ca — ab. 13 . - 2ac ? + $b*c. 


If a = 3, b=* -2, o, </— 2, hnd the value of* 

14 . b(a + c) + c(a + b) + a(c-b) 15 . b l +a d . 16 . 3 b*~d a * 

17 . Find the value of (a -b)' 2 + (b — c) 2 + {a~b)(b~c) + 5c*, 

when a— 1, b=~ — 2, c~\ • 

18 . Find the value of (50 — $b)(a-b)-b{$a-c(4a -^)-£ 2 (0 # +t)}, 

when « = o. £ = — 1, c =- 4 . 


19 . Find the value of 

(1) (ac- bd) f(a 2 b< - iW+rW-2), when #= — 1, £ = 2, c=3, ^=0 

(2) ?>abc-2bcd if(a?bc-bcd+ 3 ), when <2 = 0, £=1, - 2, ^=-3. 

( 3 ) * 2 J ,2 i vvhen r= T*5, ^ = - -4 

U) AV 4 , when 1 = - 2 ,y-3,a = - *25. 

( 5 ) 3(0 + 21 2 — 2(0 + 2i)(« —2i; + (0 —2r) a , when .r=i, a=* — 2. 



Find the \ alue of 


31° — 2i“ y— ^iy^ 2 y 

4 *' ~ 3 ^-Tw j + 3 ?' 


when # = 2, jf= 


1. 


78 . To multiply two simple algebraical quantities. 

Rule. Multiply together respectively the numerical coefficients 
and letters and give to each letter in the product an index equal 
Jo the sum 0/ the 291 dices that letter has in the separate factors; 
and then, if both the factors have the same sign, prefix to this product 
the sign +, if different \ign\ % the sign —. 

Ex. 1 . 3^x2^== +3X2XflX^xg= 6flk 

Ex* 2. jjqffi x4£ 5 = - 5 x4 x<z 2 x b U6 = - 20 q*b\ 

j|fx. 3. - Jcdbc x — 3aW= + 7 x 3 x « 2+s x b M x £ 1+4 = 2ia^V 5 . 

7 & When several quantities- are multiplied together, their 
product is called the continued product. * 

80 . Tp find the continued product of several simple quantities, 
instead of multiplying them together successively by the above Rule, 
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it will be shorter to multiply them at once together, and then prefix 
to this product the sign -f or according as th £ number of negative 
factors is even or odd. 

Ex. Find the continued product of 2 a*b f -3 a 9 i 2 , -5 ab*. 

2a 7 b x -3a s ^ a = — 6 a*>b* ; The work, however, may be done 
— 6aWx —5 ab 4 =*=> +3oa°b 7 . shortly, thus :— 

Thus the complete product 2 d*b x — x “ 5 a &* 

is 30 a b b T . = 4* 2 x 3 x 5 a 2 ^ 1 x £ 1+,+4 = 3oa*b 7 . 


Exercise XXI. 

Multiply .— 

1. 7 a by 4 b. 2. — 2a by 3*. 3. —3/7 by —5 b. 

4 5 ac by 2 bd. 5. 3a 2 t 2 by 4 a 2 . 6. 30b 2 by — cPb 

7. 6 at*y* by — 2$V 9 . 8. — 3a 2 0V* by 9. 9a*b* by — 20 2 c 2 . 

10 * - iS^V^by —2r 3 / 2 !? 2 . 11 . by £1^. 12 \y by — xy l . 

13. — abchy — ac, 14. — acx by — 2axy* 15. nix'* by — nx". 

Multiply together 

16- 3<z 2 ^, — 2 <i b\ — 2 a*. 17 - 4« s , - 3- 3c", - ad 

18- — 2a*b, - - 6a. 19. 3 abc, $a*6, -4ary. 

20. — 4xy, - 9*y. 21. 2 a" b\ — 3a 2 ^ 4 , 7a/5 6 . 

Write down the values of 

22. (- 4 rjO* 23 (-9®*) 1 - 24. ( 121 V) 2 . 25. (6aV)*. 

20. (-ga*)\ 27. (2**/^)* 28 (3***) 1 . 29. (-3^)*- 

30. (- 2cCbf. 31 . (-3 aV*. 32 (-a 2 ) 7 . 33. (-«)» 

34. (- ab ) 2 x (- x (- ab)\ 35 4(^) s x 3(^^ * 5 a & c - 


81 . We have (a-£ + r'w = (.a 4-c)///, (wilting ;r for c-£) 

=.r;;z-f c//z, 

=s(a-^)w + m, 

~am — bm + cm. 

* 

4 

Hence, to multiply a compound expression by a single quantity 
r/e have the following Rule .— 

Rule. Multiply each term of the multiplicand separately by the 
simple quantity beginning at the left . 
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3Sx. Multiply %x* - 2xy + 4J/ 2 by 2 c?x and *-2cz z 0 2 4-5tfS 3 -7£ 4 
by —4 ab. 

The process is generally conducted thus :— 

(i) 3* 2 - 2 xy 4-4)' 2 (ii) -2aW + $ab 3 -7 b A ■ 

2 a tf .r _ - 40b __ 

6 a\r* — 4ah s y 4- 8a 3 ry a ' 8 cPb 3 — 20a 3 £ 4 4- 28a£ 6 

Exercise XXII. • 

Multiply 

1. a 3 +3ab by 4. 2. x+3yz by ax. 3. 4*4-3/ by 6. 

4 . a* 2 + 3/ 3 sr by - 2b. 5. aH 3 —b 3 c 3 by ab. 6. 3*2*4-2^ by -30- 

7. - 4*^y — 2/% by - 3*/*. 8 . — 3 a 2 b 3 - by - 5 a 2 d 2 

9. - 3«^ 2 4- 2a 3 ^ 4- 7 <** by — ia 2 b. 10. — 4+6a£ 4- 4# 2 £ 2 by — a n . 

11. * 2 - .try +y* by x. 12. a 1 - a* 4- .r 3 by - ax. 

13. x- — ax+b by - abx . 14. x 3 — 3*'V 4- 3.ry 2 - y 3 by —xy. 

15. a s 4- 4 a 1 b — ^ab 2 — <5 S by —3^. 16. a 3 bc l - $bc+ 2 cdby $a?b*c 2 . 

Find the continued product of 

17- - 3<*£, 40c, - 2^ 2 , 2<a 2 £. 18. - * s , - 2* 3 , - 2*y, y\ - 4* n v. 

19. - xys y ~3y 2 , 2.r 2 , 4 z\ - 5, -2r 2 ;V. 

20 . x s y 2 , — xyz, a 3 b\ —7 x 3 y\ —2a 3 x 3 } —3a 3 . 

Simplify the following :— 

21. 6^(2^ - 3$c - 4c 2 ) - Sc\2b* - 3 be - 4f ? ). 

22. 2 ^y( 3 jry+ 4 y 2 ) - 3 y 2 ( 3 *y + 4 V 2 )- 

23. x\2x 2 — cm’ 4- a 2 ) — ax{2x 2 — ax 4- a 3 ) - rt 3 (2,v a - ax 4- a 2 ). 

43 4. a 2 (a 4 4- 2a 2 ^ 3 4- 4^ 4 ) - 2£ 2 (a: 4 4- 2 a* 3 * 4- 4^ 4 ). 

25. 4 a( — a 3 4- 2<z 2 ^ — b s ) 4- 8i( - a 2 4- — £ 3 ). 

82. Since ( a + b)w=am+bm , Art. 74 

We have (a Fi)(c:4-</)=*a(r4-rf) 4-£(£4-rf), (writing £ + */ for ;//) 

=s=a^+«rf+fc+i<f. 

Similarly, it may be shewjn that 

(a + b)(c-d)~ac — ad+tyc — bd ; 
£a~b)(c+d)**ac+ad-bc-bd ; 

(<*-• b)(c-d) = ac~ad-bc + bd. 
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83 . Again, since (a~b + c)tn = ant - bnt +t$H, Art. Si 

" We have (a-b + c)(x -y )= a(x -y) - b{x -y) + c{x-y) ' 

i (writing x-y for m) 

= (ax - ay) - (bx - by)+(cx - cy) 
*=ax-ay-bx+by+cx-ry. 

Hence, to multiply one compound expression by another, we 
have the following Rule. 

f 

* 

Rule. Multiply each term, of the multiplicand by each term of 
the multiplier and add the several product together for the complete 
product. 


Ex. 1 . Multiply 2,r-5 by 3.V + 2. 

it 

(2.r- 5)(3-r + 2) = (2x. - 5)3.1'+(2* - 5)2 

— 6r‘ J - 15.rH-4.v- 10 
= — 1 i.r —10. A ns. 


The operation is generally arranged thus 


Like terms are 
placed in the same 
column. 


2 -V — 5 

3 £+J _ 

bx L — 15.V = product by 3 x 

H-4.r- 10 - product by 2. 

6g~ — 1 ix— 10 = whole product (by addition). 


Ex. 2 . Multiply 3a 3 — 2 d l b - ab 2 by Tab — 5 b 0j . 


« 



3a 3 — 2<2 a ^ - ab" 
lab - 5 <fr 2 

2ia*^ - 14« 3 ^ 3 — 7a 2 3 s 

- i5a”^+ioa 2 ^ B +5a^ 4 
21 a^b - 29a* b 2 + 3a^ 3 + 5 ab* 

Mulliply 2X l -5.1 + 6 by 3.1 s -42-3. 

2.v 2 -5.1 + 6 
3 x' J — 4 x — 3_ 

6.1 4 -1 sx 3 + 18x» fc = product by 3-v 2 

- 8 ;r ( ! + 20X 2 -24X = product by ~ 4 x 

- 6.r 2 +1 $x - 1 8 = product by - 3 

6x i -2^x 2 + 32x 2 ~ 9^-18 = whole product. 
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84 A re-arran^ement of the terms will be foun-d convenient 
when the expressions are not arranged according to the powers 
{ascending or descending) of some common letter. 

* 

Ex. 4. Find the product of a* - 3 ab - 4b 2 and $b* + 2a* - ab. 

a 2 - 3 ab - 4 b- 
2a 7 -ab+$b* 

'2<fi-b(v‘b — %a' l b ^ 

— a*b 4- 3 a 2 b 2 4- 4 ah* 

' — 1 %alP — 2ob 4 

<i ■« ■ ■ — ^— . *i ... **■ ■■ ■ ■ — 1 . , . .. 

* 2a ~ — I lab* — 2 o £ 4 

Exorcise XXIII. 

Multiply 

.1- .r — 6 by *4-13. 2. .r+5 by .r + 3. . 3. *4-5 by *-3 

4. x-Sbyx + 3. 5. 2a-bbya + 2b. 6. 5a + 2bhy4a + y. 

7. 2a4-b by a + $b. 8. 2a — b by c — 3^* 9. 3x4-2^ by*2.r + 3^. 

10 . 3 ab 4- 4b 2 by 2ab - 3^. 11 .i 2 -jry +j/ a by .r + j. 

12. x 2 + $r-2 by x+3>, 13. x z - 4*4-3 by *-2. 

14. * 3 4- 2*>4-4*/ 2 + 8r by * - 2?'. 15. 2.r* 4- 4* 2 4- 8* +16 by 3* - 6. 

16. 6* n — 4«x * — 3^* 4- 2a* by y 4- 2 a. 

17. s x<i — 2x *y ~ 3 * 2 y 2 + 2 x y z +3 y 4 by 2* - $y. 

18. 27* 3 4- 9 x v y 4- 3*y ? -Hy 3 by 32: -y. 

19. a 4 — 2<2 r i 4- 4aV> 2 — 8 ab 2 4- J bb 4 by a 4- 2b. 

20. a 4 4- tf 2 * 2 4* x 4 by a* - * v . 21. a 4- 2b - y by a - ?£ 4- 3^ 

92. <z 2 4- 2 a — 1 by a* — « 4-1 and by a* — 3<z - 1. 

23 . a: 2 4- 2ax 4- 3a 2 by x* - 2a* 4- 

24. * 4 ~ ax*+cPx — a 4 by x z +ax + n?., 

25. 2* 4 — 3** — 3*' 2 4- 32: -1 by x 2 - 32; - 3. 

26. a 4 - 2a*i 4- 2 £ 2 - 2a£ 3 4 b 4 by a 2 4- 2a£ 4- 0 2 . 

27. * 2 - ax 4- 2d 1 by ** 4- $<stx 4- 4a 2 . 28. 32: 3 - 2x - 5 by 2* 3 - x 2 + 3. 

29. 9a 2 -3a£4-£ 2 — 6a^ 2^4-4 by 304-^4-2. • 

*a>. d i +bl*bc' 1 +ab — ac+bc by a-b + c- 

31. a 2 + 4 b 2 4- gc 2 4- 2 ab 4- $ac - 6 be by ^ - 2 b- y. 

32. 5* 8 - far* 4- 12X -8 by $x* 4 -lox 4-8. 

33. a* — 2a 2 b 4- 2ab 2 - 3 s by 3a 2 - 2a£ 4- b\ 



44 


MATRICULATION ALGEBRA. 


34 . 9 3 + 4 b % + c 1 -*ibc - 3 ac - tab by 30 + 2b + c. ( 

35 . 3 a* -f 5 arb 2 - 6 ad* - 4 a?b +• 7 b* by 2a - 3/^. 

38 . 2a s - 6 - 40 + a* by 2a - 3 + a s . 

37 . a 3 + iitf-4fl v, -24 by a 3 + 5+40. 

38 . « s 4 - 2fl* + ia + 1 by o' — 1 4 - ia- 2 a 1 . 

39 . -r s -2.r 3 + 3 jt- 4 by 4.r 8 + jX- + 2x + i. 

40 . I - 2x + 3-t 2 - 4* 8 by 1 +2x-\-3x~ + 4v*. 

41 . ab + a: + bd+id by ab — ac — bd+ cd. 

42 . a 2 - 2 ab + b' 1 + c 2 by a 3 + lab 4 -b 2 - c 1 . 

43 . 1 -.r+.r 2 -.t s by 1 +x+x 3 +x*. (c. k. 1859). 

Find the coefficient of .r 4 and of x 3 in the following products :— 

t 

44. (x* + tx 2 + Sx - 8)(.r 3 - 2x + 4). 

45. (3.r 3 - 7,r 2 - 8.v - 9)(5„r 8 + 1 xx 1 - yx f 8). 

46 . (81* 4 + 27 xy + c)xy~ + 3* y' + y 4 )(>r - j y). 


85 . The following Examples with their Solutions, illustrating 
the use of brackets in Multiplication, should be carefully noticed. 

f 

Ex. 1 . Multiply x+a by x + b and x*-(a + b)x + ab by x + c. 


(i) x+a 
x + b 
, x* + ax 
+ bx+ab 

A ns, x 2 - 1 - (a 4 - b)x -f ab 


(ii) x 2 - (a + b)x + ab 

x_+c _ 

x 3 - (a + b)x 2 + abx 

+ ex 2 - (ac ■+• bc)x + abc 

.t s — (a -f b — c)x L 4 - (ab — ac — bc)x 4 - a bc 



Multi pi y .r 3 — ax 2 + bx — c by x 1 + nix + n . 

% 


X 2 — ax 2 + bx — c 
x 1 -f mx + n 

x h — ax*+bx* - cx 2 
+ mx* — arnx 2 4- bmx 2 - cmx 

4- nx z — anx 2 +1 nx — cn 


Ans . x b — (a - m)x 4 + (b - am + n)x z - (c - bm + an)x 2 -(cm- bn)x — cn 
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Exercise XXIV. 

Multiply 

1. x-a by x-b. 2. x — a by x+b. 3. x+a byx~b. 

4 . x*~ax+t by x-c, and by x~+ax-c. 

5 . a+mx — nx l by a - 2 mx + ;w 2 , and by ar + 2 nx - mx 2 , 

8 . xr + (a 4 - b)x + ab by x 4 - c y and by x l — (a 4 * b)x 4 - ab. 

7 . x a 4 (//* 4 - 4 -1 by (w 4 - n)x - I. 

8 . ,r 2 - {a - />).r 4- — ap + q by jt* — a. 

9 . i —ax+dx ,2 — cx* by i +x-x\ 10 . ax* — bx+c by # 2 -.r+J. 

11 . Find the coefficient of ,v 4 in the product of , 

x i — (ix* + bx 1 — cx + dbyx 1 +px-\-q. (c.K. 1885). 

12 . Find the coefficient of x in the following product:— 

( ax 4 4 - bx* t- cx 4- d)(ax l - bx 4 (). 

• Find the continued product of 

13 . ax— by , ax + cy 7 and ax — dy. 

14 . 2x -2.r 4 - n , -V + 2/// and x-2n. 

15 . *r 2 + #;t‘ — // J , ,r s 4- bx — dr and .r — (a 4- ^). 


86 . When the coefficients are fractional, they should bfc dealt 
with by the Rules of Fractions in Arithmetic. 


Ex. 1. %a*b* x — ^d z bx— — £ x T i a r '+“b' i + l x~ — ^a*b*x. 


Ex. 2 . 24tf(ia 2 4-4# 2 - g^) = 24ax 4-24a xj£ 2 -240x^1:. 

= 8a 3 4-18<?// 2 — 1 $abc. 


Ex. 3 . (lx - ty ~ *) X - ikr- = - j^ry 2 * x I* 4- |^' 2 " * iy 

4- \xy l z x 2* 

= - tWVV 4- 4- \xy 2 z 2 . 

Multiply irt 3 + - Tj<fr 2 by i<x + 


J# 2 + - J3 2 


Ex 4 . 
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1. 

3 . 


5 . 
* 7 . 
9 - 
10 . 


n: 

13 . 



16 . 

18 . 

19 . 

20 . 


Multiply 


Exercise XXV. 


- by - VW 4 . 

\x z by -5 ax 1 . 

by - sWV. 

3*r 2 j' 2 + by — \xy. 


2. by -J.r 3 ^. 

4 . -AnWby V& 4 - 

6. - by - |y 2 . 

8 . £a 3 -l-|^ 2 -jfc 2 by I2^r. 


Jo 4 r 4 — ha*bx z y + T \ cP&x^y* - T Vs-a^ s rj^ s by — J by. 
£a 4 - ja 3 £ -f£aV; 2 -f1 by VW, and by - 2<z 4 . 

Find the value of 


ia*P x - tab* x - la*b. 12. l ^V x - \aH x 2a\ 

fax* x — \x 2 y x - \xy* x\xyx - ix 2 y*- 

Multiply 

a s - £a*b + z(b 3 by 2 a 1 - 3d*. 15 . i.r 2 + ^ .ry - jjy 8 by £jr + 

fa 3 - Ja 2 ^ + \b 2 by \a — 2b. 17 . .fa 2 - a -f 3- by 3a 2 + 2a + J. 

$x tJ + \y- - \xy by \xy + J/*t- £.r 2 . 

3-r 4 — 2-r 3 + J.r 2 — ‘3 by 4 - — £.r 2 — £. 

1 - + ^a 1 + -}a 3 by I + ha - £a 2 4- |a*\ 


8 ^ Continued product. A judicious choice of arrangement 
of the quantities to be multiplied together always lessens the trouble 
of multiplication. 


Ex. Find the continued product of a-b, a 2 4 - £ 2 , a + b and a* + b*. 

Here, instead of multiplying the quantities in the order as they 
stand, we first multiply a-b by a + b , and then the product by 
a 2 +b 2 and then by a 4 4 b\ Thus, 


(i) a — b 
a + b 

a 2 — ab 
+ ab-b 2 

a 2 *. - F 


(ii) a 2, -b 2 

** + l» 

a 4 - a 2 £ 2 
+ aW-b' 

a 4 — £ 4 


(iii) a 4 -£ 4 
a 4 + 3 4 

a 8 — a 4 £ 4 

A ns. 


Exercise XXVI. 


Multiply together :— 
r 1 . ' a — x, a 2 — : r 2 , and a*—x*. 

3 . *+1, — 1, x+s } and #-3. 


2. 2.r 2 4-<fcr+a 2 2*-a, andar + a. 

4 . * 4 -tf, *+£, and * 4 -£. 



' MULTIPLICATION. 


47 


5. « 2 — a + i, a 9 +« +1, « 4 -a s +i, and a B —a*+ 1. 

* 

6 . a-2d, a-b, a + b and a + 26. 

I 

7 . a 2 +ab + b\ a 2 — ad 4 b 2 and a 4 - 4 b 4 . 

8. # 4 i* #42, #43 and #44. 

Find the continued product of 

9 . x + a , .r — fl, *42#, and x — 2a. 

0 . mx 4 - 2 ny> nix — zny 1 ntx — 3«y and mx 4 ^ny. 

1 . x L — 2y\ x % — zxy 4 2y ?i , ;r 7 42 y 2 , and 4 2.ry 4 2 y 2 . (n.M. 1 885.) 


88 . Detached Coefficients. In such cases the coefficients 
nlv are written down, and the powers of the symbols are understood 
ust as in Arithmetic the powers of 10 are understood in expressing 

number by digits in the ordinary system of Notation. If any 
ovver be missing, o must be inserted as in Arithmetic. 

• Ex. 1 . Multiply .r 3 - 2 J a 44 r 45 by x -3. 

X* — zx't 4 4„r 4 5 

1 ~z 44 4 * 5 

~3 4- 6 -12 -15 

x 4 “ 5 >t 3 4 1 jx 2 - *]x — i§ 

inserting the requisite powers of x in the last line. 

Ex. 2 . Multiply 3-r 4 — $x 7, 46 uy zx 2 — $ x 44. 

2>x 4 4 o.r 3 - 5.1*4 ox 4 6 

2.r 2 - 3 r 44 _ 

6 40 —10 4 o 412 

— g --0415 “O-18 

_412 4 O “20 4 o 424 

6 .r 6 — gx & 4 2x‘ l 4 I 5-rV- 8 x z — 1 8 x 4 24 

89 . Analogy between the Arithmetical and Algebraical methods 

multiplication. % 

Multiply 425 by 23. 425 

*23 

850 

1275 

9775 
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The above i^ an abbreviated form of the fallowing :— 

4-io' + 2.io +s 

2 -iQ + 3 _ 

8. io s + 4. io 2 + io.io 

_ijlioM- 6. 10+15 

8.io 3 .+ i6.io 2 + 16.10 +15 
= 8.10 s + (1.10 3 + 6.1 o 2 ) + (1.10 2 + 6.10) + (1.10 + 5) 

= 9410 3 + 7.1 o'’ + 7.10 + 5 = 977 5. 

If we now multiply ++' + 2^ + 5 by 2^ + 3, the analogy between 
•the two methods is at once evident. Thus, 

4;r ? + 2,r +5 

2 X +3 _ 

8.1'* + 4X' + io * 

+ r 2 X l + 6,r + 15 
8.r 3 + 16.r 2 + 16.r + 1 5 

Exercise XXVII. 

Multiply (by the method of detached coefficients) :— 

1 . 3 .r s - 2 .r +7 by 2X-7. 2 . 3-r 2 + 4^r + 5 by \x- 5. 

3. Cx" — 3* — 6 by x' } - x + 2. 4. .r 2 - 2.r - 5 by x % + 2 .x + 3. 

5 . 9<z 2 — 6 ab + by 3a + lb. 6. x 7, + 2xy + 4y 7 ‘ by x — 2y. 

7 . +V 3 - 5 jt 2 + 3ar — l by x‘ + 2X - 4, and by 4_r 2 —3^ + 2. 

8. 5.V 4 -x* + 4.r 2 - 2.r + 3 by x 2 - 2 v + 3. 


V. IMPORTANT RESULTS IN MULTIPLICATION. 

90. The student should notice certain results in 
so as to be able to apply them when similar cases oc 
down at once the corresponding products. 

91. The Square of a Binomial. 


( 1 ) a +b 
a +{> 
a l + ab 
+ ab + b ’ 1 
a*+2ab+b l 


(2) a - b 

a — b 

a* - ab 

- at + P 

a*-2ab + b z 
* 


Thus, (1) (a+&)*«= a*+ 2 a& + & 2 . (2) (a - &) a = a* - 2 ab + b\ 
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From the above products we learn that :— , 

(1) The square o/Hhe sum of any two quantities is equal to the 
sum of their squares plus twice their product. 

(2) The square of the difference of any two quantities is equal 
to the sum of their squares minus twice their product. 

Ex. 1 . (x + 2y i = X i + 2.X.2 + 2 i =X t + 4X+4. 

Ex. 2 . (30 + 26)* = (3a)*+2.30.26+ (26)*—9a 2 + I2ab + 4b 7 . 

Ex. 3 . (2x-y) i = (2x) !> -2.2x.y+y 2 =4x i -4xy+y 2 , 

Ex. 4 . (2ax-3by)' l =(2ax) l -2.2ax.3by + (3by'f l ‘ 

= 4a 7 x 2 - 1 2aixy + 9 b 7 y 2 . 

92 . The formulae (a + b) 2 =a 7 + 2ab + b l and (a — b) 2 =a 3 — 2ab-{ f b t 
may advantageously be applied in arithmetical work. » 

3i2*=(3oo+12)* —90000 + 7200+144 “ 97344 - 

198* = (200 — 2)®=40000 - 800+4 = 39204. 

ioi - 3 2 =('ioo+ i- 3) 2 = 10000 + 260+1-69 ■= 1026 r6g. 


Exercise XXVIII. 


Write down the squares of:— 


1. x + 2 y. 

5. a 7 +b 7 . 

9 . 5 ab + 7. 
13 . 2« a +3. 
17 . bx 7 - cxy. 


2. 3 x-y. 

6- a 7 -b 7 . 
10 . ab~3cd. 
14 . 3 + 2*. 
18 . 2ab + ic. 


3 . sa+ 3 b. 
7 . 4ab + 3. 
11 . 2X 7 + I. 
15 . 2X—3y. 
19 . 1+2 abc. 


4 . 3a -sb. 

8 - 2x 7 +3- 
c 12. 3 X - 
16 . a 7 - 3 ax. 
20. 4 ab 7 - 3b 7 c. 


Without going through the operation of multiplication, find the 
square of :— , 

21 . 99. 22 . 85. 23 - 78. 24 . 105. 25 . 1004. 

26 . 999. 27 - 1005. 28 . 500-3. 29 . 7‘996. 30 . 99-97- 


93 . The Square of a Multinomial. Art. 91 enables us, by 
using brackets, to find the square of an expression consisting of any 
number of terms. 


Ex. 1. 


(a+b+c)*={a + (b +c)) a , (taking b+c as one term) 
= a* + 2a(b + c) + (b+c ) 8 I,* . 

=a* + 2ab + 2ac+P + 2bc+c* J 9 * } 


= a i + b*+c?-p2ab+2ac+2bc 
=a i +b i +c*+2a(b+c)+2bc. 
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' Ex. 2 . (taking b+c as one term) 

=a*-2a{b+c) + (b + cf l (A ) 
~a*-2ab-2ac+b' i + 2bc+c * J ^ 9U 
= d l 4 - b 2 4 - c 1 ~ 2*z£ — aa<: + 2^^ 

=a 2 +^ 3 + ^-2tf(^+c) + 2^. 

From the above results we lesftjp that : — 

The square of a multinomial consisting of any number of terms 
is equal to the sum of the squares of each term of the multinomial 
plus twice the product of each term ami the sum of all the terms that 
follow if remembering the Rule of Si^ns. 

» Ex. 1 . (2r 2 + 3# + i) 2 = ( 2 .r 3 ) 2 4 - (sr) 2 + i 2 + 2 2x 1 .3x 4 * 2.2r 2 .1 + 2.3AM 

= 4 -r 4 + 9* 3 +1 4 - 12.r 3 -f-4.tr 2 + 6* 

= 4X* -f !2jr 3 4- i3-v' J + 6.r+ 1. 

Ex. 2 . (3# 2 — 2.r 4- 4) 2 =(3* 3 ) 2 4 - (2.r) 2 + 4 s * — 2.3 at 2 (2.v — 4) - 2.2X.4 

= gx* -f 4X 2 4 - 16 - t 2.r s 4- 24.tr 2 - 1 6x 
— gx A — 12.t‘ 3 4* 28.tr 2 — 16.tr 4* 16. . 


Exercise XXIX. 


Write down the squares of :— 

1. a~b+c. 2. x* + 3x+i. 

4. 4X* f s-2X- 5. 5. a* + b*-c 3 . 

7. 2,r 3 -3^-4. 8 . 2 4 3-tr - 4**. 

10. a 3 — \a?-a-~ 1. 11. 1-3-r4-3.tr 2 


—x 3 


3. 2A- 2 4-32T-4. 

6 . a 2 +ab — 2b 2 . 

9 . a + b-c — d. 

12 . a *-b*-c* + d*. 


94. The Product of the Sum and Difference of Two 
Quantities. 

a -¥b 
a-b 

af 4- ab 
-ab-b* 

a* ' -F 

Thus, {a 4 - b)(a -b) = a l - & 2 . 

t 

^rom the above product, we learn that:— 

The product of the sum and difference of any two quantities 
*qual to the difference of their squares: 

Ex. 1. (3a + 2b)(3a-2b)*B\3a)*-(2bym9a 2 -4b 2 . ** 

Ex. 2. (2 ax+ 3 by)( 2 ax - 3 by) = (2 ax) 2 - (3 by) 2 « 4 a*d 2 - 9 b % y\ 
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95 * Hit above formula {a + b\a,-b)=*a 2 ~- b 2 may advWtf 
be employed in authmetical woik » * 

Ex 1 83 X77 — (80 + 3X80-3)-6400-9=6391. * 

Ex 2 93 xto7 = (io-7 )(io+7)=ioo- 49=99 5b 


> i I 1 


Exorcise XXX 

# 

Write down the following pioducts 

1 (« + i)(a-i) 2 (^-3)^ + 3) 3, (a+x){a -x). 

4 (2cr+ i\2«- 1) 5 (3«i + b)( yix — b) 6 (34 + 5)(3* — 5). 

7 3 «+ 5 ^X 3 «~ 5 ^ 8 (1 a + 7 bXa- 7 b) 9 

10 (51 -4a)(5t+4<2) 11 (a + sb'Xa-- 3b 9 ) 12 (2« 3 +#)(2<* , -NafV 

13 (4 — ^’>(4 + «’’) (12-71X12 + 74) 15 (8-54X8 + 54?) 

16 {-a-7b)( a + jb) 11 (a 2 + b j(a -b ) 18 fi"-a 3 )^ 3 **?). 

19 1-u %*)(\+a \ ) 20 (3a \-b)($a-b 21 ( px 3 + q)(fix? -f). 

22 0 — i)(i -1; l X 1 + t ) 23 (i+j)( l_ 3)( l +9) 

24 fa + 5) a- , (1 +25) 25 (3 + 6t )( 3 - 6 *X 9 + 3 6 *0 

a + b [a-b)(i +b ' 27 1+8X4-8)1+64) 

t 34 + 2 «X 3 l - 2 a)( 94 2 + 4«0 29 (a 2 + 4 £ )(/ i ~4r ? ) a 4 + i6e 4 ) 

Without peiformin., the actual multiplicition, find the value of 


30 

999 x1001 

31 

98 X 102 

32 

205 x195 

33 

ii s ^ 10 

34 

1 95 x 2 05 

35 

512 X488 

36 

20 06 X 19 94 

37 

30 S x 295 

38 

121 x 119 

39 

208 x192 

40 

9000 5 x 8999 

5 



96 Extended Application of the Product of the Sum 

and Difference Ait 94 enables us, by usin^ brackets, to find the 
product of the sum and difference of two expressions othet than 
binomials 

Ex 1 {.a + b + L)(a+b-i)~{(,a + b)-\rc)[{a + b)-c), 

(taking a + b as ope term) 

= (a + £)*-r 3 

= <z 3 + lab + b 2 — c l (Art 91 ) 

Ex 2 (a + ab + b 2 )(a 2 -ab + b -) = {{a 2 + b l ) + ab){{a 2 + b°) - ab) 

=(a 2 + b 2 y-(ab) 2 
=#*+2a l b 2 +b*- a 2 b 2 
=a 4 +« 3 £ 3 + £ 4 
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Ex. 3. {a 2 + ax - x 2 ){a s - ax ~ x 2 ) - {{a 1 ~ x 2 ) + ax){(a 2 - x r j - ax\ 

=(0»-* a )M«) s 

= a* - za*.r s +x*~ a 2 x l 

=*«*-. 30***+.**. 

Ex. 4. (a + 2b-y-ct)(a-2b + y-d) 

*={{*-, d)+{2b-y)\\{a-d)~ {2b-y)) 
r={a -df~{2b-yf 

t = (0 3 - 20/f+// 3 )-(43 2 - I 23 c + 9/: 2 ) (Art 91.) 

= a % - 2ad+ d 2 - 4b 2 + 1 2 be - 9c 3 . 

Ex. 5 . (a+b+c)(a+b-r){a-b + c)(b + c - a), (c. E. 1866-67). 

= \{a + b) + c)\[a + b) - c){c+(a - b)){c - (0 - 3 )} 

<= {(0+ 3 ) 4 - c 2 }^ 2 - (0 - 3 ) 2 } 

= {a 2 +2ab+b 2 -c 2 ){c 2 -a , + 2ab-b 2 ) (Art. 91.) 

={203 + (a 2 + 3 2 - c?)}{2<zb - (0 2 + 3 ® - r)} 

= (203 2 -(0 2 + 3 2 -/: ! ) 1 

= 40 2 3 2 - (a* + 3 4 + c* + 20 2 3 3 - id'c 1 - 2b 2 c' 1 ) (Art. 91.) 

= 20V + 20 V 4 +2 3 V - 0 4 - 3 * - c*. 


1 . 

3 . 

5 . 

7 . 

9 . 

11 . 


13 . 

14 . 

15 . 

16 . 

17 . 

> 

18 . 


Exercise XXXI. 


Write down the following products 


($0 -2 3 + c){ 30 + 2 b- c). 

(0 + 2b - y){a -2 b + y). 

( 10 3 - 0x+.r s )(0* - nx - „r*). 

(0® - 0* + *®)(;ir® - 0® + ax). 

(20+3# — 5 X 20 + 3 d + 5). 

(20® - 3 ab +£ ®)(20*+303+ 3 ®). 


2. (^-+a'4-2)(z 2 +.r-2). 

4 . ( 0 2 + 203 + 23 ®)( 0 2 - 20 V + 23 2 ). 
6- (a^+ax - x l )(a‘ i -ax+jfl).. 

8 (i-20+33)(i+20-33). 

10- (0’ - 0®3 - 23 3 )(0 S + 0®3 - 23 s ). 
12. (x 2 + 2xy + 2y l ){x' 1 - 2xy + 2j/ 2 ). 


Multiply 

0+3+c by 0+3-tf, by 0-3+/:, and by a-b-c. 
a-b+c by 0-3-r, by 3 + c-0, and by c-3-0. 

2a+b-y by 20-3+3/:, and by 3 + 3C-20. 

2a-S-y by 20+3+3/:, and by b-y-2a. 
a+b+c+dhy a-b+c-d, by a-b-c+d, by a+b-c-d, 
by b+c-d-a, and by a-b ~c-\d. 
0 - 23 + 3 r+/fby 0 + 23 - 3 c c +z/,by z3-0+3c+d’, by 0 + 23 +,$/:-</,. 
and by 0-2i+3c-rf. 
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Find the value of : •- , ^ 

1 9 . (a 1 + b n + c z — 2 bc^a % -t> l -c* + 2 be). 

20 . (1 + 2X + 3 * s + 4Jf*)( I - 2X + 3 r l - 4 JT*). 

21 . (ab + cd+ac + bd){ab + cd—ac~ bd). 

Jt2 /.a* + 2 a % b + 2 ab 1 + $)(cP — 2a 1 b + 2 ah* — 6 *). 

„ 23 . (a % x‘ +ax + i)(a l x 6 -ax + i)(a*x*-c , r l +i). 

24 . (x 2 +xj/+y )(V- vj’+_y )(x*~ i 2 y +_y 4 )(t 8 - tVM-y 8 ). 
oc < , r+3)i(t^-6i +0)f.r*+i8^+8r). 


97. The Product of Two 

(1) r +a 
v +b 

• x 3 +ax 

+ b i* “h ci 1 

X 1 + (q + b / X +UI 

(3) 1 +« 

-1 - b 

x 1 + ax 

-_bx -a, 

x* + (a — b)x - a 


Quantities having a Common 

> 

(2) x — a * 

.r 

— A* ■+■ 

( 4 ) ■* 

-*t + A 

— ax 

_ + bx~f_ -ad 

- (a — d)jr — 


Fiom the pioduct of the above expressions, we deduce the 
following Rulos — 

(1) The product consists of three terms . 

(2) The first term is the square of the common term . 

® ( 3 ) The second tetm is the common term multiplied by the sum 

of the second te? ms of the binomial factors . 

(4) The third term is the product of the second terms of the 
binomial factors . » 

Ex. 1 (x+s)(x+2)=x’ > +(5 + 2)*V5.2 

=x 2 +7X + 10. 

Ex. 2 . (jr-5)(jc-3;=^. 3 +(-5-2)jr + (-s).(-2) 

= *•“ - 7 x+ 10. 

Ex. 3 . (x + $)(x - 2)—x‘*+ (5 - 2)x + (+ 5)-( “ 2) 

=jr J + 3*- xc# 

Bx. 4 . (f-5)(^ + 2)=jr*+(-5 + 2)2r+(-5).( + 2) 

=x 7 ~ vc-10. 
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Ex.'5. {x + 2)(x - 2 )(X - 3)(.v + 3) =(** - - g), (Art 94 -) 

=.r 4 -( 9 + 4^ 2 +36 
= x* -13-v 3 t 36. 

Exercise XXXII. 

Write down the following products : — 

. 1 . (x 4 -1 )(x -h 3)/ 2 . (.r 4 - 4)(.r - 6 ). 3 . (x - 4)(.i* - 6). 

4 . (ai- 3 )(a 6 + 2 ). ‘ 5 . {zax- $b){2ax - b). 6. (x* +4)(a*“ - i). 

% 8. (5Jr-ca)(5-r + 3«)- 9 . ( 5 +-r)( 3 +*)- 

10. («/5-3)(o^- 7). 11. (.r s +3y)'.r 2 -3j). 12. (7* + a> 0 ( 7 *-jO* 

13 . (3.r + 2a)(3.r-a). 14 . (4a 2 +3)(4<* 2 - 5 )- 15 . (3-2.r)(7 + 2^r). 

Find, by inspection^ the coefficient of x in the following 
products :— 

16 . (* + 3)tr + 7 ). 17 . {x — 15)(.r 4- 2). 18 . (-r + 7 )(.i -2).» 

19 . {x+y){x-z). 20 . (2.r + 3)(2.r - 8). 21 . (5*-4X5* -0). 

22 . Find the coefficient of a in (x + 2a){x — 5^). 

23 . Find the coefficient of b in (x + 3b){x-2). 

24 . Find the product of.r + 2, x-3, r + 4 and .r-5. 

iS 

98 . The Product of Three Quantities having each a 


Common Term. 


X +ci 

x~ + (a + b)x + eb 

X 4 -b 
& • ■ ■ ■■ 

x 4 " c 

* x s 4 - ax 

x* 4 - (a 4 - b)x 2 + abx 

4 - bx 4 - ab 

4 - cx 1 '\-{ac+bc)x +abc ' 

x 2 4 - (a 4 - b)x 4 - ab 

x* 4 - {a 4 - b 4 - c)x 2 4 - f ab + ac 4 - bc)x 4 - abc 


From the above product we deduce, the following Rules 

(1) The product consists of four terms . 

€ (2) The first term is the cube of the common term . 

(j) The second term is the square of the common term multiplied 
by the sum of the second terms of the binomial factors . 

(4) The third term is the common term multiplied by the sum 
of the products of every two of the second terms of the binomial factors . 

(5) The fourth term is the product of the seconH terms of the 
binomial factors . 
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Ex. 1. (a- + 3 )(.r - 4 )(* + 2 )=.r ’ + (3 - 4 + 2 );r a •{- tfe x' - 4 )+'^ X 2 ) 

+(-4X2)}jr + (3X-4X2i * 
=x ?, +x' 2 - 1 -24. 

Ex. 2. Find the coefficient of x in the product 

(* + 2 )(*-- 4 )(.r + 6). 

The coeff. of x is the coefficient of the third term 

= (2 x -4) + (2 x6) + (-4x6)= -8+12-4*^ -20. 


Exercise XXXIII. 

Write down the following products : — 


1. {X + I )(x + 2)(x + 3). 

3. (^ + 2)(fl + 3)(«- 4). 

5 U'-4)(a 4-5X2 —6). 

*7. (a + 2b)(d + 6b)(a - 3 ^). 

9. (x 4- 2 y)(x - 3 y)(r - 

Find the coefficient of r < 

11. (i+3)(*-5X*-6)- 
13. (x —4y)(.r - 3/). 


2. (.r — 1 )(2r — 2)'-r — 3). 

4. (fl-6)(a-3)(n-7). 

6 . (.r + 4)(i*-3)(.r+5). 

8. (1-20(14-32X1-5*). 

10. o*»4-* , y* i -2^)(^ a +5^ 9 ). 

d of r- in the following products 

12 . (^ + 2y)(x-4r)(r+S - y). 

14 (* 4- 2)(* 4- 4)0* - 6). 


99. The Product (ax ± b '(ex ± (f). 

By actual multiplication, we obtain 

(1) (ax + b)(cx 4 - d) = acx 2 4 - (be 4 - ad)x 4 - bd. 
t (2) (ax - b)(rx -d)~ acx’ 1 — ( bc+ad)r+bd 

( 3 ) ( ax + b>)(cx — d)~ acx' 1 4 - (be — ad).x — bd\ 

(4) (ax — b)(cx -Vd) — acx 2 —(bc-ad)x-bd 

From the above products, we learn that :— 

(1) The product consists of three terms . 

(2) In the first term , fh‘ y coefficient of x' 1 is the product o& the 
coefficients of x in the first terms of the given binomials . 

(3) In the second term\ the coefficient qf x is the sum of th( 
products of the coefficient of x in one $nd the second term of the other. 

(4) The third term is the product of the second terms of the 
given binomials . 
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Ex. 1 . ( 2 * 4 ' 3 X 4 J' + 5) = 2 -4* a +(34 + 24 f )* + 3-5 

«= Zx ‘ + (12 + I o) X + I j «= 8* * + 2 2X + 15 • 

Ex. 2. ( 3 *- 2 )( 2 *- 3 ) = 3.2v a -(2 2 + 3 3),r + 2.3=:6;r»-i3*+6. 
Ex. 3. ( 4 -t - i)(*+3) =»4 -^ j -(li-4-3K-^3= i: 4^ , ' + ii-* : -3- 

Ex. 4 (s.r + 8)(6j:-7) = 5.6jr a +(86-57)^-87 

= 30^’ +(48-35).v- 56=302:* + 132:- 56. 

r 

Exeroise XXXIV. 


Write down the following products .— 


1 . ( 3 * + 2 )(+. + 3 ). 

4. ( 8 *+ 7 X 2 *— 1 ). 

7. (Ox - 7)(.r - 2). 

10 . (7*+srX+r - 5 y)- 

13. (7X -Z)(2X + 5 ). 

16. (+r- 5 )( 6 l ~ 5 )- 


2. ( 3 *- 4 )( 2 *- 5 ) 

5 (2x- sy)(?x + sv). 

8 - ( 4 A+ 3 )( 2 r- 5 ). 

11 (3 *-4X4*+5)- 

14 . (i3r-i)(2A-3). 
17 . (3*-4)(4* + 3)- 


3. (8*+i)(3*-4)> 
6 . ( 4 r- 5 )( 2 Jr- 7 ). 
9 . (2*+ 1X31 — 8). 

12 . (7* - 4 X 2 A - 3 ) 

15. (5-a)(i+2a). 
18 ( 4 *-3X3*-4) 


Find the coefficient of x in the following products : — 

19 . ( 5 * -qy)te*+f)- 20 . (i3.r-i)(2r-3). 21 . (2x-y)(x+2y) 

22 . (4*+3X3* -5). 23 . ( 3 * + 5 )(*~ 6 ). 24 . (2*- 3)^ + 7). 


100 . The Cube of a Binomial. 

(1) a+£ 
a + £ 

a 2 + 


_+ ab+b 2 

a 2 + 2# £ -f b x 
a+b _ __ 

d* 4- 2a l b + ab 2 
4 - a 2 b+2ab 2 + b z 

aP 4 - $d*b + jab * 4 - b 9 


a —b 

a 3 — ab 

- ab + b\ 

d 3 — + V * 

a — £ 

a % — 2a*b+ ab 2 

— <S 3 fl 4 

a 8 — 3 a s ^ 4- 3<g^ 2 - 


Thus, (1) (a + ft) 3s =a s + 3 a !, 64 ' 3 a& 2 +ft 8 

4 =*a 8 + 3 a&{a+&) 4 - 6 *. 

(2) (a-&) 8 *a 3 - 3 a a 6 + 3 a 6 *- 6 1 
3 a 8 - 3 aft(a- 6 )-W 
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From the above products, we learn that;— 

(1) The cube of the sum of a binomial is equal to the sum 
of their cubes plus three times their product multiplied by their sum . 

(2) The cube of the difference of a binomial is equal . to the 
difference of their cubes minus three times their product multiplied 
by their difference . 

Ex. 1 . (* + 4) 3 »* s + 3.*.4(*+4) + 4 :l =:r 3 + i2jr ,J +48*4-64. 

Ex. 2 . (ax-2y=a{axy-$.ax.2{ax-2)'~2* • 

=aV — 6 a 2 x 2 + 12 ax — 8. 


101. The Product (a±b){a* +a6+^ a ). 

(1) a 2 -ab + b 2 (2) a*+aJ # +i a 

a +b a —b * 

a* — a*b+ab* <P + a*b+ab* 

+ a*b-ab» + P -fl 1 b~ ab’ 1 - b % 

a? + ^ 8 of — b* 

Thus, (0 (a + &)(« a “aHf>‘ 2 )-tt s + & 8 , 

(2) (a-b)(a 2 +ab + b‘ l )^a z -b\ 


From the above products, we learn that :— 

(1) The product consists of only two terms . 

(2) Each term is the cupc of the first and second terms of the 

given binomial. # 

Ex. 1 . (2„r + 3X4* 3 - 6 x + 9 ) = (2x)i + (3) 8 = 8.r 3 + 27. 

Ex. 2. ( 3 *- 4 )( 9* 4 + i 2 ^ + i 6 ) = ( 3 ^r) a -( 4 ) 8 « 27 ^ n - 64 . 


Exercise XXXV. 

♦ 

Write down the cubes of the following :— 

1 . x-3. 2 . 2a + 5. 3 . 2 +ax. 4 . a 2 -V\b 2 * 

5 . x 2 ~2y*. 6. 2* —3. 7 . 3a a + 2^. 8. 2a 3 — 3b 2 . 

Find the following products :— * 

9. (X + 3 )(ar s — 3 ,r + 9 ). 10. ( 2 a + 3^)(4« 2 -6a6+ <&*). 

11 . (1 +<*£)( 1 -ab+a s P). 12 . (#* - w y)(x*+x 2 _y+j'*)- % 

13. (2a+6)(4a* 14. ( 2 .rj/-+ 2 .rj/ + i). 

15. ( 4 a-S^;(i 6 a*+ 2 oa^+. 2 j^ 1 }. 16. ( 9 a + 2 .r )(8 ia' J - i8ax + 4 -r a ^- 

17. (2X- 3 ^ ( 4 ** + 6 ry+cy/^ 18. (6a~t>){s(>a'‘ + 6 a£+£*). 

19. (&+£)(<tr + b^Act* -ab + i*)* 

(X‘-2tf i x+2)(x' 1 + 2 x+ 4 )(**- 2 JT+ 4 ). 
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F6rmulao for Multiplication. 

102 - The following results of Multiplication already proved ia 
this Section should be committed to memory :— 

-1. (a+&)*=a # +2«& + &\ ^2. (a-by=a*- 2 ab + b\ 

j 3 . (a+ft + rO 8 » ft 2 + ft' 2 4 -c' 2 + 2«ft-f 2ac+2ftc. 

^4. (a + ft)(r/, - ft) = a 1 - ft*. 

j> 5 . (a* + a?> + ft 2 jfca* - ab + b -) « a* + a - b 2 + 7 > 4 . 

6. (ir + a)(us + 7 ») = af:' i + (a+b)x+ab. 

7 . (x-a)(x- 7 >) = x ,a - («+ 7 »)a? + « 7 ». 

8 . ' (x + a)(x~h)—x-+(a-b)x — ab. 

. 9 . (jo — a)(x + ft) = x ' 1 - ( a - ft) x - ab. 

10 . (x'+a)(x ■\-b)('X + c) = x" + (a + b + c)x'‘ + {ab + ac + bc)x + abe. 

11. (ax + b)(ex + d) — acx‘ + {be + ad)x + bd. 

;12. {ax - b){cx - d) — aex‘ - {be + ad)x + bd. 

\ 

il 3 . (ax + b)(rx - d)=aex- + (be - ad)x - bd. 

i 

' 14 . (ax-b)(t:Jc + il) = acJc* - (be - ad)x - bd. 

X&. (a + by = a 3 + ‘dab(a -f ft) + ft 3 . 

16 . (a - ft) 9 * a - 3 ab(a - ft) - ft 3 . 

17 . (a + 6)(a a -«ft + ft a )*a s + ft 8 .l 

18 . (ctf-ft)(a‘ 2 +aft + ft*)*tt 9 -ft s J 


VI. DIVISION. 


103. Division is the inverse of Multiplication. It consists in 
finding The quantity (called the quotient), by which another 
quantity (called the divisor) must be multiplied so as to produce the 
product (called the dividend;. 

Thus, dividend=quotient x divisor. 


104. Rule of Signs. 

(+a)x( + />) = + ab, 

(— a) x (+ £) = — ab, 


Since 
+ ab 

— ab 
—a 


= +£• 
= + £. 


— a 
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Hence, in division as well as in multiplication, 
Like signs produce 4 - and unlike signs produce 


105 . Rule of Indices. 

Since 
and c? — 

axaxaxaxa 
axaxa 


a b =*axaxaxaxa^ } , , - . . 

• > by definition 

or— axaxa J 


* « 6 -r-a 3 = 


= a x a — a- = <2 6-3 . 


Hence, One power of a quqjftity is divided by another power oj 
the same quantity , by subtracting the index of the divisor from that 
of the dividend. 

106 . Since by the above Rule, a* -r- a* = ~ ? = a { \ • 


a 


3 


but by actual division, -1, 

a" 


we obtain the curious result, a n — I. 


107 . To divide one simple algebraical quantity by another. 

Rule. Divide respectively the coefficient and letters of the 
dividend by those of the divisor , and give to each letter in the quotient 
an index obtained by subtracting the index of that letter in the divisor 
from that in the dividend; and then, if the two quantities have the 
same sign , prefix to the quotient thus obtained the sign +, if different , 
the sign —. t 


Ex. 


1 . Divide — ‘iyi 1 b' 1 c x by — ir ac' 1 . 

The quotient = U . b -. 1 .= +ia"- l b~ 
n -ii a c 1 J 



= 3^*, for £° = i. (Art. 106). 


i 


Ex. 2 . Divide 2^a A bKx’ 1 by —3 a^bx*. 

The quotient- —\ -8 

^ - 3 ar 0 x~ 

- 8# Ar. 


Exercise XXXVI. 


Divide 

' 1. 6a 2 b by-2a. 2. 

4 . -24^ 3 ^ s ,s' by 3a 2 x' 2 . 

6. by - 5 ac. 

8- 63a 2 £V 4 by — 7ab*c> 


10 a?bc by 5 ac. 3 . 6 p*qr* by 3p 2 r~. 

jS. I2d*b*yz*‘by 4a 2 b u z*. 

7 . — 2ip 4 q' 2 r d by 3fi l qr*. 

9 . ab 2 c* by —abc. 
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10- - i6^y' by - 3 3-ry®. 

10. - I2^V by 6£V. 

14 . -8** by-.r 7 . 




Simplify the following : — 

■v 

24a* b* -56^®^° 

“-6 a ' 17 ' 

51 ab‘x ^ -2 ycpiflc 1 

~Zab ‘ ' - 9 a*b h c 


11 . - 70 afix*J/ by 2 ax^y. 
V 13 . 2\abc' by -3^’. 

15 . -45 aW by 9« a ^ s . 


1 . - 72 « 5 £ 6 £ 7 
goS* '' 

22 2 kV s V 




2 



' 108 . To divide a compound expression by a single factor. 

i 

Buie. Divide each term of the dividend separately by that 
divisor and take the algebraic sum of the several partial quotients 
thus obtained . 


Ex. 1. (htr-j^ + w-Kw- 54 - ^+?2! 

' ^ 3 xy 3 xy 3 *y 


= 2x x - xy 2 + jy. 
. 2. (8# 2 $*Y J — 4ab z c 2 - 24abc*) ■*— 4abc 2 


8 a z b*c 2 4 aV l c l 24 ab& 


— 4 dbc 1 - 4 abc 2 - 4 abc 


a - ■ -2ah* +6+6c. 


i- 




Exercise XXXVII. 

Divide 

♦ - 

I. fljr — ay by a. % 2. — toby — jr. 3. 6a + 8^by —2. 

4. — i8tf£+6toby — 2b. 5. $'a*b — 7 a*b* by 

‘6. — .**+by — x\ 7. to ‘ 2 y-4x 2 z + 6 xyz by 2x. 

'8. 5a 8 #* — 35a 9 £ 2 c 2 + 20 abc* by - 5 ab. ^ 

9. a % bx*y — 3a 2 bx z y 4- $ab‘ l xy ' 1 - a&xy % by abxy. 

10. 12 m*n* — 9w 4 # 8 4* 6 m*n h — ytt 1 n l by — 3 m % n*. 

II. ^*$OdPlfl+ ioa 6 ^ 6 — 6a 4 £ 4 — 2 d A b* + 4 a 2 b** by — 2 a 2 b\ 

12. 4 a*b A cd- %ab*<Pd 9 4* 16£ ,J by - zbed. 

13. 6/V + 9/V ~ 3^ V +/ty 4 by pq y and by -pq*. 

14. - 1 2 x°y 9 + 9 x b y 7 - 6 x*y 6 - yc*y h +1 &x 2 j? by 3x*y\ 

15: i 6 a*bed~$a*lPc 2 d+1 iab % <?d~ 4abcd by - 4 abed 

16 . 2+4 Sx 5 y 4 z 5 + 54x°y 9 z* - 18 xy*z* by gx*y*z 7 . t , 
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109 . To divide one compound expression by another. 

• t -* 

Rule, (i) Place the expressions^ as in Division of Arithmetics 
arranging the terms of each af'thcm, so that the different powers of 
some one letter , common to both of them , may follow in order of the 
magnitude of their indices , {it matters not whether in ascending or 
descending order , only the same order in each of them ) ; 

, r 

(ii) Divide the first term of the dividend by that of the divisor , 
and set the result in the quotient ; 

(iii) Multiply the whole divisor by the first term of the quotient, 
and subtract the product from the dividend ; 

(iv) Bring down fresh terms (as may be Required) from the divi¬ 

dend, and repeat these operations till all the terms from the dividend 
are brought down. • 


Ex. 1 . Divide x 2 -yx+ i2j?y x-4. 


Arrange the work thus :— 


x 



-7x4- 121 x 
- 4 X V 


-3X+12 
-3X + 12 


3 x' 1 Put clown x as the first 

term in the quotient. Then *(*-4) 
‘-.r a -4.r. Write x' 1 — 4* under the 
dividend. By subtraction, we obtain 
-3.1*+12. Divide -3* by* and so 
j obtain - 3, the second term of the 
I quotient. 


Thus, the complete quot^nt is *-3. 
The reason for the process is the following : 


Since, jr s - 7 T + i 2 =* 2 - 4 *- 3 *+i 2 = .r(4r - 4 )- 3 (-V- 4 ) ; 

• X i -7X + 12 = x(x - 4 ) - 3(* ~ 4 ) M M* zA) _ $£~ 4? 

** x-4 x -4 “ x-4 x-4 

—x-3, the sum of the partial quotients. 


Ex. 2 . D ivide 6* s -17* 2 _y +1 6y s by 3* - 4 y. 


6*®+ 3*=2* s ; 

2X S (3X - 4 y) = 
-gx i y-i-3X= -3xy ; 

-ycy( 3 x- 4 y)= 

- 12*/+3*= ~ 4 y l ; 

~hy\3 x -4V)~ 


3X-4y »6*- 2 -1 ?x a y + ity s i 2* 2 - 3*r 
/6**- 8 x s y 


\ 


~ 4 y* 


-9 x*y 

-9 x 3 y +12 x y* 

-l2xy\+&p 
-1 2xv* + my* 


.\ fhe require^ Quotient « 2x* - $xy - 4 y \ 
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By. 3 . Divide n^ —82a 2 430a 4 4 48 — 12a by 2a + 3a s — 4. 

. Firsts arrange each of the expressions in descending powers of a- 

3<* 2 rh2d-4 120448/ IO0 2 -30“ 12 

J 3O0 4 4 200 s - 4O0 2 V 

— 90* — 420* - t 2 a 

- 90 s - 60*4120 
- 360* - 24 a 4 48 

* 36a 2 -240448 

/, the required quotient — 10a*-3*1- 12. 

Exercise XXXVIII. 

' Divide 

1. x 2 46 x 4 5 f by x+i, 

3 nP - 6 m 2 4 1 im - 6 by m- 2 
5 . 6a?P - aP - 1 zb* by 3 ib 4 - 4b 2 . 

7. x 2, — 23-r 4-f20 by x - 15. 

9 . 8x 2 4-14,rv - 15 y 2 by 22' 4 - \y. 

11. 640*4125#* by 404?/$. 

13 . 0 2 £ s 4 - 30^ - 15 4 by ab 4 -14. 

15 . 640° 4 - P by 4 a 2 4 - b 7 . 

17 . x* 4 - x 2 y 2 4 jK 4 by x 2 - xy 4 - v 2 - 
19 . 0 fl thi by « s 4 i. 

21. 3a 2 40490 s - 1 by 3a- 1. j/ 22. a°- 6 n 4-5 by a*-2a+i. 

23 38X 4 - 65 .r 3 4-27 by 2x 2 - 5x43. 

24 . a 4 - 3 a*b - ()a 2 b 2 4 - 230#" - 12^ 4 by 0 2 - 501& 4 4b 2 . 

25 . bx 4 5-r 2 ^ 4 lx 2 - 6y 2 4 1 ly - 5 by 3X 3 - 2y 4 5 - 

26 . .v 6 - 3X 4 44X 8 4 36 x s - 92.tr 4 55 by x 2 - 3* 4 n . 

27 . x fi — 5X 8 4 x 2 42x43 by x 2 4 x - 3. 

28 . x 4 - 32 c?x 4 24*Ar s — 80X 8 4 1 6a* by 4a 2 — 40X 4 x 2 . 

89 - 4 ^ 4 Sia 2 ^ 2 4 rods 4 —48 <z 8 £- i$£ 4 by 40£-50 2 4 3 ^~. 

30 . 5x 6 — 7-r 4 — 9X 3 — 1 ix' 2 — 38x4 40 by — 5X 2 4 1 yx - 10. 

31 . a* 4 2 u*b 4 aP 4 2 P - 3 a?c - 3$V by a 4 2b - 37:. 

32 . *x 4 — 4XJ/ 8 4 3^ 4 by x 3 — 2 xy 4 ^ 3 . 33 . in* 4 4 m 4 3 by m 2 42 m 4 1. 

34 . 1 4 6x 6 4sx° by i42x4x 2 . 35 . 0°4 20 8 £ 8 4^ 8 by 0 3 420^4£ 2 . 

36 . x°-' 2 x s 4 x by x s - 2 x 4 r. 37 . 4*41 by 42a 2 42a 4 r. 

38 . i 6 x 4 436 x 2 48 i by 4 x 2 46 xV 9 * 

39 . a* - 4 a® 0 2 — 8a 2 ^ 3 - 1 7ad* - 12 P by a 2 — 2 ab — 3 P. * 


2. 6a 2 — 16 ab 4 8 b 2 by 2a - 4 b. 

4 6x 2 4 1 3xy 4 6/ 2 by 2x 4 3 y. 

6 . x 3 423x4 102 by x 4 17. 

8- 8<2 2 340** 4 2i P by 4 a 4 3 b. 

10 . 6 d l 4 lab - 3 P by 3a — b. ’ 
12. 8a? — 2lP by 2a — 3b. 

1 

14 x tt 424 r s 4 144 by X s 4 12. 

16 a 4 4 4 P by 0 2 — 2 ab 4 2 P. 

18 . 49a 2 - 1120^ 4640 s by 70- 8 b. 
20 . \x*y* 4 1 by 2XV 2 — 2 xy 4 1. 
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40 . 4** - 2ga - 36 4- 8 a* - 7a 3 + 6 a* by cP — 4 4- $a — 2a*. 

41 . ’ + 4i* + icji^ + 8^+3^ by cz 4 - 2 £ 4 - 3 t. 

42 . 15* 4 - 3»* 4 -1 5 4 - 50.r 2 - 2&x by 3 - 4* 4- $r*. 

43 . 4«° — 2 5^V 4 - 20«wr 6 - 4* 0 by 2« 3 - 5#.t 3 4 - 2X S . 

44 . &x % — 2£ur* 4 - 3d 2 x 2 - 2a ?, x 4 - a 4 by zx 1 4 -ax 4- d 1 . 

45 - 2a 4 - 1 $cPb 4 - 31 oPb' 1 - 38^ 4 - 24 b k by 2« 3 - 3ab 4 - 4b 2 . 

46 - 1 - 52 x 4 y* - 51 x*yP by 4xy 2 4 - 3 xy - 1. 

47 . — *° + 3i.r : y s — 24.n /fi 4-8j B by — .r 2 4 -^xy—y 1 . # 

48 . 9at 5 - x 3 - \2x 2 - 50 by 31 2 — 2.1:4- 5. 

49 . 28* 4 4 -1 3x 2 y 2 x y Z 4* 15 j 4 by 4/r 2 4 - 4xy 4 - 3 y 1 . (C. K. 1861). 

60 . x* 4 “** — 24^ - 35a* + 57 by x 2 4 - 2.r - 3. (C. K. 1877). 

51 . .r 9 -f by 4 -1. 52 . by <* 4 -r. (C. E. 1863). 

53 * .r s 4- x 4 ^ 2 4 - xy* +x 2 y 6 -M' 8 by .r 4 - x*y 4 x*y s — xy 2 -f r 4 . (c. K. 1870). 


# 110. Harder Examples in Division. The following 

Examples with their Solutions and others involving the Use fif 
brackets in Division should be carefully noticed. 


Ex. 1 . Divide 9 a 2 - 4 b ' 1 -c 2 - 4 be by 3 a -2 b- c. 

3a-zb-c 19 a 2 - 4 b 2 -c 2 - dbei 3 a 4 - 2b 4 - c = < foot. 
) gar - (mb - 3 ac \ 

6 ab 4 - 3 ac -4 b } - 4 be - c* 
tab - 4 b 2 - 2 bc 


3 ac - zbc - c l 

3 ac — zbc — c 2 


Ex. 2 . Divide a s 4 -£ s 4 -c 3 — yibc by a + b + c. 

m 

Arranging dividend and divisor in descending powers of a , 

a 4 - b + c 1 cP - yibc 4 - b ?l 4 - tcP-ab- ac 4- b 2 - b c 4 - (P = < 2 **^ 
Ja*+a 2 b+d £ c V 

— a 2 i - arc — 30^ 

— aPb —xb 2 — abc 

— cPc+ab 2 — 2abc 

— cP c _ — abc — atP 

+atP — abc+ac 2 + b z 
+ab* _4-A s 4-^ 

„ —abc+ac*~b*c 

— abc — b 2 c — ic* 

+ bc 2 + <P 
+bc 2 +c* 
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* In the above Example, wheie a is taken as the letter of refer¬ 
ence* and its powers ^ranged in descending order, there is found.in 
the first remainder the terms —a*b % -a 2 c * 

These terms must be set firsts but since both involve a\ there 
is nothing as far as a is concerned to shew*whicb is to be set first of 
the two In such cases we take anothei letter, as b , to be, as it were, 
next in authority to a y and so, (arranging m descending powers of b\ 
we prefer — a 2 b to — a 1 c 

The above method is the most eas\ in such a case ; but the follow¬ 
ing, in which the coefficients of the different powers of a are collect¬ 
ed in brackets, is the most neat and compendious 

5 a+ b + c) xa' — sabc+^b*^ r 3 )/ a 2 ~a(b + c) + (b 2 -bc+c 2 ) = Quot. 

Ja' 4 r<i\b + c) V 

I* 1 ■ 1 — 

~a“(b + e) — yibc 
~a l {b + c' s — a f b 2 + 2bc + c l ) 

+ a{b 2 -bc+c M ) + (f' c*) 

±ji ( V_- be +^ + (*2 + 1) 

for (6 + c)(P — &"+**) —+ Ait ioo 

Ex 3 Divide (a-~byc 2 + \a- b)c 2 ~{c 2 -a 2 b } + (c-a)b z by 

(a-b)c*-(t-a)b* (C * 1883) 

Arranging divisoi and dividend in descending powers of r, 

(a — b)c*—b 2 c + ab° \ f a — b)^+ (a~ b) 2 c 2 — b°c* + Pc + a b 2 —aPi t +(a — b) 

Jia — bc* — b 2 c*+ab 2 c V 

(a —bYc 2 — ( a — b)6*t+a*b 2 — aP 

(tf — b) l cf _ — (a — b)b Q c+a 2 b —a 2 

rihnce the required quotient — c + (a-b) y or a-6 + t 

Exercise XXXIX. 

Divide 

1 a 2 + P~P + 2ab by a + b-a* 2 a 2 — P~c* — 2bc by a + b+c 

3 x* + (q + ap)v - aq by x-a 

4 ^ax z +{jntb-n<^x 2 — {mc+nb)x+nc by mx—n 

5 a 2 — 6*—P+d 2 — 2<id+2bc by a-b+c-d. 

0 a 2 +ab + 2ac- 2b 2 + 7bc-$P by a~b + 3c 

7 - 9a? + 4b*-c* + i2ab by 3a + rb~c 8 a*-P+P + 3abc by a—b+c. 

0 af+P-P + Zabcby a + t-c. {C E 1887O 1 
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10 . 1 +** — 8 jP + 6 xy by 1 4 -;r~ zy. 11 . 1 4 -^ 4 - 8 r**- 6 .t;'by 1 4 -x 4 - 2 y. 

12 . x 1 — 8y* 4 - 272* 4 - 18.rfs” by .r - 274-3xr. 

13 . ** +^ 4 — 4 * 2^ 2 j/ 3 - 2s* 3 — J by x~ +y 2 — 2*® - 1. 

14 . <&-b*— c % -^abc by a 2 4 -d* + c a 4-ai 4-0£ — 

15 . 2T 8 4- (a 4 - b 4 - c)x 2 4 - (Ar + ca 4 * ab)x + abc by jr 2 + (b 4 - c)x 4 - be. 

16 . a* — $a?b\a % —b 2 ) — b c ' by a 8 4 - 3ab(a 4 - b) 4 - 

17 . x k - (2a 4 - 1) r 3 + 2^V - <2 4 4- a 2 by x 2 - a® + (* - <*). 

18 . (.r +_y 4 - *)(.ry + .r* 4 - - xys by x +y. (c. E. i%66.) 

19 . x s 4-y s 4*32ry-1 by x+y— 1. (c. E. 1869). 

20 . ^r 3 4 -87® — 2 72* + 1 8^72 by .r — 32 4 -27. (11. M. 1883.) 

21 . a s 4-8/5 s 4'27^— iSabeby a 2 + 4 b 2 + gc 2 -~ 6 bc— ya — zab. (M.M. 1888.) 

22 . a 3 + P 4 - (m 4 -1)«/>(« -h <$) by 4- mab 4- b l . 


HI. When the coefficients are fractional, they are treated 
btf the Rules ofc Fractions in Arithmetic. 

EX. 1 . - Pc* -f- \ab ! c- = -1 X V' V s * V*" 2 = - 3 abc*. 

Ex. 2 (ia s x s — 1 cPx 1 + } ax) — \ax 

= - \ x 5<2 3 -i.r 8 - 1 + £ x 1 x $/*»-**»• 1 

= -«y+5«.r- }, for a"=i and.r°=i. (Art.^io6.) 

Ex. 3 . Divide x‘ i — %x s + V x 3 — i.r by x 3 — ix. 

x 3 -lx i.r 4 - J.r s + V .r 2 - i.r/ x~ — ] r + 7 = Quot. 
J x*-lx* _ ' V 

- ?.r s + V x 1 

- -?-r s + ii r* 

* "r* -lx 

x s - j.r 


Divide 


Exercise Xfj. 


1. ia*x* by — lax. 

3. — j^a 4 b s by — \a z b . 

5. f cP&c by scPbc. 

7. — $a*b* 4- lab by — \ab. 

9 . — 4 - *a*b*t? — *aPbPc* bv 


2 . lab*x*by —\abx\ 

4 . Za h x* by — la*x*. 

6 . l&y'z by - \x*z. 

• 8 . ia* — \ab — \ac by — \a. 
lcPb\ l . and bv — 2 a®£*. 


M.A.—5 
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Divide 


10. \a 2 + + tV^ 8 by ja + ^b. li. ya 2 x 2 - j by ax - 

12. far 3 - 4 \x*y + \xy 2 - T \y* by bx-%y. 

13 . 5a 4 + Wy ~ W«V+K«y* + ^y 4 by *a* + 3«y - ly 2 . 

14 . - t •hr 1 by i* - |y. 15 . l-a 2 + by $a + £b. 

16 . a 4 + |a 3 +~-g a 2 + a + j\ by a 2 + $a + 4. 

17 . a 8 - 2 a 2 b + bj-ab* — '^b 2 by a 2 - ^ b 2 . 

18 . }x* +y' by f> + ly 2 - \xy. 

19 . |r 4 + 2 x 2 +% by 3.r a + 2;r + £. 

20i 2a 5 - a*b - 3 a 2 b 2 + -^a 2 lP — b 2 by id 2 — 3 b 2 . 


21. A* 4 — -'r iV by x 2 — }x y 


23 . 

24 . 

25 . 


22. *. y£ by * +* 

125 27 J 5 3 


X 

3 


Tix 


s 


4 IX 


2 


23X . , , 2X J 


+ J - g -—+6 by — - ~? + l. (P. E. 1892). 

4 3 


12 ' s 4 " 3 6 

|x 6 - 4X 4 -I- -V-x* - y-x* - Y x + 27 by £x* - x + 3. 


2a 


2 . 55 ^ . ? 9 «f + 

12 Q 


2\b 2 15 be c 2 . 2a 3^ 

-77-- -+ “by-- +c. 

8 4 3 3 4 


112 . Sometimes, it happens, that there is a remainder left 
after the operation of division is finished. In such cases, to obtain 
the Complete quotient we place in the quotient, as in Arithmetic, 
the remainder with its proper sign, over the divisor, in the form 
of a fraction. But generally, the quotient is required to a certain 
number of terms. 


Ex. 1 . Divide 2x 4 + 3xy s -4x 8 _>' 2 + x s j/~ 5 j/ 4 by x a -2j/ 2 +x>'. 

« . 

Arranging in descending powers of x and ascending powers of^ 

Jzx* + 2x 3 y - 4x 2 jr 


x*+xy —2y* )2X*+ xV-4x 2 ^ 2 +3xy 8 -5j/ 4 ^2x a -xy4-j' v 


2 * 


— x 3 y 


+ 3 *y 8 
— x^y — x 2 y 2 +2 xy 3 

x 2 y 2 +Xy*-$y* 
x 2 y 2 +xy t -2y* 

-3 y* 


Thus, the complete quotient = 2* 3 -xy+y 2 — 


3 / 


x 2 +xy-2y 2 ‘ 


•In this and other cases, as in common Arithmetic, this fraction 
cannot be avoided, since the dividend is not exactly divisible 
by the divisor; but the student should be cautioned, that, unless 
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attention is paid to the arrangement according to* powers , alluded 
to in Art. 109, and that, # not only with the dividend and divisor at 
starting, but also throughout the sum, if care be not taken in all the 
remainders to preserve the order of the indices of the principal 
letter, or letter of reference , as it is called, thqfe will always be a 
fractional term of this kind, instead of a clear and complete quotient. 


To illustrate this, take the follwing example : 

. 2 . Divide* 3 +3 ax 2 + 3a' 2 x+a* by x+a. 


a +a \x* + 3 ax* 4* y&x 4- c?t X 2 4-3a 2 4- 2ax 


1 


x* + ax ' 1 


3 a?x + 2 ax' 1 
3 a*x+ 3 a? 


I 


2 ax* — 2 a* 
2 ax 2 + 2a 2 x 


The process will never terminate, and 

the result will be 

9 .. 2a 2 x + 2d 

x 2 + 3a* + 2ax- 


x + a 


— 2 a m x — 2d 


a 


Ex. 3. Divide 1 -* by 1 —x+x 7 to four terms. 


1 — x+x 


X-UA 


i — x 7 — * s 4-* 6 


— x' 1 4 -* 8 —jr 4 
“^ 5 +j 4 

— x*+x*—x fl 


Thus the quotient 

= 1 -* 2 -x*+x* and 
theorem.— 


r 6 

* 5 —r° 4-* 7 



Exercise XLI. 


Divide (each to four terms in the quotient) 
j.. a by 1 +x. 2 . 1 4- 2X by 1-3*. 3 . 1 - 2* by 1 + 3*. 

4. 1 by 1 - 2 a+4a 7 . 5. ibyi—2*4-* 2 . 6. 1 — ax by 1 4 * bx. 

7 . Divide a - I by 1 - 2a 4- 2a 2 to four terms. 

8. Find the remainder, when * 3 —fix' 1 +qx — r is divided by x — a t 


9. 


II. 


I* 


Prove the following by division :— • 


=*+6 + 


5 


** +11*4-35 

x+s ■~"' J 'x+s 


10 . 

8 b 1 


x 1 — 16#+ 60 

x -9 


=x -7 -~—~ 


x-g’* 


Sa-gb 


la-gb' 
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113. Detached Coefficients. The work of Division may be 
shortened as in Multiplication by using Jhe method of detached 
coefficients . (See Art. 88), 


Ex. 1 . Divide 30;^ +1 ix*-82x ' £ - 12*4-48 by 3X' 2 +2x- 4. 


3 + 2- 4 130+ 11-82- 12+481 iox* -3* — 12 


y 


30 + 20 - 40 




- (.) - 42 — I 2 

- 9 - 6+12 

-36-24 + 48 
- 36 - 24 + 48 


4 


Ex. 2 . Divide 9<? 4 - 4tr' 2 + 4 by 3 a * - 4 a + 2. 


3 



0--4 + 0 + 4/ 3« 2 + 4a + 2 
12+6 V 


12 - 10 + 0 
12 - 16 + 8 


6 - 8 + 4 
6 — 8 + 4 


» 


114. Analogy between the Arithmetical and Algebraical methods 
of division. 

Arithmetical method. 

123^13899^113 

159 

123 

369 

369 


Algebraical method. 

io* + 2.io+ 3 )io 4 + 3.io , + 8.io !! + 9.io + 9/ io ! +i.io + 5 

/ /io 4 +2.io s + 3 10 s \ 

1.10^ + 5.10*+9.10 

I.10 S + 2.I0 1! + 3.I0 


3.io 2 + 6.io + 9 
3.io s + 6.io + 9 


.r*+ 24 : + 3 \.r* + 3x s + Sx*+9x + 9t x*+x + 3 
/X* + 2X* + 3X 2 V 

** + 5;^+9* 

X s + 2X 2 + 3X _ 

*■ 3r s + 6jr + 9 

3 X*+6 x + 9 
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Exercise XIiII. 

Divide (by the method of detached coefficients ) : — 

1. 8-t 3 — 1 2X 2 — i+v +21 by 2x — 3. 2. a* + gd* + 8i by a' i + ^a + 9. 

3 . - iox 2 + 12X* - 1 ix +6 by yiP-x + 5. 

4 - **-27 by ..r 3 4 -3*4-9- 5 . 27 * s 4 -1 by 3* 4 -1- 6. .r 4 -i byjt+i. 

7 . 1 2X 4 4 - S x?> ~ 33 x<i ~ 6* 4- 20 by 4* 2 —o' — 5.' 

8 . 6x* -2* —* 4 -~4* s + .r r> by ** — 4*4-2. 

9 . 27a s - 54 a a ^ + 36^ 2 -8^ 3 by 9<s ,J - 12 * 44 -46*. 

10. - 141*' 2 - 180*4- 5 * 4 - 58** — 32 4-92** 4 - 24*® by 2* 2 -3* -4. 


VII. IMPORTANT RESULTS IN DIVISION. 


115. The following results in Division should be carefully 
noticed. 

1. a ,l -6" f is divisible by a-ft, if n be any whole number. 


Thus, (.) 


a? - b* 

(3) J.« a * 4 -fl 44 - 4 » 

a — 0 

And so on. 


<-> v.-i-«+ 4 - 

(4) a ^ — a 3 4-d’ J 4+*4 2 4-4* 

<2 — 0 


2 . a u 4 -ft n is divisible by a + 6, if n be any odd whole number. 

Thus, (1) ~^=i. (2) a ^ = -ab + b 2 . 

a + b a + b 

(3) 2 "vv =a 4 — a 3 4 4 -* a 4 ‘ i —aft + b 4 . And so on. 

<2 4“ 0 


3 . a n -b n is divisible by a + h, if n be any even whole number. 

rt 2 — 12 nS-h 4 B 

Thus, (1) —£-=*- 4 . (2) = a*-a*b+ab*-P. 

a + o • a + 0 

a*-b* 

(3) - j — tf 4 4 4- cPb* — a 2 4 * 4 - tf 4 4 - 4 6 . And so on. B 


4. a n +ft M is never divisible by a 4 - b or by a -ft, when ». 
is an even whole number. 


Thus, (1) 


*'+b' 
a + b 


= a-b + 


2 b* 
a + b * 



a'+b* L 2b 9 

- -a + b 4 -t • 

a-4 a-4 
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( 3 ) — + V ™a*-a*b+ab 2 -&*+ 2 & 


( 4 ) 


a-\-b 
a*+ 6* 


= a t +a , b+ab' > + 3 * + 


<a + b ' 
2b* 


And so on. 


116. 

facts : — 


f - w 1 <■» w | w-v | 1/ | f . 

a —0 a—b 

T 

From the above results, we notice the following genen 


(1) The number of terms in the quotient is always equal to th 

number expressing the power of a or of b in the dividend. 

(2) The powers of a decrease continually by one. 

* ( 3 ) The powers of b increase continually by one. 

(4) The signs of the quotient are all + when the divisor is a — b 
but they are alternately 4 * and - when the divisor is a+i 


117. The above results may now be applied to many simila 
cases. 

Ex. 1 . -= x J - 3 x _v + 9y l - 

_ _ 8a 9 ^ a -1 .... 

.Ex. 2.- =$a x +2ax + i. 

2 ax - i 

♦Ex. 3. <s *^-^ = {x+yy-{x+y)z + z i 

x+y+z 


=x‘ > +2xy+y ,J — xz—yz+z' 1 


Exercise XLIII. 

Write down the quotients of the following (by inspection) , 

1. a 1 -x* by a+x. 2 . a s -.r B by a — x. 3 . a°-x e by a+x. 

4 . 9^-xby3.r-i. 5 . 25^* - 1 by 5* +1. 6 . 4X *-9 by 2^ + 3. 

7 . 1 + 8r® by 1 + 2 X. 8. 27#® — I by yc — 1. 9 . 1 -16* 4 by 1 +2* 

10 . x* — 8 iy* by x ~ 3y- 11.' rt 5 + 32^ s by a + 2b. 12. .r u — y 1 * by x* + y 

13 . + b* by \a + b. 14 . x*y* - z* by xy + z. 

15 . i6;« 4 — « 4 by 4m* +« a . 16 - a 6 —32** by a — 2X. 

17 - 64-a*by 2+a. 18 - « s + 343 by a+ 7 - 

19 . ^-(b-c)" 1 by a-b + c. 20. x s -(y-s)* by x-y+z. 
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Paper I. 


8a 3 — 2 


7 (* 4 - 6*) 


1 . Find the value of , -r —?-=—, 

4 a*+ 6 a 6 +g 6 * i7(0*-^)* 

when 0=5, £ = 3. 

2 . Add together 1 -(1 - 1 -x), 2.t-(3 - 5 jt) apd 2-(-44-5*)- 

3 . Take 20 - 3 {a - (b - <2)1 from 2*5 - 3{£ - (a - <$)}. 

4. Simplify ?- [*=*■- {,- (»- ^)}J • 

5 . Use squared paper to illustrate the following :— 

(i) 9-6 = 3. (ii) 7-4-6= -3. (iii) 5-84-3 = 0. 

6. Find the value of $x*+x — 3, when x** - 2, -j, o, 1, 2. 
Tabulate you^ work. 

7 . Express in binomials, and also in trinomials :— 

ax-by-cz - to 4 -ry +az. 


8. Multiply 2^-3j/-4(.r-2^)4-5{3.r-2(.r-7)} by 4 x-(y-x) 

- 3\ 2 y - 3( x +y))- 

v 9 . Divide rz 4 - 0-^ 2 — 0 ‘v 3 4- by 0 a — ab 4 -ac — 

10 . Simplify 

3 (« - 2a") “ 4 - 2(0 - 2,r)(0 4 - 2 x) 4 - (3X - 0X3* 4 * 0 ) - (20 - 3*) 3 . 


Paper II. 


Find the value of 

3 (* 4 - jk 4 - < s , )(_ v ^ 4 - zx +xy)-x 3 -y* — z z 
x* +y a 4 - z 1 —yz —zx — xy 


, when x = i, y- 'i, z = 


:\ 

a- 


2 . Subtract the sum of a 2 -# 2 — {a-x-(2X 2 - 4)} and a1* 
{(a+x) — (a 2 -# 2 - 3)} from 2;r 3 -;r 3 . • 

3 . Use squared paper to illustrate the following 

(i) 6-2-8=-4. (ii) 50-904-20 = -2a. 


— x 


n 


4 . Prove that 40 - 3(9*— 5^)= - 80 by two different methods. 

5 . Multiply 40 a 4 - 9 ^ 2 4 c 2 +3bcfzac-6ab by 204-3^-f. 

6 . Divide 72.* fl -2oo;r 4 - 512 by 1 2 x 9 + 4 X 3 - 16*4-32. 



MATRICULATION ALGEBRA. 



f 

7 . What must be added to the expression 8jr*- 12X* — 13*4-24 
to make it exactly divisible by 2* —3 ? v 


8 . Find the value of 2x 2 — 3* — 5, when *-—3 
1, 2, 3. Tabulate your work. 

9 . Simplify 






10 . Simplify « 

(x' J -xy+y 2 )(x 2 -2xy+y 2 )(x 2 +xy+y 2 )(x 2 + 2xy+y 2 ). 

(M. m. 1890). 


Paper III. 



Find the value of 


*f(a* +6 2 +c 2 ) Sf(fi-a) 
a-2dla-y+2) + 3c + i ’ 


when 7, d = — 1 and c = f. 


« 


2 . Subtract —(£ + <:)} from the sum of <r \ and 

c{a-(i-r)\. (m. m. 1885). 

3 . From ($a-4f>)(3a + 4t>)+(3a-46)* take 6(3^ - 2b 2 ) - 24^. 

4 . Find the value of 

Y \y “ *) - 351 " — " 4 ~ - to< 3 1 - t( 7 * - 4 J , 

when * = - i and jv=2. (c. E. 1892). 

5 . Multiply *3+ x l by *2 and find the value of the .product 
when * = *i. 

6. Add together x 2 - (x —y 4 - z)[x +y - s), y l -(y-x + z)(y+x — z) 
and z^-^z — x+y^z+x-y). (c. E. 1864). 


7 . Find the continued product (x — a)(x* + ax+a*)(x*+cP). 

(C. E. 1882). 

8 . Simplify « 

\{x(x + i){x+2)+x{x- l)(*-2)} + iftr- I )x{x + I). 

Divide x* + Sax* + (25a - b — 29)^ - 5(412 + b - 4)*+4# 
by + 5 * - 4- (M. M. 1893). . 

10. A person walks due East 2 a — $i+c miles, he then walks due 
West 3 a + i — 2C miles, he then whlks East again 4a- 2 j> — $c miles; 
find how far is he then from his starting point. 
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Paper IV. 

1 . Given a= J z, <$= V3. £= 4 and d=o, find the value of 

v /{(a 2 + ^ + ^)(^+* a )(^ + rf 2 )}. (C. E. 1868). 

2 . Add (2.x 4 - 3 y)(2x — 3 y), (2* 4 -ay) 2 , (2x -3r) 2 and 

6 xy - 7C* 2 4 - y l \ 

3 . Subtract bed' 1 - (a 2 - from (a- 4- Ar)^ — (a 2 — 

(c. E. 1859). 

4 . Divide jt* 4 - ax'* — 3 a 2 .*: — 3a 2 by x — 2a and what is the 
remainder ? 

5 . If -V— 31 - 2a and K==2.r —3a, find the value of 

(2 V- Y)( 3 X — 2 }'). 

6. The product of two expressions is 6a 4 — a*— 130?+ 10a-2 ; 

one of them is 2 -30 +1 , what is the other expression ? 

7 . Divide a-i by 1 —2/1 +2a 2 to four terms. 

8. The dividend is 6a n - ja v b 4- %ab * 2 - 9A 8 , the quotient is 2a- 5^ 
and there is a remainder 2b\ga + 86). Find the divisor. 

9 . Use squared paper to illustrate the following :— 

(i) 3 ^ 4 -5a-6a=2a. (ii) 2a- 8a 4 - 3 a= - 3a. 

10 . Simplify 3a — [a + b - 2{a + b + e- (a - b + c - d)\ +a]. 

(C. K. !876). 

Paper V. 

1 . If a = 4, ^ = 3, ^ = 2, d= 1, c = o, find the value of 

l 3 (^ 4 -^){ 6 (a - it)* 4- b(a - c)*\ -(c + d){i$(e- af - (a 4 - r)V} 

+ — 3c) 3 + (a — dj*\~ + ^ + (M. M. 1882). 

2 . Subtract IV*) from a 2 -r^ 2 -(3rf 2 -ic 2 ). 

3 . Multiply a 2 4 -2^ 2 4-9c 2 — 3<*£ 4 -6ac - 9&r by a + 20-3C, and 
divide the result^y a-i 4 - 3 c. (M. M. i£8o). 

4 . Simplify 

(x - a)(;tr - £)(* - c) - [£ 4 ** - a) 4 - {(a 4 - £ 4 - c)x - a(/> 4 - c))x\ • 

(A. K. 1889). 

5 . Arrange the expression x(p 4 -*){£ 2 4 - q 1 -- x)} - (/ 2 4 -?*) x 
(2^r 2 — ^ + y 2 ) jn powers of and*divide it by * 2 4 ’{p — q)x — p*' 
(M. m. 1889). 
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6. Multiply x; 3 + (2a + ^b)x+tab by x 3 — (2a + $6)x+6a6. 

7. Find the coefficient of x in the product (x — a)(x — 2b){x — y). 

8 . Divide (4* 3 - 3a 2 *) 2 + (4^ — 3a$) 2 — a 0 by x 2 +_y 2 — a 2 . 

* (B. M. 1884). 

9. One factor of 27« 4 + iia-io is 9a 2 + 3<z-5; find the other 
factor. 

• 10 . Show that {x + i)(x + 3)(jr + 4)(.r + 5) + 1 is a perfect square. 

* (a. e. 1894). 

Paper VI. 

« 

1. Find the value of 8a s + 27 b* + c a - 1 8 abc, when 6a = i, gb + 1 - o. 
and 2c= 1. 

2. Add a + 3b + $c, 4a-7b+uc, ^a-^b- 15c, a + i8£ + 8c and 
multiply the result by the difference between na + jc and 10^ + 6 c — b. 

3* If X stands for 2 x — a and Y for x 4- 2a, find the product bf 
2-Y+3 V and AT- Y. 

4- Divide ax 8 — (a 2 + b)x* 4- b 2 by ax — b. 

5. Find the coefficient of x in the quotient obtained by dividing 
8 x*+xjP — y* by x - ky. 

6. * Simplify 24\x — $(x — 3)){x-$(x + 2)){x—$(x — 1$)}, and sub¬ 
tract the result from (x + 2)(x- 3)(^r + 4). (m. M. 1886). 

7. Divide I4x* + 45x*y + 78x 2 y 2 + 4$xy*+ 14J/ 4 by 2.r 2 + j.ry + 7j/ 2 ; 
and test your answer by making jt— 1 andj/=2. 

8 . Which of the quantities x*+y*, x*—y\ x h -y h , x 6 +y° is 

divisible by jr—j/, and which by x+y? * 

9. Find the continued product of 

+ ^ 2 —1 and —jr 2 +1* (m. M. 1887). 

10 . Prove that (y- 1) (y-3)(y-4) O' -6)+ 10* is a positive 

quantity, (a. i. e. 1892). * ,v * 


Paper VII. 



If a= I, b= 2, c= -i, d— o, find the value of 

a-b+c ad— 
a — b — c bd\ac 


v (?-?)■ < c - e - ,866> - 
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‘if REVISION PAPERS I. 

2 . Find by inspection the following quotients : - 
(i) (64a s ^*-27f 8 )—(ii) {27 a 3 b* + 8t s )+($ab + 2c). 

3 . Write down tfte flowing results :— 

(i) (a s -4)(rt s + 5). (ii) 115x125. (iii) (998)*. 

2 

i. Multiply together ^r s -99.r a +.r-29 and x B - 17^*4-105^*- I9.r 
+ 23^-41, and arrange the product in descending powers of x. 

(C. E. 1895). 

5 . Divide 6a 3 -i7a 3 b + 7ab 3 - ^b 3 by 2a-$b. (c. E. 1866). 

6. If X stands for ax 2 + 7/>x + yc and V for ax i — gbx~^c, find 

the value of 9^+7 Y. * 

7 . Multiply jr s - §x 3 y- 3_y s by 2x' i --l i y t . (c. E. 1871). 

8. Divide f s .r 4 - \x 3 y 4- *.r y 3 + -JV* - i.r s y 2 by £x 2 -xy- j y*. 

9 . Simplify ($x + 3y + i)(sr + 3y- i)+( 7 * - 5 >')( 7 * + 5y) 

-(3X + 4y)(4x-3y)+i. 

10 . Divide ,r(i +y 3 )( 1 +z 3 )+y(i +s 2 )(i +x 3 )+s(i +x 2 )(i +y s ) 

+ 4 xys by I +xy+yz + zx. (c. E. 1878). 


Paper VIII. 


1. Find the value of 




-- + Aa* + b 3 -c 3 ) + i ’p{b i +c 2 -a 3 )+ C -+~{t a +a*-b i ) > 
ao oc 


ca 


when <2 = 3, <$ = 4, £= — 5. 

2. Simplify the expression :— 

7(a - 3 b 4- c) - [4(2(5 4- ^c)(6c - 3 b) - 3 {a - 4 6 )(a 4- 3 d) 4- 
{(S(2-4^4-3r)x4 + «- 47 ^-h 24 -*- 7 ]- (m. M. 1891). 
3- t^hen x = 11, find the value of 



#Sf;r + 2) Jx — 2 — 2{ If! ix 2 — Jtr -f 2 Jx — 2}]. (M, M. 1880)* 

4 . WritSiiwn tke results of tlje following multiplications :— 

(i) (^ 3 + 5)(^ 3 -5)- (») (3*~8)(3*-7)- (iii) (3*-5)(4*-9)- 


5. Multiply x 9 +y s + x 7 y 4- xy 7 — x 6 y 3 — x*y b - x*y 4 by „r 8 +j/ 8 - 3 

6- Divide 4;^ —4**4-5-r 2 4-8# —5 by 2;r 2 -3*+5, and divide the 
quotient by 2X— I. * 

7. Divide 4- 4- c, cqz % 4-(<z, b 2 4-)* y 4-(a,4-<z 2 ^i)** 

4-(Vs + ViW by <*^4-^2/+^^ (b. M. 1895). 
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8 . Find what quantity not involving higherpowers of x beyond 
the second should be added to x* - jx 7 - 5.1# j&x* + 5-r 3 + 4X 2 *f 1 to 
make it exactly divisible by .z 8 + 2.r — 1. dkt. M-^1897). 

9. Divide 2 ;r 4 — + jab^x — cPV* by 

x % -(2a-b)x-ab. (b. M. k i9oi). 

10 . A man walks 5 miles North, then 9 miles South, then again 
7 miles North. How far is he then from his starting* point ? Illustrate 
with a diagram. 


Paper IX. 


‘ 1 . Find the numerical value of 

7+i+*J{ z -r l) • whe ” 

2 . Perform the multiplications :—(m. m. 1897). 

0) ( 3 a*- 4 a*x-$x*)(3a* + 4ax n + 5.r*). (ii) (x+a) 9 (x-<r)\ 

i 

3 . Divide x* — 3(a + i)x* + 2(3a+i)x'- s + 3(a + i)(a 2 — 1 )x + (a' — i ) 8 
by .r 2 - (a 4 - 3 )x — a 2 + 1. (B. M. 1900). 

4 . Find the product of yi + 2b and yt + 2C- 3b, and test the 
result by making a= 1, b = c= 3. (C. K. 1870). 

5 . t Divide by x+a* 2 to five terms, (m. m. 1891). 

6 . Simplify {a — (b — c))' 2 +{b — (<r —a)p +{c- (a — £)} a , and find its 
numerical value, when a— 1, £=3, r= 5 . (M. M. 1858). 

7 . Multiply (;r' J +2ax + 4 a*y by (jr -2a) 5 . (M. M. 1899). 

Divide 6 x° - I9.r 5 +6.r s - 3*4-2 by 3** -2*4-1. (M. M. 1899). 
Divide by a number which is greater thatff x bvjf. 

l E. 11 


a 

9. 


(p*- 

# 


889). 


10 . What must be added to i) — i to make it equal 


to a* + 3a(a + i) + i ? 


Paper X. 


i 




1 . Find the value of (a + b + cY-(a + b-cf + (a — b + c)* 

4 -( — a 4 - b 4 - cf — 24061, when 20= 2 = — lb «= c. 

2 . Simplify 

4 ?- ;(?+;)}+*(¥- 
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3 . "Multiply —facPxy' 2 by \oax'*y 3 and divide the product by 

15 a*xy A . Verify thdBfesult*by substituting — i* $x =2 and — 3, 

in the multiplicand, m|JtipIm divisor and quotient. 

4 . Remove the bi^bkHfrom 

(3«- 2* - c(3<z -£)- ^*(<1 -r)J; 

also find its value when a=o,J«i, 

5 . Divide 1 - 17.V 4 — 24**'+ 138* 5 - 130*+ 63 by 5**+6.r* 

-9.*:+ 7, and verify by multiplication. 

6. Divide a? + 3a 2 b + ^ab 2 + b z + c* by a + b + c. 

7 . Shew that x(x - 1 )(x - 2)(.r - 3) + I = (.t 3 - 3% +1 ) 2 . 

8. Find an algebraic expression such that when it is divided 
by a- — ab + t\ the quotient is a 2 — 2ab-\-b* and the remainder is 2 cPb x . 

9 . Divide x* + $ax 3 — (tt 1 +n — y)a £ x v - ^ncPx — 6a 4 by 

x* — {n — 2)ax - 2a 2 . 

. 10 . If-V stands for a(w + n\ and Y for b(m find the values of 

-V J' , .V 3 ' 

+ and — 7 . 
a b a 0 


CHAPTER IV. 

FACTORS AND EASY IDENTITIES. 


I. RESOLUTION INTO FACTORS. 

118 . When an algebraical expression is produced by the mul¬ 
ti plica tip^of two or more quantities, each of the latter is called a 
fact(»oft^expression. 

lJ ^| H ence, to resolve an algebraic expression into its ele- 
mentar^ltoors is to find out those simple quantities which make up 
the expre^^fc by way of multiplication. The process of finding the 
factors is caflkresolution into factors. 


120 . InflHj H SectMR, we should, treat of such easy factors as 

will exemplify verse Use of Formulae for Mul¬ 

tiplication given in Art. 102. 

121. When all the terms of an expression have a common 
factor. 

Rule. Divide each tei tn separately by the common factor and 
enclose the several quotients in a bracket, placing the common factor 
outside as a coefficient . 
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Ex. 1. 

Ex. 2. 
Ex. 3. 


MATRICULATION ALOIS 

Resolve x % -4ax into factors. 
Here, x is common to both 
x‘ l ~4ax=x(x- 

3<z a be- 4ab 2 c + 7abc 2 = abc\i 




b + 7 c). 


5_r s _v + i Sx'j' 2 - — 5 x ~yi x + 3 y ~ 2 x 2 y). 


Exercise XLIV. 

( 

Resolve the following expressions into factors :— 

1 - x ,J + 3ax. 2 . a* — d*b. 3 . 4 . .r 6 —5 ax 2 . 

5 . 's^ 3 — ljx 9 y. 6. a*—2ab. 7 . 21—35^. 8. — 2a*+6a. 

9 . 3 ** + 9-** — 12a' 4 . 10- 4a 2 - 160b + 24a. 11. 8xy + i6yz. 

12 . 3a*b 4 — 18a 4 £ 3 4 - 21 a b b 1 . 13 . 6.r -j'r 4- 12.*y 2 z — 1 8.r s y*z. 

14 . 42x* m y*z s + 4cpry*z 2 - 63x^2. 15 . 14*^- 7x*j' 2 4 - 56*/*. 

16 . 5a 4 ^ + 25^ s —ioa J ^+i5a:^ 4 . 17 . 3hx l2 yz— $4xy' l z +48xyz*. 

18 . 70a? b 2 c — 6oa 4 b*c 2 4 - 50 a 0 - 4o# ( 7A~ 4 . ‘ 


122 . The resolution of expressions consisting of four teims 
which can be arranged in groups, each group having a compound 
factor common. 


Buk3. Divide each group by the common factor and enclose the 
(afferent quotients in a bracket, plating beside it the common factor , 
also within a bracket as a compound coefficient. 


1 . Resolve into factors ac-ad+bc— bd. 

Observing that the first two terms contain a commq 
and the last two terms have a common factor 5 , we encl 
two terms in a bracket, and the last two in another. T 

ac- ad+bc-bd = (ac — ad) 4 ‘{be- bd) 

= a(c-d) + b(c-d) 

= aX + bX, putting J£for^| 

-<«+*>* Llr 

= {a 4 rb){c—d)^ substituting for X 

m 

Ex. 2 . Resolve into factors x 2 — ax —bx+ab . 



x*-ax — bx + ab=*(x*~ax) — (bx — ab) 

=x t (x - a) - b(x - a) 

= (*- a)(x - b). 



1. 

3. 

5. 

7. 

9. 

11 

13. 

15 . 

17. 

19 . 


<Ex£ 3. Resolv 

t 

loa^ —3 
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6 rs iotfrff— y^adArtie 

lbd±x{ioac—$$act)+{t>bc—2ibd) 
= 5a(2£: - yd) 4 -3i(2 c- 7 d) 
**(2c-7d)(5a + 3b). 


Exercise XLV. 


t 

Resolve into factors : — 

d J +ab+ac+bc, 
at+bd+bc+ad. 
ax + bx+ac+bc. 
a 2 c 2 - ^acd + abc — 3 bd. 

'4 

2x 3 - 3X 2 +4* - 6. 

2 oab- \ 2 bc-^ad+ 2 \cd. 
i5ab+<)ac-2obd— I2cd. 
x s 4- $x 2 + 4,r 4 - 20. 

18.ry*r - 12;r 2 2r - 15^*4- I 0*#. 
<2 V - 3<*£j/ 4- 2^ - 


2. a*~ab + ac-bc. 

4. a 2 bc~ 2 ab 2 +ac*~ 2 bc. » 
0. ax + bx - ac—be. * 

8. ePe+Wd+fic+cPd. 

10. 11* 8 — 5 5jt 3 + 7-2T — 35. 

12. I2a a -i8a^ + 8^-l2ic, 

14 . *v+? 2 +y+i. 

16. .r 2 -j/ 2 - 5^+5^. 

18. + bexy — 5 ^ — . 

20. 2 <z 2 +- 2 ac - 6&r. 


123 . The resolution of trinomials which are perfect squares. 

(1) a 3 +2a& + 6 3 . (2) a 2 -2a6 + 6 a . 

( 1 ) a i + 2ab + b 2 =*d !i +ab + ab + b* 

= (a 2 + ab) + (ab + b 2 ) = a(<z + b) 4- <5 (a 4- £) 

= 4*#)(tf + b) = (a 4- ft) 2 . 

* 

b 2 ~a* — ab-ab+6 2 

> (a 2 — a£) — (<z£ - b 2 ) = a (<2 — b)— b(a - £) 

Ex- 1- . ^■actors x*+\ox + 2$. 

AT a +IO^*25 = ^ a + 2X5 xj+5 2 

j * =(* + 5)*- 

' #* 

Ex. 2 . Factorise 16** - 24ax+ga t . 

§ 1 6x* - 24a# + 9«*=(4*)* - a(4*).(3a) + (3a) 8 

- ( 4 * - 3 *)* 
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MATRICULATION ALG 

3 . Find,the value of (2*37)® + 

Since 1*659 x 1*8 = 2*37 x^ 
the given expression 



159 x i*8. 

'2 x 2*37 x *63 
(*63)®+ 2X2*37 x*63 
+ *63)®=3®=9. A ns. 


Exercise XLVI. 


Resolve into factors 


1. 

,1 

7 * 

10 . 

12 . 

11 . 

/IB. 

1 a 

20. 

81 . 

23 . 

25 . 


jr* +1 ix + 36. 

4 a®- 4 « + r. 

9a 8 -30^3 +2 5^® 

16 a*b* - 8«£V* + b‘ l c % . 
4,a 2 3®r®+4a^+ 1 . 
a* — 20a 3 + 100. 
ga® -6a(2b- 3c) + (2b — 3r)®. 


2 . a*-8«+i6. 3 . .r® + 14* + 49 

5 . +r® + 20 + 2 5_y®. 6. 4* s + 41 + 1 

8 « 4 +14*2® + 49 9 gn * + 6 a®£®+4 4 * 

11 4 «Y 8 - 28 «‘^V+ 493 V. 

13 41 B v 8 + 20 v y Z * + 2 5s 8 . 

15 . 1 \a®- 4 5 ^ + ii® 

17 4i® + ( v-s)®-4 {xy-xz) 
19 r 4 + 4(r-i)? + 4(ar , -a) 1 


(ax - by) 1 + 4 c(a t -by) 4-4c 1 . 

(2 a + 3^)® + (x + 2 y)* + 2(2a + 3^)( 1 + 2_yj 

Find the value of 

(‘37) 2 + ('63)® + *5i8 x *9. 22. (1 *784)® + ( 216)®+1728 x *446. 

(i*85) 8 + (i 8) ? -11 1 x *6. 24 (2 i6) 2 + (i* 85)®-*54 x 14*8. 

2Jr®+ 7oi_j/ + 4gy 8 , when v=2o,y= — 14. 


131 The resolution of an expiession in the form of the 
difference of two squares 

a 2 -b*^tf-af> + ab-t> 2 = {a*-at>) + (ad-d*) 

= a(a — b) + b(a — b) = (a — ft)(a + 6). 

r 

to the 




The difference of the squares of two quantities 
product of their sum and difference . 

Ex. 1 . Resolve into factors 251*- 16. 

2^® -16 = (52-)® - (4)® = ($x + 4)1 

JBx 3 . Factorise 4r* — y*. 

4 ** -y % = (2* )* ~(y)*=(2X +y)(2X -y). 

Ex. 3 . Find the value of (385)* —(285)*. 

The given expression =-(385 + 285X385 — 285) 4 

=670 x 100=67000. 



133 . When the t 
taken'outside a brae 

factorised. 

. . '■*> 

Ex. 1. X s —= .r(jr 



INTO FACTORS. 
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5 a common factor, it* should first be 
expression can then be further 


“#V 




'Ex. 2. 7 5* a ~ 48 <z 2 = 3(25X 3 - j 6a 2 ) = 3(5^ + 4«)( $x-4a). 

Ex. 3 . - 28a*J* = Ja 2 b\ 1 - 4^ ; = 7 ^‘-'(1 + 2 J)( 1 - 2*). 

i Exercise XliVII. * 

Resolve into factors :— 


1. 1 - 4X 2 . 

5 . * x l - 9. 

9 . 25— a 2 b 2 . 

13 . a* — 25. 

17 . a* - 289^. 
21.’ # 4a 2 — 16. 


2 . a- - gx 2 . 

6. i -x 4 . 

10. gx 2 -i6y 2 . 

14 . a*b 2 — 100. 


3 . 9W 2 —4/1 2 . 

7. a 2 -169. 

11 . 8ia: 2 ~64. 

15 . 49a 2 —81 £ 3 . 


4. 25 a: 3 - i 6 . ^ 
8. a 2 b 2 — I- 
12. 36 —.z 2 . 

16 . 9 -r 2 - 49 j/ 2 . 


18 . I2irt s -i44^ 2 . 19 . 144a 2 /) 2 - 12U 4 . 20 . a^-b*. 

22 . 25-a 4 . 23 . 49.V 4 -1. 24 . a'b^-gc*. 


25 . 2Sci“x- — 4j/ 2 . (n. m. 1862). 


27 . cPxf-xty. 

30 . — ga*b\ 

33 . 3.1' 4 - 300. 

A 36 . 141,2^-564^. 

38 . 7a* - 343 ^- 


26 . i6,v 4 _>’ 3 -25^ 2 ^ 4 . 
28 . 2aPb~c — %ab‘*c % . 29 . 2 5a' 6 — <z 2 .r 3 . 

31 . 8i.tr 4 -64. 32 . fx" - 65a 3 x*. 

34 . 11 - 99« 2 . 35 . 45-r 3 v s - 80. 

37 . 605rt 2 <r - 720 b-c. 

39 . 17-68 a*b‘. 


Find by. factorization the values of :— 


40 . 97 2 - 87“. 



41 . 235“-35 15 . 

44 . 349 a “ 49 '- 
47 . 999 2 - 1. 

50 . 2853 2 -2845 s . 


42 . 625 s - 375 2 . 
45 . 97- - 94 2 - 
48 . ‘i‘796 2 -1792 2 . 


12 $. , 

' either (or b.ot 

* * 

Ex. 1 . (a 

' ** 


e method may conveniently be applied when 
squares is a compound quantity. 

S£.Y a -9 L*y writing X tora + 2b 

= (a + 2b + y)(a + 2b — 3c), restoring the value of X . 

Ex. 2. (x -y)* - 4a* = .V 2 - 4<z 2 , writing X for x -y. 

=(x —j* + 2a)(x ~y-2a). 

♦ 

“ M. A. —6 
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MATRICULATION A I, 

Ex. 3 . (2^- b ) 2 — (a — 2b)- *= {(2o*y| 
= (3^ - 3^)0* + 




* 127 . The terms of a compoun^WflJression can often be arranged 
so as to form the difference of t\vo*squ«ires. 

/ 

Ex. 1 . // 2 4 - 2ab 4 * b 2 — c 2 = (a +#)“ - c 2 Art. j 23, 

= (<* + <> H-+ 

* 

Ex. 2 . r 3 4 1 2yz - 4 y z - 9 z 2 *=-r s - (4 y 2 4 9^- - 12yx) 

(rc-arranging the terms) 

* -= x ' 1 - {iy - T>zY, Art. 123. 

= (.r + iy - 3.7)(.r -2y4 37) 

Ex. 3 . a 1 4 b 2 — c 2 ~ d 2 - 2ub 4 2 cd 

(tr + IP - 2a!>) - ( c~ 4 d 2 - 2^7/) (re arranging the tcrms> 

a 

— [si ~ 6c--f?j(<i--b - r4^). 


Exercise XL VIII. 

Resolve into factors, and simplify where possible 

1 . # (a - *)* - A 2. a 2 -(b - c) 2 . A (a 4 />) 2 - 4 **- 

4. (fl*4#V-(<*4^ M )*. 5. (a42; 2 -(£~2) 2 .,/ 6 . (*4i) 2 - (b 4 i) 3 - 

7 . (x 42 y? - 16 a 2 . 8 . 25*2 - (,a 4 bf. 9. c 2 - (a - £) 2 . 

10 . ( 3 X- 2) 2 -(x- 3 ) 2 . 11 . ( 2 ^ 4^ 2 -( 2 rt 

13. ( 4 * 4 27/* - ( 3 - r + 4XP- 
15. a 3 # 2 ~ (ab ~ 1 ) 3 . 

17. fa+yf-ityx-y)*. 

19. (2X 43^4 a ) a - (x 4 a 

21. a 2 - 2 ab 4 b 2 ~'t 2 . 

23. 4 a 4 - 9 a 2 4 6 a- 1 . 

25. 9^ 2 - 1 2 hb 4 4^ 2 - 16 x 2 - 8 xy —y l . 

27. dr — b 2 — c 2 + rf 2 + 2 nd 4 2 bc. 28. x 4 - x 2 - 2X - 1 .**• 

29. cp + b 2 -c 2 -d 2 - 2 ab- 2 cd. 30. a 2 — b*+c* + 2 ac. 

31. 32. 2 $'-a* - b*+Mb. 

33. (x*- 2 x+ 3 )*~(x*+ 2 x~ 2 )*. „ 34. (a* + 6 *Y- 4 a* 6 \ 

35. 9 c?-F-j6 eP+BM-6a + i. “ 




128. The r^o 
a 2 +& 2 + c 3 +3ft 
= a 2 4 -(£ 4 * 

= {rt4-(£+^)} 
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multinomials which arp perfect squares. 

2 ab «= a* 4- [V* + c 2 + 2bc) + 2 a(b 4 - c) 
4 -£);*Art. 123. 

’+& + <>)*. 


Ex. 1 . -r 4 - 2.r s 4 - 3.V 2 - 2.r 4-1 = ,r 4 - (2jt r - 2.r a ) 4* C* 3 — 2# 4 - 1 ) 
= jtr 4 -2.v 2 (jr- 1) — 1) 2 , Art. 123. 

= {.v 2 - (x - l)l a «-(* s -x4- l) a . 


Ex. 2. aP + $b~+ yc*-$ab-bac+\2bc 

= (a 2 +4^ 2 -4^) + 9^ -(bac— 12 be) (re-arranging the terms> 
= (a — 2b) 2 + 9 c 2 — 6 c(a — 2 b) = (a - 2<J)“ 4 - 96 2 — 2.30(11 — 2$) * 

= {(a- 2^)- 3 cY 2 ~(a~2b~ 3c ) 2 . 


Exercise XLIX. 

Resolve into factors :— 

1 . 4^ 2 4 - 4ab 4 - b" 4 - 4 ac 4 - 2 be 4 - c 2 . 2 . x* 4 - 2x* - jr 2 - 2.r 4-1. 

3 . 4.r 4 - !2a 5 -7-i* 2 4-24.V4-16. 4 . x* 4 - 4-r* - 8.r 4 - 4. 

5 . 14 -}b"+ 1 \c 2 -'b + $c-}bc. 6 . x* + 'ir*+ \ix*+ &x+ 

7 . * 4 - 1 o r* 4- 39T 2 - 7<xr 4 - 49. 

8. d 2 4- b 2 4- c 2 4- d 2 — 2ab - zac 4- 2ad 4 - 2 be — zbd— zed. 


129 . The resolution of trinomials in which the coefficient of the 
hig|est term is unity. 

i^Tn of trinomials is either 
A - (a -fc b)x 4 - ab or x 2 - ( a 4 - b)x 4 - ab> 
wm.Liypl^ 4 -Va? 4 - Q or — cc 2 -px 4* </, where p = a A b and q — ab. 

From the 9 >ve facts, we deduce the following; Rule > 


mbers which : multiplied together, give the 
trinomial , added together give the 


^ * s 

Buie. 

third term of 
coefficient of the secoricTterm . 

V 

Ex. 1. r 2 + io.r r J-2**=J 4 + 4^ + 6jf+24=jr(jr+4)-f 6(^+4) 

. =(jt+4)(«+6\ [Since 24=4 x6 ; 10=4+6]. 

, ^ 

Ex. 2 . x 2 ~ 2>x 4-12 = ;r 2 — 2x — 6 ;r 4 -12=.r(;r - 2) — 6(x — 2) 
= (^-2)(.r-6). [Since 12*2x6; 8 = 24-6]. 


»4 


MATRICULATION A 1,0 




Ex. 3 . 


O 

.1 - 


^ # | 

ll xy 4- J oy l = x 2 - xy - l ox oj/ 2 

=.x(x-y)-ioy(x-y) 


= (* -y 

[Si 


A- 'g y)- 


>y 2 = >' X I oy ; I IJ^J'4-loy] 


(ii) The form of trinomials is either 

x~ 4 - (a - b)x — ab or x 2 - (a — ^).v — a £ 

which = jr a 4 -jpx - q or = jc" - 9, where p—a — b and 9 = ab. 

% 

From the above facts, we deduce the following Pule :— 


Rule, Find two numbers which, multiplied together , give the 
third term of the given trinomial and whose difference is the coefficient 
of the second term. 


Ex. 1 . .r- 4 - 2jt - 63 = ,r 2 - 7.r + <>r - 63 =.t*(.r - 7) 4- 9(.r - 7) 

-=(*-7X* 4 -9). [Since 63 = 7 X9 ; 2 = 9-7]. 

Ex. 2 . x- - 3.V - 130=y 2 4-1 ox - 13.1- -130= x(x -Mo) — 13(.r 4-10) 

-(.1 4- io)(.i - 13). 

[Since 130=10x13; 3=13 — jo J. 
Ex. 3 . 7 Z<r+cPb-d-P= -tr{P-b-72)= -a-{b' 2 - c^ + M-72} 

~-aW- 9 ) + 8(*- 9 )) 

9)^ + 8). 

*" [Since 72 = 8x9; 9 — 8=1] 

= <r( 9 -*)( 84 -£). 


1. 

4 . 

7 . 

10 . 


13 . 

16 b 

19 . 

32 . 

25 . 

27 . 


Resolve into factors 

x* + 6x 4- 5- 
x 2 - %x 4-15. 

,r 2 4--r - 6. 
jr 2 4 2 r - 15. 
* s 4 - 7 .*: 4 -* 2 . 

.r 2 +x -12. 

* 2 4 * 16*4-63. 

„r 2 -1 6 ax 4 - 39a 2 . 
**>* + i 4 ^ir + 33 " 2 - 

42 — ,r — * 2 . 


Exercise L. 


2 . y 2 4 -9-1+20. 

5 . *' 2 4- 8* 4- 7. 

8 . x" -x-6. 

11. -i' a + 7-v — 8. 

14 . * 2 -9*4-14. 

17 . 1 - 3 * 4 - 2 * s . 

20. * 2 —23*4-132. 
23 . rt 4 4 * 9a 2 £ 2 4 - 14^ 4 . 



# 

5 * 4 " 6 . 

; 2 ^- I or+ 9. 

y 2 - 2x - 3. 

L * a - 8a' — 9. 

5 . * 2 — 5* — 14. 
18 . y+jr-no. 
21. * 2 - 30*4-200. 
24 . a? — 7a 3 +12. 




28 . 664-5*-* 2 . 


26 . — 240:^+143c 2 . 

/ 29 . 5 -4*—* 3 . 
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30- 

33. 

36. 

39. 

41. 

44. 

46. 

48. 

50. 


.r 2 + ii^K-26v 2 . 31. cz 6 -4^-45. 32. x~ - x - 72. 

a 2 - 3<*£ - 4. 34. o*^ 2 4- yy - 154. 35. 0 2 -130-48. 

4'* 2 ^ 2 -ab- f. ST^gJrr 2 ~ 1 ary 4-1. 38. 540 2 - 15.ry -jy 2 . 

.r--f (2a- 5^).r- 40. x s — (6a + $fi)x + 3oab. 

x* 2 -26xy+ 169 r 2 . 42. 26r 2 4 -no-1. 43. 430 2 — 420 — i. 

1 — *]x 4 - 6 a-. 45. a 2 - (?a - $b)x-2iab. 

nrxr — 3 a 2 ! 4 - 2 d 1 . 47. « s - ato - 6 ^r-. 

a° + /i 4 £ 2 - s 6 a' 2 ^ 4 . 49. ^ 4 ;;/ 2 - 57V 1 /// — 84 fi 4 . 

a 2 — (3;// - 5// px - 15 wnfP. 


130 . The resolution of trinomials in which the coefficient of the 
highest term is not unit). 

(i) The form of the trinomial is either 

(icx 2 4 * {be + ad )x 4 * bd or ac: 2 - {be 4 - ad):x 4 - bd, 
whi^h =jf>x- 4 - qjc 4 - v or ~px>' z - qx 4- v y 
where p — ai y q~ bc+ad, and r = bd. 

Hence the following method of solution :— 

Ex. 1 . 150 2 4 iu 42 =i 5-r 2 4 - 50 4 - 6 x 4 - 2 = 5*r(30 4-1 ) 4 - 2(30 4 - 1 ) 

= ( 5 - r + 2 X3- t ' + ')■ 

[Since 15x2 = 30 — 5x6; 54-6=11 |. 
Ex. 2 . 14.1* 2 - 41 .r 4-15 = 14.1- - 6 x ~ 35 x 4 -15 

= 2.r(7*-3)-5(7-V-3) 

= (7-v-3)(2a-- 5) 

[Since 14 x 1 5 = 210=6 x 35 ; 35 +6 = 41]. 

(ii) ^jphgpform of the trinomial is either 

Ofjc 2 + {bc — ad)x — bd or acx 2 — (be — ad).v — bd , 
which#=i>x 2 4 - ^ -1* or =jf>.E 2 - qx - r, 
wheJe p = «r, q — bc — ad and r = bd. 

Hence the fdPtnving method of solution :— 


vine 


Ex. 1 . 6.1 2 +x -W2 = 6.r 2 — 80 4 gx - 12 = 2 x(yr - 4) 4-3(30* - 4) 

= ( 3 -' v ~ 4 )( 2 a' 4 - 3 )- • 

[Since 6x 12 = 72 = 8x9 ; 9-8= 1]. 

Ex. 2. 6r 2 -7.v-3 = 6o 2 ~9Lr4-2^-3 = 3^(2:r-3)4-i(2.r-3) 

= ( 2 X - 3 )( 3^+ 1 )• 

[Since 6x3=i8 = 9x 2 ; 9-2 = 7] 
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Note. The student may notice that, if the last lerm of the given 
trinomial be positive , then the last terms of the two factors will have the 
same sign as the middle term of the tunpmial ; but if negative^ one of 
them will have the sign H, and the other Hf 


Exorcise LI. 


Resolve into lac tots 


1. 

4.1 - {- «S r 4 * .>• r 

2. 

4.1 - + 1 31* + 3. 

3. 

yr- I 3 * + * 4 - 

4 . 

I 2A- - yx + ». 

5. 

8.r- 4- 22.r + 12. 

6. 

2cr 4 * 7a 4 " 3 * 

7 . 

4.1- + tix-y 

8. 

4.r- - 4-v - 3. 

9 . 

3-r 2 4 - 4 x - 4. 

icr. 

6;r 2 4 - $x - 4. 

11. 

! 2.T- - 5.1- - 2. 

12. 

I2.i 2 - 141* 4 J. 

13 . 

I2a s ~x - 1. 

14 . 

✓ 

3-1-- 2a -5. 

15 . 

1 2 a* 4 a 2 or 2 - x 

16 . 

3 ab + a 2 6' 2 - 2 ab*. 

17 . 

2xy 4 - 5a -jr + 2xy 2 . 

18 - 

9.1 2 y j — 3-yv^ — 

19 . 

6n‘.r“ 4 * ax — a 1 . 

20. 

6£ 2 .v 2 — 7 At 8 - 3a 4 . 

21. 

8+18 a — 5 a 2 . 

22. 

28- 31 u -- 5a 2 . 

23 . 

14.1- — 29,1*4-12. 

24 . 

13a 2 +410:4-6. 

25 . 

9-v 2 + 6,r — 8. 

26 . 

4,1- 4 * 4-v — 63. 

27 . 

2a- 4 9a — 5. 

28 . 

3 + 23.1' - 8.i 2 . 

29 . 

31- - 13.r - 30. 

30 . 

181 - — <u - 2. 


131 . Sometimes the following method is recommended. 

Ex. 1 . Find the factors of 3-t- — jx + z. 

‘ yc~ - 7 r + 2 —{(3-r)- - 7 ( 3 - r ) + 6} 

- 7 y + 6), (writing y for 3.r) 

= U.y- i)(a~ 6 ) = V( 3 -» — iK3- r - 6 )» Art. 129/ 
---= ( 3 * - 1 )(•»' - 2). 


Ex. 2 . Factoiize 12a'- — 7.1 — 12. 

r.\r J -7X- 12= r V{(i2.r)‘ J -?(i2x)- 144} 

= iiO 2 - 7 y~ 1 44 }, (waiting y for \ix\ 
“Tf( v- i6)(jt/ + 9), Art. 12$. 




6 Ex. 3 . Factorize iox-- i $x\y -yy-. 

lox- - 1 ixy -9_r = r«{(icu-)- - i3(iav)_y-go/ 2 } 

“to!" 2 - 1 3 a J' ~9°.y ~K (writing a for lo.r) 

= io(*«.- ity)(a+$y), Art. 129 . 

= T ‘ n (iai - i 87 )(iar + 5j') = (5 lt -97) (zx+f)- 
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Exercise LII. 

Resolve into factors :— 

1 . 3.V 2 +• 14 r + 8. 2 . 3^ - 1 o.r - 8. 3 . 14„r 2 - 29.1 - 15. 

4 . 4.r' J -8ax*+3« 2 . 5 . 7 -r 2 + 4 -ij'- 3J'“- 6. c.r 2 + 5.1 - 3. 

7 . 5 -t“ + 1 lx + 6. 8. 24.1- 2 - 50.V + 25. 9 . 28 - 3 ix - 5 -r-- 

10. 6,t 2 — $ax — 6rt 3 . 11. 91 r 3 4 1 86xy -859/-. 

12 . 99-r a - 4.vr-- j 43 y-. 13 . 21 oa 4 + 1 oyfid* - 15 36*. 

133. The resolution of an expression which is the sum or diff¬ 
erence of two cubes. • 

' (1) a?_+ h\_ (?) a? ~ h'\ 

( 1 ) t- b 3 - (o' 4- ii ? b) — (a 2 b + air) + \ab' 2 -f b s ) 

= a' 2 (a + b) - -b £ 2 »'a + <£) = (<e -I // )(f/ 2 - 4 h*\ 

/ <5) d* - = - a 2 b) + (orA - 4- 'aJ 8 - b*) 

- £) + a - -f - £) - («, — b ){( i z 4 ah 4 h a ). 

Ex. 1 . rH8 = r 4 -:v--=(.i 4 2)(.t 2 -2.x 42-) = (.r 4 2)(,r~ - ».r + 4). 

Ex. 2 . 8a 3 -t-27/r -M2a) n -« (3d/ 

^ ( 2 fi 4 3 ^;{( 2 r 0 a - 2t2.3^ 4 - (3A) 8 } 

-=■=(?./ f 3 ^,( 4 ^ 2 + 

Ex. 3 . I2yr- i «( 5 # 0 s -“ i){( 5 «) s + 5 « + *> 

»( 5 «-i )(2 5 #r+ 5 <t-M). 

Ex. 4 . 8 r 3 - 729 y J = (2.r) 3 - (9 y 2 f 

- (2* - 9 T“){( 2 .v) 2? + 2.1-.9 /- 4 4 

- (2x - 9/-1(4.* 2 4 18-vy- 481 r 4 ). 

Exercise IiIII. 

Resolve into fetors :— ^ 

1 . x* 4_j' s . (h. fc. i862.)T 2 . ;t 3 -r s * (h. k. 1862). 3 . i+x : \ 

4 . 1— x\ 5 . .z c 4^ 3 . 6- —j/\ 7. /2 3 — 8. ^ 

8. 8 .r 3 4 i. 9 . a^+i. 10 . a 8 ^ 8 —1. 11 . a 8 + 64^. 

12 . 27a 8 +1. 13 . « 3 -64^ s . 14 . jtr°+i. 15 . 1-27.1*®. . 

16 . 8tf 3 — 27#*. 17 . 2[6a* — b\ JJ 3 . 729.r 3 + 8« s . 19 . .t fl 464 . 

20. 14729a 3 . * 21. 343a 3 -!. 22. 64* 3 —i25j' n . 23 . 2« n 4i28. 
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24 . 1 2 5# tt 4 * 512jrJ. 
27 . • <&x % y^ 7 .Tx l y*. 
30 . 2 i 6 -h( 4<7 — 5^) s . 


25 . rtV + 27^ 0 . 
28 . 8*®+/>. 

31 . .r 4 — 27^4 


26 . 81 - 3#". 

29 . 64 -{a-bf. 

32 . 729(04-#)* —8« s . 


133 . The resolution of an expression which is a perfect cube. 

(1) a ? + 3a 2 ft 4- 3tt/> 2 4* 6 s — a* 4- 3 aft (a 4- 6) 4- ft 3 = (« 4- 6)**. 

(2) ff 3 - 3a 2 ft 4- f - ft 3 - a 3 - 3ah(a - ft*) - ft 3 =(a - ft) 3 . 

(1) /7 3 4-3rt 2 #4-3a# 2 4-# 3 ==(a s 4-# 3 )4-3a#(<7 4 ‘#), (rearranging the terms) 

= (04-#) (a 2 — a# 4 -# 2 ) + 3a#(0 + #), Ait. T32. 
«(rt4-^)(('f“ — 0#4-# 2 )4-3tf#} 

= (a + #)(nr 4* 2 ab 4- b ~) 

--= (<2 4 - #)(« 4 - #) 2 = (« 4 - by. Art. J 23. 

(2) (V - 3*rV> 4 -30#'" — # 3 = (« 3 — # 3 ) - 30^(0 — /;), (rearranging the terms) 

-(a — 6 )(ar 4 -0# 4 - # 2 ) — 30^(0 — Art. 132. 

= (0 - #)«*» 4 - 0# 4 - /»-) - 3at\ 

==(<? — #)(0 S — 2ab 4- /> 2 ) 

= (0 —#)(0 — 6) 2 = (a -ft) 3 . Art. 123. 

Ex. 1 . 0 3 4 -120-4-480 4-64 = (0 3 4-64) 4-(i 20 s 4-480) 

= (« 4 - 4 )(/r 2 - 4^4- if>) 4 - 120(04-4) 

= (« 4- 4){(^’ 2 - 4' 7 4-16) 4-12/7} 

= (.2 4 - 4X0 2 4 - 80 4 -1 f>) 

= (« + 4)(* + 4)* = (« + 4) s * 

Ex. 2 . 8.r 2 - 12.r- 4- 6.r - 1 = (8.1 3 - 1 ) - ( j 2.t* 3 - 6.v) 

— ( 2 X — 1 )(4-t' 3 4- 2 x 4-1) — 6 x ( 2 .r — 1) 

= (2.r — 1) {(4-v- 4- 2-r 4 - 1) — 6.r} 

= (2.2* — JX4A' 2 *“ 4 * r 4 -1) 

= (2.1' ~ l )(2X - 1 )* «= (2.V - ( f. 


Exercise LIV. 


€ Resolve into factors :— 
1 . x?+(>x* + 12 * 4 - 8 . 

3 . 8.r® - 361' 2 4- 54-r - 27. 

5 . .r 3 - 15 x * 4 - 75.1* — 125. 

7 . 64*^ — 144* 2 4 -1 08* — 2 7. 


2. a 3 4-6a®r 4 -120* 3 4-8.r*. 
4 . t 2 50 s - 1 5O0 2 4- 60a -8. 
6 . ±a*-\a*b + 'iab*-£Trb\ 
8 - a* - 180 3 4 - 1080 — 216. 



KKS0LUT10N INTO FACTORS. 


8c> 


134 . The resolution of trinomials of the following form :— 


a*-~a*b 2 +b*. 


j’.-v heJitcZd: 


rt 4 4 rt 2 £ 2 4 £ 4 = (tf 4 4 2 tf 2 £ 2 4 ^ 4 )~tf 2 /> 2 , (adding and subtracting d l b l ) 

= (a 3 4 ^ 2 ) 3 -(<^)*, Art. 123 
= (rt 2 4 4 ab)[d l 4 b' 1 — <?/>), Art. 126. 

= ( a ? ' 4 ab 4 ft s )(« 2 - aft 4 - ft 2 .). 


Ex. 1 . .r 4 + 4-T ,J H-if) = (a: 4 + 8.t' ,J + i6)-4at 2 • 

= (a 2 4 - 4) 2 - (2.1*)" = (.r- 4 4 + 2.v)(.v 2 4 * 4 - 2.19 
= (Jr 2 4 2X 4 4;>.r- - 2 r 4 4). 

Ex. 2 . 1 (hi* - 1 7ti*b* 4 1 >*«(1Gu 4 - 8 « s // s 4 /* 4 ) - 9a** 2 

= (4*7* — l' L 4 yibX+d 1 — b 2 - 3<r/> ) 

— (4 d l 4 3 iib — 6 *)(4 sf* — 3 ah — b 2 ). 


Exercise LV. 

Resolve into factors : 

1. x *- 1 3x*jr 4 -|_r 4 . 2 . < 7 * 4 ^ 2 4 r. 3 . 9^414^4*25 

4 . ^ - 1 2.r 2 410. 5 . 4 - 1 Strlr 4 /> 4 . 6 . ,1 4 - jxy 1 4 y\ 

7 . 9-T 4 4 3&r^ 4 49.)' 4 - 8. .r 4 -5r44. 9 . i6r 4 44-r 2 41. 

10 . 1 (hi* 4 3 (ui z x ~4 8 i.r *. 11 . a* 4 4 b x . 12 . 49^ - 1 4 ? 21 b*. 

13 . ().r 4 4 2 i.vV 2 425 r*. 14 . 25^ — 9# 2 £ 2 4 i6/> 4 . 15 . ;t 4 44 . 

135 . Sometimes an expression may be resolved into moic than 
two factors. 

Ex. 1 . 81 x* — 1 = (c )x l r - 1 2 = (9.V 2 4 ,1 )(o* 2 - 0 

= ( 9 -r*+i)( 3 * + i)( 3 *- 0 - 

Ex. 2 . .i r, -j' <i = (.i' ! +j' : ')(.r 3 —j/ 3 ) 

= (.v +y){x~ - xy +y 2 )(x —y){x 2 +*J' +ji'V 

Ex. 3 . .r fl - ^ = (* 4 + «*)(t 4 - a*) 

^ = (.r 4 + a*)(.x l 4 - a-)(x~ - a 2 ) 

= (.r 4 + a 4 )(.r 2 + a 2 ){x + a)[x - a). 
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• Exercise LVI. 

Resolve into elementary factors :— 

1 . x a - 64. 2 . .r 8 -256. ' 3 . 1 — 729^. 

4 . 1-16/A 5 . i+s-a'' 1 . (c. e. 1859&A.K. 1896.) 

6. (i;.M. i« 3 / 2 ). 7 . <Ar*-A 4 v 4 . 

8. x*+x*+\. (m,m. 1868). 9 . r® + rV+jA 

10. r 11. t«-i. -12. (3*-*)«-(*-3*/ 

13 . 4^ - (a 2 + #* - <-*)= f ilk. 1881). 14 . a 4 - 16( J - cl* 


Formulae for Resolution into Factors. 

138 . 'Hie lesulls that we have proved in this Section should 
he committed to memory 

1 . ax + bx -- (a + b)x. 

< 

2 . a<‘ + ad -f he 4 - hd = (a + h){c + d). 

3 . ac - ad - he 4- hd = (a - h)(r - d). 

4 . a? 4 - 2 ah 4- ft- = {a. 4- ft)‘ 2 . 

5 . a'-Zah + b^ia-hf. 

6 . a i - b- = (a + h\a - h). 

7 . ' d 1 + h‘ + r- + 2 hc 4 - 2 ea 4- 2 ah = (a 4-ft + <•)-. 

8. x 2 4- {a 4 - h)x 4- a h — (x 4 a)!x 4-/{). 

9 . x 1 ~(a + ft)x 4 -ah- (x — a)[x — h). 

10 . x a 4 -(a- b)j: - ah = (x 4 -«)(x - h). 

11 . X s - (a - ft)x - ah ~{jo~ a)(x 4- ft). 

12 . acjr + ihc + ad)jr- + bd—(ajp + b){cx + d). 

13 . iiex"-(bc+ad).c+bd**(u'jr - ft)(cx — d). 

14 . aciC +(bc - ad)x - btl = («*4 ft)(t‘X - r/). 

15 . - (be - <ul)jt‘ — hd — [ax - b)(e.r 4- d). 

16 . a. 3 4 -ft 3 *= (a 4 - ft)(a 2 - aft 4 - ft 2 ). 

17 - a 3 - ft 31 — (a - h) (a 2 4- «& 4 - ft 2 ). 

*8. ffl 3 4-3« B ft 4- Safe- 1 4-ft 3 ) / . V j 

or « s 4 3«ftv«4-ft)4-ft 3 J 

* 19 . <f- 3 « B ft + 3 «ft B -ft 3 1 f s 

or a 3 -3aft(«-ft)-ft 3 } 1 ' ‘ 

20 . a 4 4 -a B ft B 4 -ft*==(a a 4 -aft 4 -ft B )(a B -«ft 4 -ft‘"). ' 
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9 * 


1. 

3. 

6 . 

9 . 

12 . 

15. 

18. 

21 . 

24. 

26 

29 . 

32 * 

34. 

36 

38. 

40 . 

42. 

44 . 

46 . 

48. 

50 . 

51 . 

53. 

55. 

57. 

60 . 

62. 

64 . 

65. 

66 . 

67 . 

68 . 


Exercise LVII. 

•?' . 

Miscellaneous Ftnlors (Easy). 
Resolve intp elementary factors : 


-- 4 + 4.V-. 

cube 4 2 n"bc~ + abc\ 
r' J - 2 a‘x x 4 -« 4 .r 3 . 


2 . yi'Fc- - 1 ZaW 4 24 «V>V. 

4 .v 4 — zbx" 4 (r.F. 5. a'b 12 - F. 

7 - tib - ac - b 3 4 be. 


'C)d~P — you Ire 4 - 25c 2 - 10. 3r- - 21.17 4-joy-. 
ja'W- 4 - yFbc — boat: 1 . 13. 4^-//- - ‘Aube 4 3c 3 . 


Ri' s 4 - (y - 
(x 4 -jv 4 (a -j') 3 . 
abx- + ax 4 * A.t 4- 1 . 
2 jo/t 1 ' 4- 2. 

«' 4 - f> 4 - 3 « a ^-. 

6.r s — 1 [.r + 3. 


8 - a- 4- - 21 . 

,11. za- - 50. 

14. 12 - 3-t“. 

17 . («* + *,*-hr 1 . 

20 . 3 - 3 («-£) s . 

23 . 1171"-13. 


28. - («4-/') a - 

31 49 rt a - 12 nJ 2 . 


16 ( a 4 b? -- 1 :5c 1 . 

19 . (.i+y,*-(x-yf 

22. 17-r- 4 - 5 i,r -I- 34. 

25 

27 28 r 1 40 -| 1 3 - 60.1 a . 

30 . a 2 + (m - 13 v 
a 2 b 2 - d z - b- + \ . (i*. k. 18959. 33 (<1 + 3b 4 - 2t'r - (){2a 4 b - c)*. 

(a + 2//+ 30 2 - 4 t<* 4-<5 -< )"• 35 . (r - 2y'p +y ? . 

11.1 2 4-75-r - 14. » 37 . 21.1 - ■ 13.17 - 207 2 . 

.l * 4 16.r V + - ; Gy'. 39 . a ~y - 1 5 ry 2 4 - 36/. 

8i.r 4 -62(/*. 41 . Z‘J+yr ~7(x i y){a + b) + 3(a + b'f. 

3G.r- 4- 231" -143. 43 . 421“ - 155*4 102. » 

63.f 2 4 132a-- 35. 45 . x A + ifi I s 4-256. 

(5-r- - .v - 1 2 ) 3 — [4x*+x - 4)-- 47 . 8(2.? 4 b? 4 - (a - ibf. 

<x - F - ala* -b 2 ) 4- b[a - b)-. ' 49 . 3( 1 3 - 5 (r -yf. 

afi - ab 4 - 2(b 2 - ab ) 4 - 3(« 2 — b ~) — 4/ — i£) 2 . 

5(a- 2 -/) + 3/4-7/“. • 52 . (.v +7) 3 + 2/ 3 4 - xy) - 3 / 2 “7"'. 

2/ n 4- 4ai") - (</ s - /*). 54 . (.r 3 - xj 1 - 8 (.r- - x) 4 12. 

a 4 — < 5 * 4 (ft 3 — b 2 f — 3« 4 4 3«‘“ i 2 . 55 . 1 S* 3 ■ - 9.1- - ix. 

4-4(2.1- -1) 3 . 58 . 34 - 8.r 3 4 4-r 3 . 59 . 7x f - 7. 

ti 3 £- 125/5. < 61 . (rt.r 4/46"/* 4 — (.7 )'-4 (ex- azf 4 (ay -bx)-. 
.r’*- 16 u\ (c. K. 1887). 63 - (a + b-3c)-—a — b+y. (a. k. 1894,1. 

(I-r*)(l+«;»-(! xcf. (c. K. 1881). '* 

(a 4 <*) 2 4 / 4 c ') 1 -{bydf - (c 4 dr. (is. m. 1892). 
a.*+a*x'+x*. (C. K. 1887). | 

^vz-xyf — iu^-x^-y^ + z 1 ) 2 . (c.-k. 1865 anti H. M.‘ 1886). 
x x 4 "2jc 3 49' (a. K. 1894). • 69 . x* ~(f/ s + 2 )x 1 y 2 +y i . (is. M. 1888;. 
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70. (x* ■+ 3 a*x) 2 - {sax* + a*f‘. 71 - 343 **+5127*. (C. K. 1882}. 

72. 60 — 7 «r — .r 2 . 73. ;r 2 + 13.1' + 42. (C. K. 1882). 

74. (A'-f-i)(^r-f 3)(.r + 5)(.r-f 7)+15. (m. m. 1888). 


75. x*+x — 42. (<:. k. 1882). 

77- I2.r 4 -Kv 2 >' 2 -M' 4 . (M. M. 1883). 
79. 6 .r 2 + 5.r — 6 . (w. m. 1882). 

81 . 39^r 2 - 7-r- 22. (\. K. 1894). 

83 . To.r—.r-- 24. * 

85 . a 1 - 4b 2 - c h + 9 d 9 - 2{^ad - 2/>r). 


76. a: s - 5 tf.r - 66rt 2 . (c. K. 1881). 
78 . 3.r- — 1 or — 8. (n m. 1882). 
80 . io.i 2 -23x— 5. (ii. M. 1884). 
82 . X< 7 * + P + (2a + b)\ 

84 - .r’ + .r 3 —.r — 1. *(a. K. 1895). 

( IJ. M. 18O9J. 


II. USE OP FACTORS. 


137 . In this Section vvc should illustrate the ( sc of Factors b\ 
the solution of certain typical examples. 

Ex. 1. If x = b + c, y — c — tf, ,c - a — b, si \c\v that 

x 2 +y 2 + z 1 — 2xy —2t2' + 2vz ~ 4/; 2 . (c . K. < 1888). 

We have .r — (j/ + 2*) ^ (/; 4- c) — (c — a + a — />) = (/»+ r) — (c — />) - 2/>. 
The given expression = x"‘ + ( y~ + + 2yz \ — 2x(y + s) 

=„r 3 + ( 1/+ 7)- — 2.r(j/ 4 - 7 ), Art. 123 
= <.r-( r + 7)} 2 *- {2b? -4/P. 

1 

Ht. 2. If jr+ -=;£, express .r + in terms of fi. (n, M. 1886). 

JL 



» 

Ex. 3. Find the continued prodiu t of 

3-.r, 3 + .c, 9-3; +.r 3 and 9 + 3.1' + .r 2 . 
Prod net = (3 - x)(g + 3.1- 4-.«“) x (3 + .v)(c; - yr +.v 2 ) 
— {27 -.r 2 ) x (27 +.s n ) = 72y—.r u . 


1 


Ex. 4. Divide the product of 2.r 2 +n.t — 21 and 3.ar 2 - 20* - 7 b) 

•V s ,- 49- 

Quotient = <^+ "AT .O ftr 1 -***- ?) 

X-- 49 


, ( 2 - r ~3)(- v + 7X3- r + i)(-v - 7) 

{x + 7 ){x- 7 ) 

*{2X — 3)(3.r +1) - 6.v 2 - 7X - 3. 
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Ex. 5 . Divide a 0 4-jy u — 2.r 3 y by (x —y) % . 

Dividend «*(**-- y*f*=(x -jk) j (' 1 ' 9 + x y +y 2 ) 3 - 
Quotient = {x 1 -I -xy 4 - y l f. 

JEx. 6. Divide (a 2 — zbc)' lj + 2jtf K c ? ‘ by a 2 —be. 

Dividend — (a* - 2bcf y^bof 

= (a 1 - 2 be 4 - 3 ^ 6 )K^’ ! ~ -be)- — jbc(a- - 2 be) + 9 b*c 2 \ 

— (a 2 - bt')\a* -- 4 a be 4 - 4 Ire 1 - yrbe +&b 2 6 2 4 - 9^V) 

= (<r -- bc)<a* - 7 a 2 he +■ 19 b' z r). 
m \ Quotient = tf 4 — Ja-bt 4 -19A 2 / 2 . 

% 

Ex. 7 . Shew that (tf.r 4 -/jr 4 -^-) 3 4 -(^i* 4 -^ + rt -) 3 * s divisible by 
\<* 4 - b)x 4 - {/> 4 - c)y 4 - (c + a)s. 


Assume a \ 4 -/>k 4 - < ~ = A' and b r + cy 4 - az = T ; 
then \ 4- i'^tix+bx + bi' + ey + is + az 
— {a -r b)x f 4 -c*)_y + (c 4 - ^)-. 

Now, the expression = A "-H )’** — ( \' 4 - ) ;(A‘- — A*F 4 - 

which is divisible by A’4- V or (tf 4-r 4-(£ 4 -< 04 -(£+rt)jsr. 


Ex. 8. The product of two quantities is [yy — yv)* — (2.1*- $y) z 
and one of them is - 5/r ; find the oilier. 


Assume 2 y — 32' -- ^ and >.r — 3 y — £ ; then 

= (2K - 3 *0 - (2-v - 3 j 0 = - 5 *- 

Now the expression — — b ?, ~ [a - ^X'* 2 + a b 4 - b‘ 2 ) ; 

which when divided a — b or 5 y— 5#, gives the other factor 
— aP + ab + b* 

= v'sj' - 3 *)*+ ( 2 y - yx)(zx - 3j0 4- (22 - 3/) 2 
= ( 4 / J - * uy 4- 9-r 2 ) 4- (I yy - 6 .r- - 6 y~) 4 - ( 4 .v 2 ~ 1 2xy 4 - qy 3 ) 

= 7.1 2 — 11 i> 4 - 7 r- 

Ex. 9 - If x 4 - # y = 2d and ar~ 4 ' = 2£, prove that 

„r 4 - 23.1-y 4 ~_> /4 = ( 7 ^~ - 3^)( 7^ 2 - 3a 2 ). 

We have £ and y=a —b ; then xy = a 2 

Now .v 4 - 23.r 2 j/ 2 4 -j' 4 = (at 4 4 - 2xy 2 4 -y*) - 25^ 2 y~ = (a 2 4 -j' 2 ) 2 -( 5 ^) 2 

=(* J +y *-+ +r - s*y) 

={(-v +y +wll * -y ) 2 - 3-dI 

= <4^ 4- 3(« a - - 3(a* - **)} 

—( 7 «* - 3 «*)( 7 ^ - 3 «*>- 
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MATRICULATION A LOR, BRA. 


. 1 

2 . 

3 

4 . 


5 . 

6 . 
7 * 
8 . 
9 - 


10 . 

11 . 

12 . 


13 . 

14 . 

15 . 

16 . 


17 - 

* 18 . 



x. 10. Divide the continued product of i + x+y y l +x-y y 

I - x -f v and x A-y — r by i 4 - 2.try - x 1 -y 2 \ (c. K. 1865). 
Divisor = 1 - (x 2 +y~ - ?.iv)~ 1 - -yf 4 " 

= (r + x-y)(i -.v +/). 

Quotient = D f r 4 -i')(r 4 -v- 0 = {(f+/)+ - 0 

* (.r +^, 2 - f = .v- f 2 xv +y 2 - 1. 

Exerciso I1VHI. 

If ^ = y 4 s — 21*, £z A-x — iy. c-- r+ 7 - 27 , find tlie value of 
IP + c 1 - d 1 + 2b c. (u. m. 1892). 

Find the continued product of 

x 2 - 2\y\ x 2 - 2 ry + zy\ x l 4 - 2y l and x l + 2 xy + 2y*. (B. ftf. ? <885) 

Divide (zx* - .r - 3Y3t 2 - .r - 2) bv 6r 2 -<;.r —fi. 

Divide the product of (/; + r) 2 - a” and rr — b 2 ~ cj 4- 2 be 
by b 2 — [c — <i) 2 . (l\ K. 1890). 

Divide (by employing factors) 

x n 4 - 2x ? y v ' 4 - y n by („i* \-yp. (<;. !♦:. 1859). 

.r*4-'* 4 r 4 -M s by r 2 -ax + a 2 . (c. K. 18^4.) 

(x* —y n (r+y) 2 by (r a 4 -xy+v s )(x*-y 2 ). (C. K. 1873). 

cf-x* by a \-x. (c. K- 1863). 

(x -Fy)* -82* by x +y — 2z. (a. k. 1894). 

(A 2 -.ry-Hj-} s + U- 2 + .ry+^ 2 ) a by 2(x*+ y*). (B. M. 1891). 

(ax + bv + cz)* + (cx - by + az)' by (/r + c''(x +2). (B. M. 1887). 

b(x* + a') 4 * ax[ r s - a 2 ) 4 - a\x + a) by {a 4- b)(x 4 * a)- , 

a* — b* 4 a 2 b 2 (a* — b*) by (a* — ab 4- # 2 )(fl 5 *F ctb 4 - b 2 ). 

(2^ 4 - 3^ + 40* - (<* 4 - £ 4 - O a by a 4 - 2b 4 - 3 c. 

( x 2 - 5.r 4 - 6)(x 2 4 - 3-r — 28) by .r 2 - 7.r 4 -12. 

Subtract (x* - 7 r 4-13)* from (x 2 - yx - 13) s . 

Subtract ( 5 „r ? - 5 *r - 11 ) 2 from ( 6 .r 3 - 5**4-1i) 2 . 

Shew that Cv-4j/)*-(j>/-4r) !J 4-(2j/-3r) s -(2x--37) s is 
divisible by ${x+y). 

Find the divisor when (4/r 2 4 - yxy 4 - Sy*)* is the dividend, 
8 (jr 4 - 2 y) 2 the quotient Sindy 2 {gx + 1 \y) 2 the,remainder. 

(B. M. 1889). 
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30 . If x+y—2a and x-y — 2 find the value of a* - 6 x*y*+y* in 
terms of a and b . 

21 . If#4£=.r, a — b**y 9 express i6(<r 4 4'f 2 £ 2 4 #*) as the product 

of two expressions involving x and y, (P. K- 1893). 

22. Simplify '.r -j/ 4 zy 4 (x 4 y — z ) 2 - 2 {x —y 4 z)(x A-y — s). 

23 . Pro/e that («.r 4 by 4 - cz 1 ) 2 — (bx + y 4- ^ «r) 2 is divisible bv 

(a-b)x + (h — c)y + (c~a)z. * # 

24 . Shew that (/rr + £y/ , + + is divisible by (a+ i)(jf+j'). 

k 

25 . Find the quotient when the product of « 8 4 £ s and a 3 — ^ is 

divided by + 

26 . Multiply ( 2 ;r 2 4 3 -r 4 1 ) 2 — (2:r ti - 3a — i)*~ 

by (.t' 2 4 6 r - 2 ) 2 - (.t' 2 - 6a 4 2 ) 2 . 

27. Divide 7 -v(.r- i r )(x- — at — 156 ) by a 3 4 1 '* - 132 a'. 

28 . Divide (51 2 — 3r — 6)- — (2.r 5 — 7.r 4 9) 8 by the product of 3.r — 5 

and .v +- 3. 

29 . ‘ Shew that ( 7 .r s 4 3* — 3 ) r, 4 ( 5 * 2 — 4 x — $)* is divisible by 4 tr - 3 

and by 3*42. 

30 . If a* A-y— a and „r — shew that 

16 ( 1 4 — 7 or 2 y‘ J 4.r 4 ) = ( 5 / 1 * - £ 2 )( 5 ^ - <«*). 

III. EASY IDENTITIES. 

138 . A11 Identity is a statement that two expressions are 
equal, whatever numbers the letters stand for. 

Thus, 7«r —4.r = 3,r, whatever value x may have. 
aP — b**=(aArb){a — b), whatever value a and b may have. 

139 . The two expressions connected by the sign-=are railed 
the sides or members of the Identity ; that to the left is called the 
left-hand side and that to the right, is called the right-hand side. 

140 . In this Section we should‘establish the truth of certuin 
Easy Identities with the aid of the foregoing principles. 

Ex. 1 . Prove that (jr4 2a) 2 4(.tf — 2a) 2 ~2(x 2 + $(**)• 

Left side = (.r 2 44 ^ + 4 ^ 2 ) 4 (^ s -“ 4 ^ 44 « a ), Art. 91 

*«= 2x* + 2 (.r* +4<2*J} 
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fix. 2 . Prove that (rt 2 4 - ab 4 - d 2 )“ — hr — ab 4 - d- ) 2 = 4rtd(rt~ + d 4 ). 
.Left side = {(a 2 4- d 2 } 4 - rtd} 2 — {(rt- 4 - d 2 ) --rtd}* 

= {(^ 2 4 - + -r^(,z 2 4 “ d 3 ) 4 - 

— {(^ + — ^^dC^z'- 2 - 4 - 4 - i7 a ^ 3 J, Art. 91 

- (rt 2 4 - d*j* 4 - 2 ab(d> 4 - //*) 4 * nVi 1 - (rt 2 + d 2 ) 2 4 - 2rtd(rt 2 4 - d 2 ) 

- d i b~ 

= 4<rb(d' + l> 2 ). 

* 

Otherwise thus : Assume d 1 4- d 2 =. 1. 

Then Left side = (x 4- ab)' 1 — (x — rtd) 2 

= {(.a; 4 -rtd) 4-(.r — rtd)}{(;t4-c7d) — (.1 - rtd)}, Art. 126 
= 2-i' x 2ab = 4 abx = 4rtd(rt 3 4 - d 2 ). 

Ex. 3 . Prove that x(x+ i)(.r 4 -2)(.r4-3)4- i = (a' j 4-3.1 4* f) 3 . 

Left side=.r(r4-3) x(.v4- i)(.r + 2)4-i 

= (x 1 4 - 3-t') x (.f 2 4 - 3 - 1 " + 2)4-1, Art. 97 
= a{(i 4 - 2 ) 4 - 1 , (writing a for x l 4 - 3>r) 

*=d 1 + 2a+ 1 = (rt 4 -1) 3 , Ait. 123. 

= (.r- 4 - 3.1' 4 - i)‘ z , (restoring the \alue of aj 

Ex. 4 . Prove that 

(d — c)(b 4 - c — '0 4 - (c* - a)(c 4 -a~6) + (a - b)(a 4- b — < > = o. 

Left side = (d —f)(d 4 -f) ~rt(d — c) \ 

+ (c -a){c + a) - b(c - a) i 

4- (a - i)(a 4- b) — r (a — d) J 

*= d* - 6 s - (ab - <ff) 4- 1* - rt 2 - (dc - rt//) 4 ~ rt* - d* - (<* - df ) 
= (d* — r 2 + f 3 — « 2 4- rt 2 — d 3 ) — (rtd — rtf + df 4 ' rtd + rtf — &) 
= 0 — 0 = 0. 

Ex. 5 . Prove that 

(ax 4 - by) 1 4 - (ay - for) 2 4- C~(x 2 4-/1 — (rt 2 4 -d 2 4 - c?)(x- 4 -/“)- 
Left side = dir 2 4- 2 abxy 4 - by 4 - d*y 2 — 2abxy 4 * dir 2 4- f*1 * 2 4 - r/ 2 , 

«■ rt V 4 - dir 2 4 - Ar *+dy + by 4 - c\v\ 

~ (re-arranging the terms) 

* (rt 2 4 - d 2 4 - c 2 V 4 + (rt 2 + d 2 4 -1- 2 ) v a , 

— (rt 2 4 -d* 4 - c 3 )(.r a 4 -.J' 2 ). 

Ex. 6 . Prove that 

1 (rt - bf 4 - (rt + d) 8 •!- 3(rt — b)\a 4 - b) 4 - 3(rt 4 - , d) a (rt - b) = 8rtl 



K\sv 11 entities. 


Assume *-6 = x and a + b = y. Then x+y^ba. 

Left s\de=x*+y* + 3x y + ;i y2 x <■ 

= X s + r s + 3 xy(x +y) = ( x 4 y Y Art. 133. 

= (2«)’ = 8^. 

Ex. 7 . Prove that (,a + 2 b)u*-(b + 2 a)b'' = (a — b)(a + b)*. ' 

Left side = a* + 2a r fi - - 2«/>" = fn* - /d) + _ 32) 

= (rt 2 + ^)(rt’ s -/;*)+ zalW-b”-), Art. 124. 

= f« 2 - b 2 ){(d l 4 - P) + 2nd) = (a 1 - b' 2 )(a +b)\ Art. 123. 

= <a + b)(a - b)(a + b ) 2 = (a - b)(a + A)". 

Ex. 8- Prove that 

(2 x + a ) 2 + {x + />)- + 4 ab = (x~ bf + 4 (. v + «)(.,- + ^) + ft ‘ 2 . 

Left side = ( 4 - rS + 4 rt - r 4- a 2 ) + ( x 2 4- 2 /;.r + b s ) + \ab. Art. qj. 

= (-r* - ibx 4 - b' 2 ) + 4(2 2 + ax + bx 4 - ab'\ + a' 2 , 

(adding and subtracting 2/Jr and re-ananginf- the terms 
' (x b) + 4 {x + a){x + b) + <? 2 . Arts. 123 and r2g. 

Ex. 9 . If 2 s’ = /t 4 /; 4 <r, prove that 

(•' ~ '0 a + (* v — — f) 4 - = # 2 4 be 

Uft S ide-(^-2*. + »') + ,--« + 4, +&+aJ> Arts. 01 and 97 . 

^ 4 * c)s 4 - <r 4 - be 

— 2s~ — 2 'f.s 4 a 2 4 be f for <7 4 ^ 4 c = 2 v V 
= 2 v 2 - 2 j* 4 ft- 4 be = ft- 4 /><:. 


Ex. 10 . If 2s — a-\-b + c + tf, prove that 

4 (ab + td) 1 - (a 2 + b 2 ~c 2 - d 2 ) 2 = i 6(.f - a)(s - b)( s - c -)( s _ d). 

Left side = { 2 («i + a?))* - (d 2 + b 2 -c 2 - <P) 2 
= \i(ab + cd) + (a 2 + b' 2 -c 2 - d 2 )) 

x {2(ab + cd) - (a 2 + b' 2 - r 2 - d’)}, Art. 126. 

= K«* + /J‘ J + 2rt/d - fc 2 + ^-2cr/)} 

X i(c' 2 + d" 2 + 2 cd)- (a 2 + b 2 - 2ab)) 

= {(a + b^-( c -d) 2 ){(c + d) 2 -(a-b)\ Art. 12*3 
— {(<t + b) + (c-d)\{(n + b)-(c-d)\ 

x\(c+d) + (a-b)){(c'+d)-(a-b )}, Art. 126 . 

-( a + 6+c-d)(a+6-t f +d)(a-b+c+d)(-«+6+c-i;d) 

~( Cl + t + c + ‘f-'2d)(a + b + c +d- 2 c)(a + b + c + d- 2 b) * 

x(a + b+c+d— 2 a) 

= (2J - 2d)(2s - 2C)(2S - 2b)(2s - 2 d), (for a + b + c + d~ 2 s) 
= 2f s~d)x 2 (.r -Ox 2 (s-1) x 2(s - a) 

= 1 6(j - «)(j - b)(s - c)(s - d). 


M. A.—7 
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* Exercise LIX. 

M 

Prove the truth of the following Identities. 

1. (x 4 2a) 2 — (x — 2 a) 2 =Sax. 

2. {a 2 4 ah - by -{a*-ad- by = 4 ab(ir - b 2 ). 

3. (b 4 c){b — c) 4 (c 4 a)(c — a) 4 (a 4 +b)(a - b) = o. 

4. (ac+bd f 4 (ad — bej 1 = (rt 2 4£ 2 )(tf®4// 3 ). 

y 5. (tf 4 b 4 () 3 4 a* 4 b 2 4 <? = (b 4 *) 2 4 (c 4 a)* 4 (a 4 ) s . 

6 . (a 4 £ 4 4 ^ ) 3 4 2(rt s 4 b 2 4- c 2 4- </ 2 ) 

= (a + b) 2 + ((i + c) 2 + (a + d) 2 + (b + iy + (b + d) 2 + (c + d) 2 . 

7. (a - )** + b* — a? = 3 ab(b — a). 

8 . (a + b) 2 4 2(a* - <5 2 ; 4- (a - b ) 2 = 4 a\ 

9. {b - c)(x - a) 4 (£ — a)(x - £j 4 [a - 5)(;r - t)=o. 

10. + ^ + + + + + + 

11. (a,r 4- by 4* c z) 2 4 (ay — bx)~ 4 (bz — cyf 4 (£r — azf 

= (a 2 + b*+c 2 )(x 2 +y 2 +zy 

12. (tf 4 - b)\b + <:-a)(c + a-b) + (a - bf(a 4 £ 4 c)(a 4 <£ - f) — 4 <*&r 2 . 

13. (ax 4- by) 2 4- (cx 4- dy) 2 + (ay- bxf 4 -(cy — dx) 2 

m( a 2 + b 2 + c 2 + d 2 ){x 2 +yy 

14. {(ax 4* by) 2 4 - (ay ~ bx) 2 \{(ax 4 by) 2 - (ay 4- bx) 2 \ = (<2 4 - ^ 4 )(„r 4 - y 4 ). 

(C. K. 1859 ). 

15. (a 4 * £)* - (a — £)* - 3(0 4- b)\a - £) 4 3 (a 4- b)(a - bf = 8 £*. 

16. (* 4 1 )(-r 4 2)(.r 4 3 )(.r 4 4 ) 41 = (-r 2 4 5 * + 5) 2 - 

17. (1 - a 2 )( 1 - P) - (r 4 ai ) 2 - I - * 2 - b 2 - c* - 2 abc. 

18- (1 —a*)(a + bc) — (b + ca)(c+ab)*=a(i — cP — b 2 — c 2 — 2abt). 

19. (a 4 b)(a 4 c) 4 (b 4 c)(b 4 a) 4 (c 4 a)(c 4 b) - (a 4 b 4 cf 

=*bc+ca+ab. 

SO. (x -yf + (z - x){s - y) = (y - zf+(x -y)(x - s) 

=f's-x)' i + {y-3){y-x). 

21. * ( 2 a+£)*.+ 9 «( 2 « 4- 0)(« - 0) «+• (a - 0)*= 27 a 8 , 

22 . (a + # — c)(^ + f) + (f+£ — a)(t+a) + (<r+a — ^)(a+$) 

5 = 2(fo + ca + ah). k 

23. (6+c? + (c +a ) 4 ^+ (a + Vf + 2 p + r)(i 2 («+c)(«+ b) 

+ 2(c+a)(a + d) = 4(a +6 + c)*. y 
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24. {a + AY+2{a + b)c+c i = (a+c) , + 2 {a+c)b + d 3 . , 

25. a(A-c){ i +Ac') + A(c - a)(i +ca) + c(a-A)( I +«£) —o. 

26- + c ){c + a)(a + A ) = (a + A + c){A c + ca + ad) — abc. 

27. a\b + c) + b\c + a) + c\a + A) + ^abc= {a+b+r){bc+ca + ab). 

28. a(,b + c) 3 + b{c + a) 3 + c(a+b )* - 4 abc ~(A+c)(c+a)(a + b). 

29. (a - A) 3 (c+a ?;*+ 4 ab(c - d) 3 = {a +b)\c - d) 3 + ^cd(a - bf. 

30. (1 -I- a)\ 1 + A 3 ) - (1 4 - <z 2 )( 1 + A) 3 - 2 (« - 1 - ab). , 

31. a 3 (a - zb) - b\b - 2a) = [a + b)(a - bf. 

32. U'-^)(a + i)(^+ i)-j(.y + i) 3 +J / (- tr + 1 ) 2 

= (* -jX- r + y + zxy). (M. M, 18S7). 

33. (A + cY +<£ + (if + (a +- bf - (b + c)(tr + a) - ( c+a)(a + 6)~(a + b)(A + c) 

= a 1 + A 3 + c 3 — be— ca — ab. 

34. ( b~cY+(c-a)‘ i +(a-AY= 2 {a-A){a-c) + 2 (b-c)[b-a) 

• +2 (c-a)(c-b). 

If x=a+d, y=*b + d, z~c+d, prove that 

x 2 4 - y a 4* s' 1 -yz - 2 x - xy ^ a 3 + b J + c 2 - be — oi - ab. 

36- ■' If J = a + £-K*, prove that * 

(tf j + £/:)(&r 4- ££)(«■4- ab) = (£ 4- r) a (£ 4- «) 3 (« 4- bf. 

(c. e. 1902 and a. E. * 1890 ) 

If 2J=a4-£4*<r, prove that 

37. 4 bV — (i- 4- c l - a 2 ) 2 *= J 6 $(£ - a X* - b){s - r). 

38. j 2 4- (s - a ) 2 4* («r — bf + (j — cf = a 2 4- £ 3 4- 

,39. j(j - a)(s - rf) + j(j - b)(s - c;)+s(s - «)(j - c) =* (j - a)(,r - £)(.«• - £) 

/ +adc. (B. M. 1870 ). 

f* * 

40. } 2 (s - a){s - £)(.f -c) 4- a(s - 0)(j - c) 4- b [s - c)(s -a) 4- c(.r - a)(^ - b) 

= abc. (C. E. 1898 ). / 

41. If + prove that 

- 2 < 5 )(J — 2 <r) 4 - j(J — 2 C)(s — 2 a) + s{s - 2 a)(J ~ 2 ^) 

< »(j - 2 a)(j — 2 ^)(j - 2 c) 4 - 8 a^. 

42. Shew that (.r 4 -yf + 3 ( 0 * +yfz 4 - 3 ix+y.e*+ & 

* (x + zf + 3 (* 4- zfy + $(x 4- z) y 2 4-^ • 

i _ 



CHAPTER V. 


K< t )lNATIONS AND SOUARED PAPKR. 


I. SIMPLE EQUATIONS. 


141. When two algebraical expressions are connected by the 
sign of equality ( —), the whole expression is called according to cir¬ 
cumstances, an Identity or an Equation. 


142. An Identity is merely the statement of the equivalence 
of two different forms of the same quantity, and is true for any 
values of any of the letters involved in it. 


Tims, (.r + r)*’ -~x l -Y 2ry +y* or 
true, whatever be the \alues of j 
expressions is an Identity. 


x l _ x+y)(x — v), is always 

and y. Hence each of these 


143- An Equation, however, is the staiemenl of the equality 

of two different algebiaical expressions , in which case the equaht\ 

does not exist for any, but only for some particula, values of oiic 

or more of the symbols contained in it. 

* 

Thus, the equation .i —3=5 will be found tiue only when we give 
x the value 8, and x 2 = 5*r-6 only when wc give x the value 2 or 3. 


144. Hence, an equation which is only true when the symbols 
have certain particular values is called an equation of condition 
or a conditional equation. 


145. The two parts of an equation on either side of the sign 
of equality aie called its sides or members. 

146. The letter whose value is not known and is required to 
be found is called the unknown quantity. The process of finding 
its value is called solving the equation. 


147. An equation is said to be satisfied by any value of the 
unknown quantity which makes the values of the two sides of an 
equation the same . 

Thus, the equation x + 3 = 7 is true when x = y The value 4 is 
said to satisfy the equation. 

This includes the case when all the terms of an equation lie on 
one side and zero on the other, as in x 2 — $x-h 6 = o. which is satisfied 
bf 2 or 3, either of which, being put for r, makes the first side = o. 

148. Those values of the unknown quantity, by which the 
equation is satisfied are called its roots. 

Thus, 7 is the root of the' equation *-3 = 4 ; 2 and 3 are the 
roots of x 2 — 5,r + 6 = o, and so on. 9 
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119 . An equation of one unknown quantity is said to be of as 
many dimensions as is denoted by the index of the highest power 
of the unknown quantity involved in it. Hence, an equation which 
involves only the first power of the unknown quantity is of one 
dimension and therefore it is called a simple equation, or an 
equation of the first degree. 

Thus, x + 3 — 7 is of one dimension , and therefore it is called 
an equation of the first degree or a simple-equation ; x h = 5.1; — 6 
is of two dimensions , and therefore it is called an equation of the 
second degree or a quadratic equation; a 3 -8~6.r 2 is of three 
dimensions , and therefore it is called an equation of the third degree 
or a cubic equation; x* — 6 x 2 = i 5 is of four dimensions , and 
therefore it is called an equation of the fourth degree or a biquad¬ 
ratic equation ; and so on. 

150 . The process of solving Simple Equations with one unknown 
quantity consists mainly in the use of the following axioms. 

1 . If equals he added fo equals , the sums arc equal. 

• Thus, if,r = ^, then x + 4 — a + 4. 

2 . If equals hr /(then from equals , the remainders arc equal. 

Thus, if t ' = a, then x — $ = a — 3. 

3 . If equals he multiplied by equals , the products arc equal . 

Thus, if x = a, then Ox = 6 a. 

4 . If equals he divided by equals , the quotients arc equal. 

Thus, if 7,1* = 14, then x - 2. 

Ex. 1 . Solve the equation 5.1= 15. 

Dividing both sides by 5, „r—3. 

% Ex. 2 . Solve the equation *~ = —4. 

Multiplying both sides by 3, - 12. 

Ex. 3 . Solve the equation 15.1: — 3#-Kr = 37 — 11. 

By collecting the terms, we have 13^=26. 

Dividing both sides by 13, .r —2. 

Exercise LX. 

Solve the following equations :— 

1 . jx=i2. 2 . $x = 20. 3 .qx=-i 6 . 4 . i 8 .t= 54 - 

5. u.r=- 44 . 6 . -x-i. 7. 8 x=o. 8 - ~ 3 x — - 18 . 
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9 . 

X 

s -- 4 . 

io. -=5. 

3 

11. —6. 

3 

12. ~=i. 

3 

13 . 

-5-v=o. 

14 . 3-r=8 

15 . gx = 17. 

16 . ~3x= -24. 

17 . 

2X 

3 “ 4 - 

f - r • 

19 . ^--=20. 

4 

20. y = - 14. 

21. 

—=0. 

5 

22. - -= — 
4 12 

. 23 . 5 - r = 25 . 

7 14 

24 . ^ x - = 10 . 

3 

25 . 

-6r + 8.r= 

7-5. 26 . - 

HX + 7 X— -6 + 18. 

27. 6 x — 2.r = 20. 

28 . 

7 *- 2 .r + 3.r=i8-2. 

29 . — 3* — 4 x-yx— 

-40+4. 

30 . 

- 2;r - .r - 3 

x— - 7 + 4- 12. 31 . 6 x — 3x + $x= - 

35 + 114-2. 

32 . 

— 7^= ’21. 

33 . - 4-r=' 

16. 34 . 6.r = - o6. 

35 . 7 * = 3 * 5 - 


151 . Principle of Transposition. A quantity may be 
transferred from one side of an equation to the other by changing its 
sign , without destroy big the equality expressed by if. 

Thus, if x — a—y + b, adding a to each side of the equation 
(which, of course, will not destroy the equality) we have x =*y+b + a 9 
and, subtracting b from each side, we have x — b=y+a ; where we 
see that the -a has been transferred to the other side with its sign 
changed to -f, and so also the +b , with its sign changed to t 

152 . Consider the equation J2.r — 8 = 3*4-28. 

Subtracting 3* from both sides, I2.r- — 8 = 28. (Ax. 2) 

Adding 8 to both sides, I2.r — 3.*- = 28 -t-8. (Ax. 1) 

Thus, we see that +$x has been removed from the right-hand 
side, and appears as —3# on the left, i.e. % with its sign changed ; and 
-8 has been removed from the left-hand side, and appears as +8 on 
the right, i.e., with its sign changed. 

Hence, the above Rule. 

t 

153 . Change of Signs. If the sign's of all the terms of both 
sides of an equation be changed\ the equality expressed by it will not 
be destroyed. 

Thus, if a-b = c-d\ multiplying each side by -1, 

We bfive - i(a-b)= -'i(c-d), (Ax. 3) 
z.c., —a + b= -c-hd. 

154 . Consider the equation — \x — 15 = 2X — 3. 

Transposing, — 2„r + 3 = 4.r+15 

or 4^r +15 «= -2*4-3. 

which is the original equatiorf with the sign of every term changed. 

Hence the above Rule. 



II. SIMPLE EQUATIONS NOT INVOLVING 

FRACTIONS. 

155 . To solve a simple equation of one unknown quantity. 

Rule. Transpose all the terms involving the unknown quan¬ 
tity to one side of the equation, and the known quantities to the other , 
changing the sign of every term thus removed. Collect the terms on 
each side ; divide both sides by the coefficient-of the unknown quantity , 
and thus the root required will be found. 

Ex. 1. Solve the equation 4* + 2 = 3*+ 4. 

Transposing, 4* —3*=4 —2. 

Collecting, *=2, the root of the equation. 

Ex. 2 . Solve the equation 4*4-5 = 10.1:— 16. 

Transposing, 4 x - iox= — 16-5, 

Collecting, -6.r=-2i, 

4 Changing signs, 6*=21, 

Dividing by 6, *== V- = 3l ==3i 

To verify the fact that jh is a root of the equation qx +j = iox —16. 

Wlien*=3i, 4* 4 * 5= 4 * 3 ^ + 5 = * 4 + 5 = 19 * 

. 10* - 16= 10 x 3^ - 16 = 35 - 16= 19. 

/. ... ... 4* + $ — \ox— 16, 

i.e.y the equation is then satisfied, y. K? D. 

Ex. 3. Solve the equation 5(* + 1) -2 = 3(.r- 5). 

Removing brackets, 5* + 5 - 2 =■ 3* - 15, 

Transposing, 5*-3*= - 15-5 + 2, 

Collecting, 2*= -18, 

Dividing by 2, *= —9. 

Verification. When *= -9, the left side 

= 5(”9-M)-2 = 5 x - 8-2= - 40-2P -42. 

When .r= -9, the right side = 3( -9 — 5) = 3 x -14^-42. 

= the left side. y. E. D. 

Ex. 4* Solve the equation (*-3)(.r-4)-22 = (*-5)(*-6). 
Multiplying out, * 2 ~7* + i2~22 = * 2 - ii* + 3o. 
Transposing, * 2 -* 2 -7*+ 11* = 30-12 + 22, 

Collecting, 4 x = 45), 

' Dividing by 4, *= 10. 
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Verification. W hen x = i o, 
the left’side = ( 10-3X10-4)-22 = 7 x6-22 =42-22 = 20. 

When -r=io, the right side = (10 - 5)(io — 6) 

= 5x4 = 20 = the left side. y. K. i>. 

Ex. 5 . Shew that .1 = 4 satisfies the equation 

(3-r + 1 )(2.v - 7) = 6(.r- 3)- + 7. 

When .1 =4, the left side = (12 + i)(8 - 7) = 13 x I = 13. 

. 4 . the right side = 6(4 - 3)'^ + 7 = 6 x 14-7 = 64-7 

= 13 = the left side. 

Hence a* = 4 satisfies the equation. 

Exercise LXI. 

Solve the following equations :■— 

1 . 4-v — 2 = 3-r 4- 3. 2 . 3-r + 7 = 92“ - 5. 3 . 4-1+9^81-3. 

4 . 34-2^ = 7-50:. 5 . or=7+i5-r. 6 . 24.r-49= ic>r — 14. 

7 . 40:-22 = 34-3-r. 8 . 26-8.v =*80- 14.r. 9. 3.r=7-2.r4-8. 

10 . 3 (.r- 2 ) + 4 -= 4 ( 3 -.f). 11 . 5-3(4-.r) + 4(3 —2*)=o. 

12 . i3-r-2i(.r-3) = io-2i(3-.r). 13 . 4(3*-2)-2(4.1--3) = 3(4-.0- 
14 . t 2 (x — 3) — 3(2.r — 1) = 22 — 5_r. 15 . 5(5 - 2x) - 7(2-1- - 5)= 12. 

16 . 3*+ 14- 5.1-+ 15 = 4.1:4-5. 17 - 6.r+i8 = 4.r-8 + 3.r-2. 

18 . 6(rt-4) = o. 19 . 5(31'4-7)-=o. 20 . . 7 ,(6ar-i5) = o. 

21- j 4 i(9-r-25.r) = o. 22. 4.1- - 6.v + 35 = 5.1' - 3.1 + 7. 

23 . 3(x - 3) - 2(x - 2)+.v - 1 =.v + 3 + 2{x + 2) + 3(a- 4-1). 

24 . 2X-1- 2(3.1--2)4-3(4.1'- 3) -4(5.r- 4) = o. 

25 . 5(3* + 2) - 2(7-r - 9) = 7(5-r+4) +11 (5 - jar) - 61. 

26 . 1 i(.r — 2) - 2(4 - 3-v) —4(1 — 2x)= I7(.r- 1)4-7. 

27 . 8 ^ 4 - 2 - 4 ( 5 -.v) = 2 (io-.v )-7 + 3(5- r -7). 

28 . (x — 8)(.r 4-12) = (.r — 6 )(r 4- 1). 

29 . (4* - 3 )( 3 - r ~ 4 ) - (2-i' - 1 )(&r + 1) = 3(3 - S^) - 2. 

30 . {x- i)(.tr - 2) 4- {x — 2)(ar — 3)4-2= 2(x — 3)(.i -4)-2. 

31 . V-f ~ 2) 2 - (3-r - 7)(4.r -19)=42 - 7 (x - 3 ?- 

32 . 3^(5jr - 2) - (2 a- + 7 )(-v - 3) = 1 3 (* +• i)(* - x ) - x 5. 

33 . (x — 3)~—x* + 4.1" 4- 29. _ 34 . (.r-4)*=(.v-i)*-3. 

35 . 3(2+.r)(i -.r)-(i - jv)(i +x)-2x— 15-8.r. t 




36 . 

38 . 

10 . 
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2.r 2 — 7=x(2x - 3). 37 - 3-r 3 — 5 — ^ , (3-t'+ i) = o. 

2(* +1 )(.r + 3) + 8 a (2,r + f ;(a* -h 5). 39 . x(x - 9) .i' 2 - 49- 

(x -if- (-r - 5) 2 *= (a- + 5)* ~ (.r -hi) 2 - i6.r. 


156- Literal Equations. Known quantities are sometimes 
denoted by the letters of the alphabet, a y />, r, <S:c., as well as by 
numbers ; unknown quantities are always demoted by x } j% «- 

Ex. 1. Solve bx + 2x — fr = 3 x + 2 t. # 

• Transposing, //.v + 2 .v - $x — a -h 2 c . 

Collecting, Ar—.r=*r+2r. 

Bracketing, .r(/;— !)«=/* + 2 **. 

Dividing by b - 1, -. 

Ex. 2. Solve (a+^y^ —.v) + .r(rt —^) = o. 

* iVkil tipiying out, ab + b 2 — ax — bx + ax- bx = o. 

Transposing and reducing, —2/41 = —ab — b'\ 

Changing signs, 2/u- = £(<■* + 

Dividing by 2 b, x = } 2 (a + b). 


Exercise LXII. 

Solve the following equations :— 

1 . /ax + a — nx + b. 2 . a 2 + ax = ja 2 — 4<i.v. 3 . — 411b—$bx - 4b 2 . 

4 . 5(^ + .r)-2.r=3(^~ 5a). 5 . (2 +x)(a — 3) = — 4 — 2ax. 

6. (a + x)(a - x) = 2a- -f 2ax - x‘\ 7. (ay + n)(w - x) = m(ri - .r). 

*8. (6.v + a)(2x -a) — (3.V -//)( 4X + b). 

9 . (x — a)(x — b) = „r 2 — a 1 4- b 2 + ab. 

10. x(x — a) +x(x — b) = 2(x — a)(* —b). 


III. SIMPLE EQUATIONS INVOLVING 

FRACTIONS. 



157 . When the equations are in fractional form, the fractions* 
should be cleared first by multiplying every term by any common 
multiple of all the denominators. If ,J the L. C. M. be employed, the 
equations will be'expressed in most simple terms. 
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. 1 . Soltfe the equation X - ^~ = 11 - 4 - X 

H 234 


8 " 


Here, we first clear the equation of fractions, by multiplying 
every term by 24, the L. C. M. of the denominators, and thus we get 

i2,r-8 x 2^+6 x3* = 264 + 3.1’, 
or 1 7 ,x — 16.r +18.r = 264 + 3^* 

Transposing, \2x — i6.r+18^ — 3^=9=264. 

Collecting terms, 11^=264. 

Dividing by 11, ^=24. 


Ex. 2. 


01 1 .144 1 

Solve the equation + = 1 — 


6 x 


Multiplying both sides by 6 x , 

14 X 2X +4 x 6 -»■ 6.r - (jr - 1) 
or 28*+ 24 = 6* -x + 1. 

Transposing, zSx-~ 6 x+x= -24+1. 

Collecting terms, 23.1 = — 23, 

/. *v= - 1. 

Verification. When x = - 1, 

the left side — V +4 --(- i)= V--4 = - 4 -"-- I? = - , 

3 3 

the right side= 1 -(- 1 - i)-*-(6 x - 1) = 1 + 2-*-(-6) 

= 1 — l = !t = the left side. Q. E. n. 

Ex. 3 . Solve the equation- =16 -- 

23 4 

Multiplying both sides by 12, the L. C. M. of 2, 3, 4 
6 (x + 1) + 4(.v + 2) = 192 - 3(.r + 3), 
or 6,i' + 6 + +r + 8 = 192 — 3.r — 9, 

Transposing, 6 x + 4.r + 3.1'= 192 — 9 - 6 - 8. 
Collecting terms, 13.1*= 169, 

• • x —“Ta — l 3* 

Verification. When x = 13, 

the left side=-^~-+ + 2 = V+’'V- == 7d-5 = 12. 

the right side = 16— 16 — — = 16-4 = 12, 

* 4 4 

= the left side. Q. E. D. ; 
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I 

Ex. 4. Solve the equation 

$x 2 +x 2 x*+x **+* 3 „ . x 2 +x x 2 + $x 2 

—--— ~+ —2 =:r i H— ,- 4 - 

2 3 4 20 6 12 15 • 

Multiplying both sides by 60, the L. C. M. of the denominators 
and expressing the mixed number 2^, as an improper fraction J;->, 
we get 

30(3^+ at) —2o(2.r a +„r) -4 15(.r a +.r) - 129 

= 6at- 2 + io(or 2 + .r) - s(jt* + 5x)«h8, 
or 9o,r- 4 - 30* — 40a' 2 - 20 X 4-1 4 - 15.1* - t 29 

= 6ojtr 8 + 1 o.r 2 +1 cxr - 5.r 2 — 2 5.1' 4- 8. 

Transposing, we find that the terms involving x 2 destroy one 
another (otherwise the equation would be a quadratic), and we have 
the result 

3 ox — 2o.r 4 - j — 1 o.r -f- 2 5* = 1294-8. 

Collecting terms, 402*= 13$^ 

* r- s= -2 ! T . 

• • ^ J 40 * 


Exercise LXIII. 


1. 


Solve the following equations : 


5.V 

+ : =34. 

2. 

3- r _ 

2.r 

1 

H— • 

3. 

X X 

4- + 

4 


4 

3 

0 


2 3 

.r 


.r 

X 

X 


x x 

f- - «r X-7. 

5 

— 

— ^ 

- l. 

6. 

- 4* ~ = 

J 

* 

w 

3 

4 


3 4 


x 

4 

x 

8 


7. 

.r x x x , 5-v 

~--+ = 2 — r + - . 

234 6 12 

<8. 

2X X - 

5 "] 

9. 

-X X — I 

7 + 6 '■ Jr “ 4 ‘ 

10. 

9-2* 

- S3 

0 

11. 

x+ , - 4 “ jr -?lrJ r . 

•12. 

I 

2_r — s 


3 2 

3 

13. 

2jt4-7_ 9*-8 x — 11 

' • 

14. 

■£* — 2 ^ 


7 11 2 

3 


2 IO 


15. 


3*-4 5 ^~ 6 _^ 7 ,. i 6^- 14 

2 *3 " 7 *~ 7 


5 


16. *- 5£±4 fc* 

2 ^ ? 


3 
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17. 3-v~ 5 _ - r + 4_ - x ~ 3 + ■}' - i 

2 3 7 4 

in x X-2 5X U -X 

19. - + - - = 5 + -. 

45 12 3 2 


21 . 


23 . 


24. 


27 . 

28. 


29. 


18 . 


7 .r +5 _ 5 * - 6 _ 8 - S-r 


i+ 1 _ 3 __ 5 = 7 
x 2.1- 4.r 12 24 


20 - 7+ - - = 9+— 

2 ,V 2JT 


t* — T 1 ' — 2 r — 2 

22. - r -- -- + -5—. J = r 

2 3 4 3 


3 x-’_ 2 fi r i)_ .r -3 -v-5,1 

O <■* 4 ( , ' 5 ^ 

J 4 U o 

• r -, 3 -8 3 +2 ( 3r -.\- j ; +8 . 

r * 3 S \ 5 / 3 

6o-x_k-5„ 6 :=4->v H. 

14 7 4 7 

.'(x+ i) + i (5 - 2 .r) - J(2 + 5-i') + J(5 ~-0=o. 

4 (.r + 7) - ’ (x - 7) = -{(x +1>) - ?(x - 9). 


5x 4-r - 3 2.1- + 7 


+ I =0. 


2.r- 1 6 ,v — 4 _ 7.1-+J2 n *+t f 

”• • OIL T 

S 7 11 3 


x+i 5 - 2 v 2 H- 5 «r 


— .r 


= 0. 


31 l(2^- + s)+l(ar-s)={(3a + i)+^(3.V“ i). 

oo 3* r “*■ 1 2 ' r ” 5 , * r — 3 - r , qq r 8 — .r 5 -h .r 11 

* a T + T"o I + , ’ Sl .r 8 - 4 + 4 - °' 

34. ]x-;i(x- 7 )-l-;;(.r- 3 )=i 4 ^ 35. Kx - 0 - ’ (2 - - V ) + ; [X + I)=X. 


36. 4.1- - 1 -x+ : + 24. (c. F.. r 880). 


37. 6- - 


1 x - 7 4 X - 2 


. (C. H. 1861). 


no X-2 3 X+IO X — 2 , ... , 

38. x -=5‘ ? - — + (m. m. 1883). 

2 \ 5 4 v J 


39. 


7 x - 1 


- ^2X - 1 =6^ . (c. F.. 1872). 


40 . 5 -H + K_ 5 . 3 -i£. (c.*, l866) . 
4 * 3 ^ 3 


X + 3 _ X - 3 = X + 5 _ x -7 


. (m. m. 1880). 


41 . 
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ro<> 


42. 

2 ( 2 .V- 

9 

- 0 

3 - v - - 

13 

= 1 . (/> 

k. E. 

1889}. 

• 

43. 

.r- J 

— ,r 

T 

a: — 

— 0 

~ 2 

I + - r+ 

5 

I 

p 

IO * 

(c. K. 

1891). 

44. 

X — 1 

X 

’ - 9 + 3 -' 

0 

r- z{x - 

7 

~ 2 -) = 

I 

= 4 2 

. f C. K. 
% 

, 1864). 

45 


3 r • 

_ H + 5 ^ 

10 j 

( = ,'( 2 .r 

+57)+ 

( \ >• 

1890)* 

46. 

41' + 

9 

n 

J + 

13.1- 81 

108 

r+ 19 

(<•■ 

K. 1 

878). 


47. 

T + 2 

«5 

»+ 

x + 3* _ 
25 

-f+4: 

■ 

55 

(C 

E. 

] 888) 


48 . 

• 

r + 5 
6 

+ 1 

9 

5) 

-7 

" "(3 + 
0 

2 X) 

_ 4 £_- 14 + 

x +10 

10 




158 . Sometimes, it happens, that the L. c. m. of all the deno¬ 
minators is too large to be conveniently employed. In such cases, 
we may see whether two or three of the denominators have a simple 
common multiple, and get rid of their fractions first, obscrviiJg to 
collect terms, and simplify as much as possible, after each step. 

Ex. Solve the equation 

2.r + 3 .r-!2 3 r+i_ 4f + 3 

\r + 4 ~ 5:,+ 12 • 

Here, the u r. m. of all the denominators would be 132 ; but 
as 12 will include three of them, multiplying by it, (having first 
changed 5^ to -V’), \vc get 

tt(zt + 3) - 4 C* - 12) + 3(3.r + i) = 64 + 4.V + 3, 
or if (2.r + 3) -4A- + 48 +9x4-3 = 64 + 4^ + 3. 

Hence, transposing and collecting terms, we have 

t i( 2X + 3) “ 4 X +9* - 4^=64 + 3-48-3? 

or ] { (2jr + 3)+.r= 16. Now, multiplying by i r, 

12(2*+ 3)+ 11^=176, or 24^ + 36+11^=176. 

Transposing, 24#+ 11*= 176-36, 
or 35 -r=n° and /. *=-'3*”-“ 4 - 
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Exercise LXIV. 


Solve the following equations :— 

* x - 2 x - 4 2r - 3 , , o , N 
1 . 7 = 13 -2'. (C. K. 1869). 


2 . 


2.r — 1 3 a* — 1 ;t ;r , a *\ 

- — = „+ --9. (c. I*:. 1876). 


9 t 


8 7 


3. '-§ + ^+irJ- 7 -* 3 p£. (c. e. (1892). 


4. 


5. 


2 X — 


12 


^ 3.r - 2 4Jt' - 3 , 

“ 3 ** 


5 


8 


5. r^). H r ~.5} a +j i 

7 9 5 


r—1 3* —2_ x- 12 ,v + t 2 

16 ~~ 


6. ---- 


7 . 


15 ID l 8 24 

7x + 20 3 (3* + 4) 3X -f 1 29-8* 


16 


10 


20 


& .- 3 v-;(' 5 f £ )---r + C- , r‘)- < r -“• 

- 3*-2 4r-i io.r . . . x . 0 

9. 3 - - c y = 5 (*'- 9) + 3 - ‘ 3 • (M• M. 1891 ). 

9_r — i° 2x-7_zx $+x 28^-7 _ l0* + 5_ ,1 

n IS ~ 3 33 ’ 1 5 2 4 _ 5 4 


.T 

32 


12 2 ' v + Z - 2X -rJ 3 *+ 4 . 

27 15 6 20 

13. «r.« +7 s+ Hri 8 . * +3 J- a^H+ j . 

7 0 3 4 O 12 

14 . (c. e. 1883). 

•'4 5 8 3 s ? 

. 15 . i I - fc- 3 « - — + 1 . Jc. E. 1866). 

7 3 2 3 a J 

ML - 7 ir 5 + 2 ^ i - £ f a +^? 3 - «■ •«» 
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17 . 


18 . 


20 . 


3(<2- 2X) _ 2(2(2 — .1') X-a_ I5(« + .r) 

~ 4 ~ “ T" '8' ”■ 33 ~ • 

2 a- 2 (b~x) 3-V- 3 \b~ a ') 4 1 > - j( a +x)_ $*+5 (a -6) 

3 ~ . 4 “ “ ~ ~S '6 

x — a m — (a — x) _ 3(nt+x) . 5«+i6;« 

5 24 — 16 “ 60 ' 

s(- r “ ( 2 a - 30 } - -f 4 < 7 «~ 5 (->' - 2 c)\ ~ f \ { 8 (« +1 oc} - ( 2 c -.v)}. 


159 . To ensure accuracy in solving equations whose coefficients 
are decimals, it is advisable to express all the decimals as vulgar 
fractions, and proceed as before ; but it is often found more simple 
to work entirely in decimals. 

Ex. 1 . Solve 7x-3*35=s6'4-3*2.r. 

Transposing, "]x -f 3*2.1* = 6*4 -f 3*35. 

• Collecting terms, (7 +3 , 2}.r=97S T or 3-911-*975. 

/. ^-975 + 3"9-2’5» / >-i^-3t 

-Ki 1 , * r 3S' r “" '225 ‘3b ‘oar- 18 

Ex. 2 . Solve '15*+ - P2 — - = J ---. 

'6 2 *9 

Multiplying all the terms by i*8, we have 

•27.V -f- “4°sx - *675 = 3*24 - *1 ix + ’36. 

Transposing, ‘27^:•+ ’405.1:+ -i8;r=‘675 +3^4+ *36. 

Collecting terms, ’855^1:*=4*275, 

A-- 4-375 +‘ 855 - 5 - 


Exercise LXV. 


Solve the following equations : 
1. •5^ + -6t- - 8 = 75a + , 2S. 

3 . ‘2x+ 'oo^x— 1 17 +'our. 


X —I X -2 

•25' ~ ‘125 


= 4 - 2 . 


•ooi*-'I 25 s-x 

‘o 1 lx 4 * .- - -‘I4S. 

■6 -03 ^ 

X -~ - 56. (P. E. 1889). 

■05 -o6i5 v 


2. 092- - o 1 x = ■ 1 4 - -o6x 

4 . ‘4x + -3 = 7 + -Sj.r. 

6 . HzJ- 3?--4 = . 24 . 


12-5 


(C. E. 1886). 
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9 . 


10 . 


11 . 


12 . 


x lx i 

. — —;+ - — -=0. (C. K. 1883). 

5 05 -005 '0005 

*02,f 4 - ‘07 x 4 - 2 

■5*+-—- 9 ' 5 - (C. K. 1866). 

•03 g J v ' 


» ’ 

- w 4* '028. (r. k. 1891 1 ). 


5 - l '_ ':^(L,\ = , r _ 5^-2 

13 . 5 V 5 f 4 

■65,-f' 585 ^^ '^ r - 78 . (c, k. ,882V 

J *() *2 *9 


160. Approximate Solutions. In finding approximate 
values, if the first figure neglected is 5 or more than 5 , increase b> 
one the last figure retained (See Arith., Art. 385). 

In solving the equation, 7:1 = 33, 

dividing both sides by 7, .t —4714285. 

/, .v=5, to the nearest integer, 

= 47 correct to one decimal place, 

= 471 .two.places, 

= 4714 .three. 

k =47143 .four. 

Exorcise LXVI. 

Find approximate values of r in the following equations :— 

1. 7(3*+ 9^ — 6(8.r4-4)='5(6.r-3), correct to the nearest integer. 

2. 5(.r — 7)4-63= i8.r, correct to two decimal places. 

3. g(x — 16) = t6(.i‘ + 4), correct to one decimal place. 

4. (.r — 2)* = (,v— 5) 2 + 7, correct to three decimal places. 

5 . (x — 4)(2‘4-4)= s (-r — g)(.r 4 - 9 ) 4 -13,**, correct to two decimal places. 

6- (.r4-3)(jr- 5)-.r 2 =o, correct to the nearest integer. 

r t. — - 4- K. correct to the nearest integer. 

4 7 

8. - 4- -= f correct tq two decimal places. 

6 7 * * 

g - 4- —“- -=o, correct to two decimal places. 

'234 
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10 

11 . 

12 . 


X — 7 X—\ 

fCr—1) + r; -- - - -t-13, correct to one decimal place. 

7 1 4 5 

4| — Jf 14<r — 31) = 5 - -j.]_r, correct to two decimal places. 

5 *+i , * + 3 


* + 


=.r, correct to the nearest integer. 


1 

3 


7 . 

• 

8. 
9 . 

10 . 

11 . 

12 . 

13 . 

14. 

15. 

16. 

V- 

18. 

19. 

20 . 
21 . 
22 . 


Exercise LXVII. 

Miscellaneous Equation f {Easy). 

Solve the following equations 

4t + 3=8x~9. (c. e. 1861). 2. 2.r+ n =71- 14. (c. 1862). 

4. —- 3 - — 5 ~?. (c. k. 1870). 


2 .x x — r Sr — 7 

_ __. 4 . * ' — 

3 15 6 J 


5 4 

6 - ,'»(3.r + 15} - 1 <4* - 6 *|) - A' 5 * - 6 ). 


4-5-' l _ 1 ~ 2 1 '- ‘3 
6 3 4 2 * 

75 — §(— -. 7 )- i( 3 r 

1 » = (r-5)(i 4 -.r) 4 - 4 (^~ 1 (p. K. 1888;. 

(.r+.] / r - !) - ■' 1 3- 5 X-f - 3 ) + ! — o. (r. is 1867). 

(6-r + 9) 2 + t8r-7y a = (io.»‘ + 3) 4 -7i. . K. 1882). 

I20.T- 4f 5.1'- 2{6.r + 7(.r — 8}}J= 16 - 4[31 -2{.r-6(.r~ i}}j. 

(c\ is. 1893). 

(x — 1 ) ( x — 2)'.r- 6) = O — 3)*. (M. M. 188f ). 
r{g (m. M. 1882). 

x 2 -f a( 2 u — .1 ) - , l - - f'.r — i/')- + a 2 . (l*. is. 1889). 

’/2.r — 3^) — A(<i — .r) = o. 

(a + i-x)'rr-i+r) + ^ + -r)(//-h^)-a 2 = o. (];. M. 1892) 

2^ ^ — 2 

+ ’ — =2.r-7. (c. K. 1863). 

5 3 J 


X- A 7_r- 1 
~5 C 


a —x 2 if — .r 3cj — x 

-+ = J 

« ''a 3 


- +?-=o. fc. K. 1875). 


. (C. K. 1870). 


7 -r + 1 17 - 2X + 1 

5 3 ” 4 

> 7 -^_ 4 I± 3 _ 5 _ 6i + HiM .(„, M . ,883). 

3 3 3 


-(s» “^ J -)= , ^ 2 r-S 7 )-^ fc. it. 


1889). 
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23 - 

24 . 



26 . 

27 . 

28 . 





32 . 

33 

34 . 




37 . 

38 . 



40 . 

41 


*(* + i) + £(.i-i)-{( 3-r-7) = 2. (c. E. 1890). 
s(h x ~ 2)-2{x-^0)=ij(x-6)- 7. (M. M. 1880). 

,877) ' 

1 5 ~_ 2 - r + 5 = 1 7 - 
5 2 £ ' 3 


1 4 

n •* 


. (C. K. 1874). 


, 3 ~ x , 4 -x , S-* . a 


■f -f 

3 4 1 5 


-f 4 =■ O. (C. K. i 900). 


+ (i\ K. 1859-65). 

Find the value of x which makes the two expressions 

(3*4-l)(2a'-7) and 6(.tr—3) 2 + 7 equal. 

What value of x will make the expression 

5 *-( 4 *- 7 )( 3 *-5) equal to 6 - 3(4.* - g)(.r - 1) ? 

What value of x will make 

2*-3 4.r - () 6 x 4 - 16 

- — -- 4 - - equal to/ei o 

5 3 10 1 

What do you deduce about the equation 

(2* - 3)(3* -4) = (6.r - 5)0 - 2) ? 

What value of a will make the product of 3 — 8 a and 30 + 4 
equal to the pioduct of 6^4- ji and 3-4 a ? (it. M. 1891). 
find the approximate value of x in the following equation 

x—~- - = - ' . correct to two decimal places. 

7 *35 K 

Solve the following equations :— 

1 ). 31 = 3 - - 2 ) 

3 3 6 5 

3x—?,(i +.r) 1 - \x = + 1) 


54 




IL*-- 1 3 J 1 9- r + 3_ 5*-25$ _ , g » _ 17 ^ + 4 

25 7 4 7 ’21 

.r-ifj 2-6.r_ 5^-|(io-3^r) 

2 13 39 

x + ij _ 1 o-.r _ 4 -Jx _ 1 

3 3$ " n ’ 

7 £+^i 1 ix-j(x- iA )_ $x 4 -1 43*-K3-8*) 

10 12 7 5 + .22. 

4 * “ ■- 2) “ [2* - (£* - tM 16 - iC*+ 4 )})] * i(*+$)• 
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42. i{ 4 «( i + x) - 5(o - x)) =i - x) - -VM>+ 

,« 3^-2 , 44 T-I lO* * , „ , 

43 . -y- 4 - ----- - =5(.r-9)H-3-^. (m. M. 1891). 

.. x-2 3 .r-fio r-2 . . 

44 . *-= 5 ^~ - - + - . (M. M. 1883). 

2 4.5 4 


45. 


6 „r-Hi8 5 1 x — 3-ar 

6 36 


—--42“ = 5- r ~ 48 - 


r 3 


13 -X 21 — 2X 
12 l8 


(M. M. 1865). 


IV. SYMBOLICAL EXPRESSION. 


161 . The principles of Algebra are largely employed in solving 
problems of various kinds, but the chief difficulty lies in representing 
symbolically , i. c., in algebraical form the statements containing 
relations of quantities expressed in ordinary language. This process 
of representation is called Symbolical Expression and we give 
here.a few instances illustrating its use. 

(1) The excess of 9 over 5 is 4, for 9-5 is 4. 

So the excess of x over 5 is at — 5, 
and the excess of 9 over x 15 9— x. 

(2) The defect of 7 from 10 is 3, for to —7 is 3. 

So the defect of x from 10 is ft- X. t 

(3) The number which is 5 greater than 7 is 12, for 7 + 5 is 12. 

So the number which is 5 greater than X is jr + 5. 

(4) The number which is 5 less than 7 is 2, for 7 - 5 is 2. 

So the number which is a less than x is x — a. 

(5) If 5 is one part of 15, the other part is 10, for 15 — 5 is 10. 

So if x is one part of 15, the other part is 15 — x. 

(6) If 5 is one factor of 15, the other factor is 3, for is 3. 

So if x is one factor of 15, the other factor is . 

x 

(7) 2 X 5 is a number which is double of 5. , 

So 2X.r or 2x is double of x . 

Similarly, 3* is treble of x and so on. 

9 oranges at 2 pice each, cost (9 x 2) pice. 

So £ oranges at 2 pice each, cost (x x 2) pice or 2x pice. 


(8) 
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(9) 5 rupees and 9 annas-(5 x 16 + 9) annas. 

So x rupees andj' annas = (i6.r+;/) annas. 

(10) 3 rupees+ 5 annas+ 8 pics = (3 x 192 + 5 x 12 + 8) pies. 

So x rupees + y annas + z pies = ( 192a- + 12/ + j) pies 

(1 ij A man who walks 4 miles an houi walks ((: X4) miles in 6 hours. 
So he walks (r X4) or 4.1' miles in x hours. 

Also he walks 29 miles in V hours. 

So he walks y miles in*^ hours 

(f 2) If Rs. 20 be equally divided amongst 0 men, each man gets Rs 
So if r Rs . 6 ... . . Rs. * . 

f) 


X 




• • 


» * 


I 





(13) An even number is a numbei which is divisible by 2. 

/, if x ho any whole number, 

2 X is an even number. 

So if 1 is any whole number, 

2,r+i and 2,1 — 1 are odd numbeis. 

1 

. Ex. 1 . Write down three consecutive numbers, the middle 
one of which is .1. 

Consecutive numbers differ from each other by t. 

If the middle number is .r, the next ^icater number is 1 greate 
and is thus .r+ 1. 

Also the next smaller number is less than x by 1, and is thus 
.1 -1. 


Hence the three numbers are jr — 1, x and x+ f. 


Ex. 2 . The difference of two numbers is x and the less of 

them is 8 ; what is the other ? 

\ 

t 

The greater number - the smaller number = a. 

** /, the greater number -8 = ;r. 

•\ the greater number =-r + 8. 

Ex. 3 . A man is now x yejxrs of age ; (1) how old will he be 
m 8 years ? (2) how old was he 10 years ago? (3) how old was he 
y years ago? (4) how ol^i will he be z years hence ? * 
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i) 8 years hence his age will be 8 years more than now, ancl 
now his age is x years. 

his age will then =.r years +8 years = (* 4 - 8 ) years. 

(2) 10 years ago his age was 10 years less than now. 

his age then years - io years = (.v — 10) years. 

(3) y years ago his age was v years less than now. 

/. his age then =x years— y years = (x -y) years. 

(4) In z years’ time his age will be .7 years more than now. 

Hence his age will tlien = .r years +r years *e(x+s) years 

Ex. 4 . A man had originally Rs. 20 in his pocket ; he spent 
Rs. x, lost Rs. v and had Rs. 7 given him. How much has he left ? 

After spending Rs. x y he had Rs. (20 -x) left. 

Then after losing Rs. y, he had left Rs. (20 — x) — Rs. y, i. e. 
Rs. (20 —x -y). 

m Then after receiving Rs. he had Rs. (20— r — j') + A\r. .7, i. t. 
Rs. (20 — x — r + "). 

Ex. 5. A and B commence to gamble ; to begin with they had 
respectively Rs. x and Rs.y ; A wins Rs. 10 from B ; what has each 
at the end ? 

At the beginning A had Rs x. 

After winning Rs. 1 o from B, he has Rs. .v 4 - Rs. 1 o=(.r - 4 -1 c^Rs. * 
Also after losing Rs. 10, B has Rs.y — Rs. 10 = (j/ — \o)Rs. 

Exercise LXVIII. 

1 . What numbei exceeds x by g ? 

2 . What number exceeds 9 by x? 

3 . What number is less than x by 16 ? 

4 . What number is less than 16 by x ? 

5. One part of x is 15 ; what is the other part ? * 

6. One part of 20 is x ; what is the other part ? 

7. Ily what must 6 be multiplied to make a ? 

8. What number multiplied by x will give 35 ? 

9 . What number divided by x will give 20 ? 

10 . lly how much does x exceed 7 ? 

11 . The sum of two numbers is x and one of them is 25 ; wha 
is the other ?* 
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12 . The difference of two numbers is 12 and x is the greater ; 

what is the other ? * 

13 . The sum of two numbers is x and one of them is y ; what 
is the other ? 

14. The difference of two numbers is x and the less of them 
s 9 ; what is the other ? 

15. The sum of three numbers is 75, One of them is x, 
another y ; what is the third ? 

16 - How many times is x contained in 80 ? 

17 . How many times is x contained in ? 

18 . If x oranges cost 9 pies, what is the price of one ? 

19 . By how much does 15 exceed y ? 

20 . If a book costs 9 annas, how many can be bought for 
y annas ? How many for 2 rupees ? 

81 The sum of 15 equal numbers is 75,1' ; what is the value of 
each number ? 

22 . If there are 7 numbers each equal to n:, wl\at is their* 
product ? 

23 . If there are x numbers each equal to ;//, what is then 
product ? 

24 . If x books of equal value cost y Rupees, what does each 
cost ? 

25 . c The sum of two numbers is 2a+$& and one of them us 
a + $b ; what is the other ? 

26 . I am x years old now ; how old shall I be in 5 years 9 How 
old was I 10 years ago ? 

27 . Find a number half as much again as x ? 

28 . If I walk x miles in 9 hours, how many do I walk in one 
hour ? How long do I take to walk one mile ? 

29 . If I can walk x miles my days, what is my rate per day? 

30 . What is the price in pence of x eggs at six-pence a score ? 

31 . What is the price of x mangoes at 13 annas a dozen ? 

32 . If eggs sell at x annas a dozen, how much does each egg 
cost ? How many will you get for y Rupees. 

* 33 . If 5 lbs. of sugar cost 12 annas, what will x lbs. cost ? 

34 . How many days must a man work in order to earn 20 

Rupees at the rate of 5 annas a day ? 

35 . If I spend x shillings "out of a sum of £7, how many 

shillings have I left ? * 
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38 . If 35 contains x five times, what is the value of x ? 

37 . What is the cost of x articles My shillings each ? 

38 . A man has x crowns and y florins, how many shillings has 
he ? How many pounds ? 

39 . The sum of two numbers is x-Yy ; one of them is.r-^y; 
what is the other ? 

40 . By how much does 3 x+y exceed x-~y ? 

41 . What number added to a — ^b will make a±2b ? 

42 . I walk x miles at the rate of y miles an hour ; how many 
hours do I take to do it ? 

43 . How far can I walk in p hours at the rate of q miles an 
hour ? How long shall I take to walk qx miles ? 

44 . What is the daily wages in shillings of a man who earns 
1 5 Rupees in x weeks, working 6 days a week ? (One rupees js. 6 d.). 

45 . Write down three consecutive numbers of which x is the 

least. , 

46 . Write down three consecutive numbers of which x is the 
greatest. 

47 . Write down four consecutive numbers of which .r is the 
least. 

48 . Write down five consecutive numbers of which x is the 
middle one. 

49 . The greatest of four consecutive numbers is .t + 3 ; what 
are the others ? 

50 . What is the next odd number after 2x~ 1 ? 

51 . What is the even number next before 2x ? 

52 . Write down three consecutive even numbers, the middle 
pne of which is 2x . 

53 . A purse contains £a ) b shillings, and c pence ; what is the 
total amount of pence in it ? 

54 - In 2X years a man will be a yeais old, what is*his present 
age ? How old was he y years ago ? 

55 . In 8 years a boy will be x years old; jvhat is the present 
age of his father if he is twice as old as his son ? 

56 . How many miles can a man walk in 25 minutes if he walks 
x miles in y minutes ? 

57 - How long will it take a man to walk x miles if he walks y 
miles in p hours ? * 

58 . A man*travels x miles by boat and y miles by train, how 
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long will the journey take if the train goes 40 miles and the boat b 
miles an hour ? 

59 . How far is it fiom A to B if a man, bicycling at the rate 
of 6 miles an hour, does the journey in y hours ? 

63 . A square has sides x feet long ; what is its area ? 

61 . What is the area in square feet of a room x feet long and 
y feet wide ? 

63 . A room is x feet long, y feet broad and rr feet high ; what 
is the total area of the floor and four walls ? 

63 . If* men do a piece of work in 5 hours, how many men will 
be required to do the same work 111 / hours ? 

64 - What is llie remainder if x divided by y gives a quotient : ? 

65 . What is the number which when divided by * gives ,\ 
quotient .y and remainder z ? 

68. What is the quotient if when * is diuded by y there is a 
remainders? 0 

67 . A man has x Rupees in his pocket, lie pays away 14 annas 
and receives 9 pies ; express in annas the sum lie has left ? 

68. A horse eats a maunds a week. How many days will it 
take him to eat 56 maunds ? How many days will it take y horses 
to eat the same amount ? 

^ 9 . A train travels at the rate of x miles an hour ; how many 
yards does it go per minute ? 

70 . How old is a man now who x years ago was in times as 
old as his son, who is y years old at the present time ? 

Express the following statements in the form of equations :— 

71 . When x is divided by 9/, the quotient is 12 and the re¬ 
mainder 5. 

73 . A man is * years old, and his son y years younger. The 
sum of their ages is m years. 

73 . A has £x and B has y shillings ; after A has won 3 shillings 
from B, each has the same amount. 

7 i. Hie excess of x over 50 is y. 

•*- 75 . The fifth part of *-7 is equal to the ninth part of 2*+ 3. 

76 . The product of three consecutive numbers, of which ,r is 
the middle one, is a 2 . 

77 . There are x pence in £a, b half-crowns and c shillings. 

78 The area of a room a ft. long and b ft. wide* is * square yds. 
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79 . The product of x and y is five times the excess of a over b. 

80 . A is x years old, B is io years older. The sum of their 
ages is p . 

81 . y exceeds one-quarter of x by 20. 

83 . A boy possesses x marbles and he buys y more on each of 
7 consecutive days. He had finally a marbles. 

83 . An army had x men originally, it lost one quarter of its 
men in an action, y men died of their wounds after the battle and 
600 men deserted. There were a soldiers left. • 

81 . The simple interest of a Rupees for p years at 3 per cent. 

is x. 

85 . 'Hie cost of -i' mangoes at y annas a-piece is b Rupees. 


V. EASY PROBLEMS. 

* 162 . We. shall now apply the methods explained in the above 

and preceding Sections to the solution of many entertaining problems, 
and thus exhibit to the student specimens of the practical use of 
Algebra. 

In treating these problems, however, after having observed the 
methods used in the following examples, the student must be left 
very much to his own ingenuity, as no general rule can be stated 
for their solution. The only advice that can be given is to re^d over 
carefully and consider well the meaning of the question proposed ; 
then it will always appear that some quantity, at present unknown, 
is required to be found from the data furnished by it : put x to 
represent this quantity, and now set down in algebraical language 
the statement made in the question, using .r whenever this unknown 
quantity is wanted in it. We shall thus (in the problems we are 
.now considering) arrive at a simple equation, by means of which the 
value of x may be found. 

Ex. 1 . Find two numbers whose sum is 31 and whose differ¬ 
ence is 5. 

J » 

Le x be the smaller numbei, then .r + 5 is the greater 

Their sum is x + (x + 5), which is to be equal to 31. 

Hence, x+x + 5 = 31 ; 

2,r +5 = 31, or 2* = 31 - 5 “26 ; 

/, *«= 13 and jr + 5 = 18. 

Thus the numbers are 18 and 1*3. 

Verification. 18 + 13 = 31 and 18-13 = 5. Q- e. d. 
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Ex. 2 . The sum of two numbers is 20 ; and if three times the 
smaller be added to five times the greater the §um is 84. Find the 
numbers. 

Let x be the greater number, then 20 —* is the smaller. 

Five times the greater is 5* and three times the smaller is 3(20-.r). 

Their sum is 5* + 3(20 — x\ which is to be equal to 84. 

Hence, 5* + 3(20-*) = 84 ; 

/. 5*+ 60- 3# =.84, or 5*- 3.1'= 84-60 ; 

t 

/, 2* = 24 and /. .1 = 12, and 20 -a —8. 

Thus the numbers are 12 and 8. 

Ex. 3 . What number is that to which if 8 be added, one-fourth 
of the sum is equal to 29 ? 

Let x represent the number required. 

Adding 8 to it, we have .r4-8, one-fourth of this is {(* + 8), and 
this is equal to 29. 

Hence, j(.v + 8) = 29 ; * 

Multiplying by 4, x + 8= 116, 

/, x— 116 — 8= 108. 

Thus the required number is 108. 

Ex. 4. Wh at number is that, the double of which exceeds its 
half 6 ? 

Let x = the number. 

Then the double of x is 2.r and the half of x is \ r. 

Hence, 2X -kx — 6 ; 

Multiplying by 2, +r — *= 12, or 3.1*= 12. 

•\ x=/\. 

Thus the number required is 4. 

Ex. 5. A cask, which held 270 gallons, was filled with a mix¬ 
ture of brandy, wine and water. There were 30 gallons of wine in it 
more than of brandy, and 30 of water more than there were of wine 
and brandy together. How many were there of each ? 


t 

Let a* = number of gals, of brandy ; 

then x + 30=.wine, 

and 2x + 30 = .wine ar *d brandy together. 


2*4-30 + 30 or 2* + 6Q = no. of gals, of water ; 
but the whole number of gallons was 27a 
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Hence, x + (x + 30) + (2X + 60)« 270. 

/. 4^=270-90=180, m \ ^=45. 
and ^' + 30 = 75 and 2^ + 60=150. 

Thus, the no. of gals, of brandy = 45, wines®75 and water®* 150. 

Ex. 6. How old is a man whose age io years ago* was 
three-eighths of what it will be in 15 years ? 

Let x be the required age in years. 

« Then 10 years ago, his age was (.r-10) years and 15 years 
hence his age will be (x + 15) years. 

Hence, .r— 10= £{x+ t5}. 

Multiplying by 8, &r- 80=3^+45 ; 

•\ 8.r — 3.1=80 + 45, or 5«r =125 ; 

/• a-= 2 5. 

Thus the age of the man is 25 years. 

* •. 

Ex. 7 . A sum of £50 is to be divided among A, B and C, so 
that A may have 13 guineas more than B, and C £5 more than A ; 
determine their shares. 

In questions of this kind it is of essential importance to have all 
quantities expressed in the same denomination ; in the present 
instance it will be convenient to express the money in shillings. 

Let ar = B‘s share in shillings : 

sSincc 13 guineas = 273 shillings and £$=* 100 shillings, 

/. „r + 273 = A’s share, and (* + 273)+ 100 or -r + 373 = C’s. 

Hence, (x + 273) +.v + (jr + 373 )= 1000 ; (for ^50= iooo.s\). 

• 3^ + 646=1000, or 3r= 1000 — 646 = 354. 

/. x=* 118 and x 1- 273 = 391, and * + 373 = 491. 

Thus, A’s share = 391 $. = £\(). 1 is. 

B’s. = 1 18.v. = £ 5. 18.V. * 

and C’s.=491^ = ^24. 1 is. 

Ex. 8- Two trains, one of which travels half as fast again as 
the other, start at the same time from two places 300 miles apart, and 
meet in 5 hours. Find their rates of travelling. 

Suppose the slow train travels x miles an hour, 
th^n the fast. (.r+£jr) or \x - 


4 
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In 5 hours, the slow train goes $x miles 
.*.fast tiain goes 5 x ?,x miles. 

But the total distance travelled by both in 5 hours is 300 miles. 

Hence 5* + 5 x .^ = 300 ; 

Multiplying by 2, lo.r-f j5.1; = 600, or 251—600. 
x —24 and x 24 = 36. 

Thus the trains travel 24 and 36 miles per hour. 

% 

Ex. 9 . A, B, C divide among themselves 620 apples, A taking 
4 to B'a 3, and 6 to C\s 5 ; how many did each take ? 

Let .r = A’s share ; 

Then J.r = B’s share and *;.r=C 5 s share. 

i i ern e, x + '\x + T ;.r = 620 ; 

Multiplying by 12, \2x + <)x + io.r *574.40 ; 

/. 31- 1 =7440, and .1=240, 
and : \x— 180 and <’:r = 200. 

Thus the shares of A, B and C are 240, 180 and 200 apples 
respectively. 

Alternative Solution. 

We might have avoided fractions by assuming i2.r for A’s share, 
whrtn we should have had 9v = B’s, and io.r = C\. 

VI ence, 1 2x + 9 * + 1 ox =620 1 whence .r = 20. 

Thus the shares are 240, 180 and 200, as before. 

163 . It will sometimes be found easier not to put x equal to the 
quantity directly required, but to some other quantity involved in the 
question ; by this means the equation is often simplified. * 

Ex. 10 . A person bought a number of manges for 3 s. 9</., and 
finds that 12 of them cost as much over 5 d. as 16 of them cost undei 
2$. 6 d. ; how many oranges were bought ? 

Let x be the price of an orange in pence ; 

Then 12 oranges cost 12.v pence and 16 oranges cost i 6 x pence. 

; Hence, 12.r - 5 = 30 - 1 6x ; (for 2 s. 6//. = 30//.) 

.*. 1 2.x + 16.r = 30 + 5, or 28.r = 35 ; .*- = $= ij. 

Thus the price of an orange is i-Jy/., and the number of oranges = 
A 5 + 1 4 = 36 ; (for 3$. <)d. = 45 ^) 
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Exercise LXIX. 

1 . What two numbers are those, whose sum is 48 and difference 

i *» ~ j 

2 . What number is that, to which if 7 be added, twice the sum 
" -II be equal to 32 ? 

3 . At an election where 979 votes were given, the successful 
."ididate had a majority of 47 ; what were the numbers for each ? 

t 4 . The sum of the ages of two brothers is 40, an cl one of them 
* 13 vears older than the other : find their ages. 

5 . What number is that which exceeds its sixth part by 10? 

6. The diffcicnre of two numbcis is ^4, and their sum is 88. 
\\ hat arc the numbers ? 

7 . The sum of two numbers is 100, and the greater exceeds 
■hu»e times the less by 4. Kind the numbers. 

8. Three times a certain number exceeds 50 by as mu< h as its 
iniilrfc falls short M 40. What is the number ? 

9 Divide Ks. 140 among A, B, and C, so that A may have 
: »* n e as much as B, and B three times as much as C. 

10. Find a number such that its half, thud, and fourth parts 
*imII be together gieater than its li'th part by 100 . 

11 . Divide 150 into two parts, so that one of them shall lie two- 
‘in*ds of the othr>. 

12. There is a number sue h that, if 8 be added to its double, 
da* sum will be five times its half Kind it. 

13 A bookseller sold 10 books at ?i certain price, and afterwards 
1 "• more at the same pm o, and at tlie latter time received Ah. 17 8 a. 
tame than at tlie former • what was the price per book ? 

14 . Divide 87 into three parts, such that the first may exceed 
1 D* second by 7, and the third by 17. 

15 . Find a number such that if increased by fo, it will become 
'• v e times as great as the third part of the original number. 

16 . Kind a number such that, if 10 he taken from ifs double, 
and 20 from the double of the remainder, there may be 40 left. 

17 . Kind a number whose half is as much less than 100 as its 
'louble is greater than 99. 

18 . Kind a number such that, when diminished by 3, one fourth 
r 'f the remainder may be greater by 2 than one.fifth of the original 
number. 

19 . The sum of two numbers is 35 and their difference exceeds 
one-fiftli of the siriV^ller number by 2. Kind the numbers 
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20 . Find, two consecutive numbers, such that one-half and 
one-fifth of the first taken together are equal to one-third and one- 
fourth of the second taken together. 

21 . A is twice as old as B ; twenty-two years ago he was three 
times as old. Required A’s present age. 

22 . A and B began to play with equal sums ; A won Rs. 30, 
and then 7 times A’s money was equal to 13 times B‘s : what had 
each at first ? 

23 . A spknt Re. 1. 4^. in oranges, and says, that 3 of them cost 
as much under 8^., as 9 of them costover 8^/. : how many did he buy”* 

24 . A market woman being asked how many eggs she had, 
replied, If 1 had as many more, half as many more, and one egg 
and a half, I should have 104 eggs ; how many had she ? 

25 . A and B play together for a stake of Rs. 5 ; if A win, he 
will have thrice as much as B ; but if lie lose, he will have only twice 
as much. What has each at first ? 

26 . A is twice as old as B, and seven years ago their united 
ages amounted to as many years as now represent the age of A. 
Find the ages of A and B respectively. 

27 . The sum of the ages of two persons is now 46 years, and 
the difference of their agop 10 years ago was 12 years. Find the 
present age of each. 

28 . A father is 30, and his son 2 years old. In how many veai^ 
wiM the father be eight times as old as Ins son ? 

29 . I low much money have I m my purse when a fourth and a 
fifth of it together make a guinea ? 

30 . Two boys have 240 marbles between them ; one arrange^ 
his in heaps of six, and the other in heaps of nine ; the whole numbci 
of heaps thus got is 36. How many marbles has each boy ? 

31 . Divide Rs. 640 among three persons, so that the first pia> 
have three times as much as .the second, and the third, one-third 
much as the first and second together. 

32 . 7 'wo sums of money are together equal to ,£54. 12.?., and 
there are as many pounds in the one as shillings in the other. What 
are the sums ? (C. E. 1885 and a. e. 1895). 

33 / Divide Rs. 1000 among A, B, and C, so that B shall ha 
Rs. 100 more than A, and A four times as much as C. 

34 . A bad Rs. 20 more than B, and after each has spent Rs. 

A has five times as much as B. What had A and B at first ? 

35 . 'A house and gardei\,cost Rs. 10,000, and ten times the price 

of the house was equal to fifty times the price of the garden. Find 
the price of each. * 
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36 . The sum of £ 7. 3^ 6 d. is made up of a* number of half- 
sovereigns, three times as many florins, twice as many shillings, and 
five times as many six-pences. Find how many coins there are in all. 

37 . A person buys four horses, for the second of which he gives 
Rs. 120 more than for the first, for the third Rs. 60 more than for 
the second, and for the fourth Rs. 20 more than for the third The 
paid for all was Rs. 2300. How much did each cost ? 

38 . If I subtract from the double of my present age, the treble 
of my age six years ago, the result is my present dge. What is my 
present age ? (a. k. 1893). 

39 . A is twice as old as B and 4 years older than C. The sum 
of the ages of A, B and C is 96 years. Find B’s age. (c. E. 1866). 

40 . I bought 25 yards of cloth for Rs. 223. 8 a. ; for a part 1 

paid Rs.8. 8r*. a yard, and for the rest Rs.9. 8a. a yard ; how many 
yards of each were there ? (c. K. £859). 

41 . A labourer is engaged for 30 days, on condition that he 
receives 2 s. 6c/. f per each day he works, and Joses i.r. for each day 
he is idle : he receives £2. 7 s. in all. How many days he works and 
how many days is he idle ? ¥ (c, K. 1869, h. m. 1893). 

42 . A sum of Rs.63. 4 a. was paid in Rupees and two anna 

pieces. The total number of coins b$hg 100, how many of each 

kind were used? im. M. 1890). 

43 . A post is a fourth of its length in the mud, a third of its 
length in the water and jo feet above the water? What i< its 
length ? (c. E. £863). 

44 . A person bought a picture at a certain price and paid the 

same price for the frame . if the frame had cost £1 less and the 

picture 15v. more, the price of the frame would have been only half 
»hat of the picture. Find the cost of the picture. (C. K. i860.) 

. 45 . From two towns 561 miles apart, two men start, one from 

each, at the same time, with a design to meet ; one goes 24 and the 
other 27 miles a day : in how many days will they meet? (c. K. 1879). 

46 . A, who travels 3A miles an hour, starts 2^ hours before 
B who goes the same road at 4^ miles an hour ; when will he over¬ 
take A ? (a. E. 1889). 

47 . A father’s age is 40 and his son’s 8 ; in how many years 

will the father’s age be triple of the son’s ? . fJ 

48 . What was the total amount of a person’s debts, who when 
he had paid a half, and then a third, and then a twelfth of them,* 
had still Rs. 15. 12a. to pay ? 

49 . A and B have together Rs. 8, A and C have Rs. ro, B and 
C have Rs. J2. \Vhat have they each ? 
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50 . A and B« compared their monthly • incomes and found that 
A ; s income was to that of B as 7 to 9, and that the third of A’s 
income was Rs. 30 greater than the difference of their incomes. 
Find what each received (c. E. 1871;. 

51 . ' A person bought 166 mangoes for 10 Rupees ; some he 

bought at the rate of 18 per Rupee, and the rest at 15 per Rupee. 
How many did he buy of each sort ? (M. M. 1889). 

52 . A person bought 20 yards of cloth for to guineas, for part 
of which he gnv*. ir.w 6d. a yard, and for the rest 7.9. M. a yard. 
How many yards of each did he buy ? 

53 Two coaches start at the same time from Calcutta and 
Kajmahal, a distance of 200 miles, travelling one at 9.5 miles an 
hour, the other at 9-J ; where will they meet, and in what time from 
starting ? 

54 . A workman is engaged for 28 days at AV. 1. 4a. per day, 
but instead of receiving anything, is to pay Ha. per clay, on all days 
unon which he is idle : he receives altogether Rs.26. 4a. ; for how 

ay idle days did he pay? 

55 . A cistern is filled in 20 mm by ^ pipes, one of which 
conveys io gallons more and another 5 gallons lc^s than the third 
per minute. The cistern holds 820 gallons. How much flows 
through each pipe in a minute! ? 

56 . A garrison of 1500 men was victualled for 36 clays ; after 
16 days it was reinforced, and then the provisions were exhausted 
in l^daVs. Find the number of men in the reinforcement. 

* Hi. m. 1870). 

57 . A starts upon a walk at the rate of 4 miles an hour, and 
after \ ^ minuses B start at the rate of .}*[ miles an hour ; when and 
where will he overtake A ? 

58 . I low much tea at A's. 2. 4a. per lb. must be mixed with 

50 lbs. at Rs. 3. per lb., that the mixture may be sold at I\s.2. 12 a. 
per lb.? r 

59 - A bill of. £1. ror. M. is paid with 13 coitfs, partly in half- 
crowns «...id paitly in florins. I low many coins were there of each ? 

63 . Divide a yard into two parts such that half of one part 
with 22 inches may be double the other part. 

61 . A is now 12 years older than B ; twelve years ago he was 
«*.vice as old as B then was. How old is A now and how many 
years ago is it since he was three times as old as B then was ? 

1 

6 ?. A, B and C have Rs. 66 divided among them in such a way, 
that for every A^.3 which A receives, B receives Rs 2, and the share 
of C is AV6 more than the difference of the shares of A and B. 
Find the share of each. * 
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03 . The sum of three consecutive numbers is 1,59 ; find them. 

64 . A, travelling half as fast again as B, and starting 9 miles 
behind him, catches him up in 6 hours ; find their rates of travelling. 

65 . In a cricket match A made 35 runs, C half gis many as B, 
and D one-third as many B, and B’s score was just as much below 
A’s as C’s above B’s. Kind the scores of B, C and D. 

66 . A man walks one-half of a journey at the rate of 4 miles 
an hour bicycles one third at 12 miles an hum and rides the 
remainder on horseback at 9 miles an hour, completing the journey 
iM 6 hours and to minutes. Find the length of the journey. 

67 . A starts at noon to travel from P lo Q at the rate of 6 miles 
an hour, and B starts at r i\ M. to travel from Q to P at the rate of 
5 miles au hour. It'they meet at 4-30 p. M., find the distance from 
P to Q* 

68- I bought .1 certain number of apples at 4 a penny, and 
three-fifths of that number at 3 a penny ; by selling them at 16 for 
five pence I gained ; how many apples did l buy ? 

69 . How mfiny sheep must a person buy at fj each that, alt . 
paying one shilling a score for folding them at night, he may gain 
j£79- 1 bs. by selling them at each ? 

70 . A person meeting a company of beggars gave 4 pice to 
each, and had 4^ left ; he found that he should have required 3 a. 
more to enable him to give the beggars 6 pice each : how ryany 
beggars were there ? 

71 . The nuincr. tor of a fraction is 4 less than the denominator ; 
if fo be subtracted from the numerator, or if 30 be added to the 
denominator, the resulting fractions are equal. Find the original 
fraction. 

# 72 . Two men invest A’.v.iooo in a boat. Their claim of the 

profit is proportionate to the capital invested b) each. They make 
.1 profit of AV.50, of which one gets A f s. 5 more than the other. What 
did each contribute ? 

D 

73 . Five-sixths of the fish in a pond weigh 1 seer each, ten 
weigh 8 seers each, and the remainder 16 seers each, the total weight 
being 40 maunds. Find the number. 

74 . Find two numbers, whose sum is 72, such that their product 
increased by the square of the smaller number is 864. 

75 . A and B can perform a task in 30 days, working together: 

After 11 days, however, B is called away, ancl A finished it by him¬ 
self 28 days after. How long would it take A to do the whole of the 
work by himself ]\ * 


M . A.— 9. 
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VI. USE OF SQUARED PAPER. 

164 . The following Solutions will serve as specimens of the 
methods to be employed in using squared, paper. The paper is 
ruled with faipt horizontal and vertical lines which divide the sheet 
into a number of equal small squares. The most convenient paper 
for beginners is that ruled to show inches and tenths of an inch. 

Ex. 1 . A man travels 9 miles west, then 11 miles south, and 
finally 4 miles east ; how far from the starting point, to the nearest 
mile, is he at the finish ? * 



Fig. 1. 

On squared paper, take each side of a square to represent one 
mile, and O the starting point. Then 

9 m. west brings him from O to A, 

s 1 r///. south.\ .. A to B, 

and 4///. east.B to C. 

Join OC. It is required to find the length of OC. (Fig. 1.) 

With centre O and radius OC desciibc an arc cutting OW, the 
horizontal line through O, at D. The reqd. distance =OC=OD= 
12 miles, to the nearest mile, as shewn in Fig. i. / 
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Ex 2 . Two vertical posts, 6 ft. and 9 ft. Uigh ; are 4 fc. apart ; 
find the length of the straight line joining their upper ends. 
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Fig. 2. 


On squared paper, take 3 bides of a square to represent one foot. 
Then mark the points A and B 12 sides of a square apart, also the 
point C 18 sides of a square vertically above A, and the point D 27 
sides of a square vertically above B. Join CD. It is required to 
find the length of CD. (Fig. 2). 

With centre C and radius CD describe an arc of a circle cutt¬ 
ing the horizontal line through C at E. 

Then CD = CE= 15 sides of a square, as shewn in Fig. 2. 

Hence C^= 5 ft. 
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Ex 3 . A ladder with its foot at a horizontal distance of 20 ft. 
from a vertical wall, just reaches a point on the wall 15 ft. from the 
ground ; find the length of the ladder. 





hO 
-»-« 


Take a side of a square to repiescnt one foot. (Fig. 3.) 

Let A be the foot of the ladder. Take a point B 20 sides of a 
square in a horizontal line from A, so that B is the foot of the wall 
Mark the point C 15 sides of a square vertically above B. 

Join AC. It is required to find the length of AC. 

With centre A and radius AC describe an arc cutting the 
horizontal line through A at D. 

Then AC*-AD = 2 5 sides of a square, as shewn in Fig. 3. 

Hence AC = 25 ft. 1 9 
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Ex 4. On a base of 3 inches, describe a triangle whose other 
>ides are 4 inches and 44 inches long : find the altitude of the triangle 
to the nearest tenth of an inch. 

Let 5 sides of a square represent one inch. 
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Fig. 4. 


• Take two points A and B 15 sides of a square apart. With 
^entre A and radius 20 sides of a square describe an arc ; also with 
(entre B and radius 22} sides of a square describe an arc cutting 
the former arc in C. Join AB, AC, BC. Then ACB is tjie required 
triangle. From C draw CE perpendicular to AB. It is required to 
find the length of CE. (Fig. 4) 

With centre E and radius EC describe an arc tutting the 
horizontal line through AB at D. 

Then CE = ED= 19^ sides of a square, as shewn in Fig. 4. 

Hence CJE^(ig\ X2+ 10) in. = 3'9 in. 

i • 
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Ex 5 - A travels east at 12 miles an hour, and B, starting 
at the same time from the same place, travels north-east at 20 miles 
an hour. Find, to the nearest mile, their distance apart at the 
end of one hour. 

Take one-tenth of an inch to represent one mile. 



Let O be the starting point. Along the horizontal line through 
O take OA=r2 inches (representing 12 miles) and OB =2 inches 
(representing 20 miles). With centre O and radius OB describe an 
arc cutting the diagonal of the square on OB at D. Then OD = : 
inches (representing 20 miles in the north-east direction). Join AD 
It is required to find the length of AD. (Fig. 5) 

With centre A and radius AD describe an arc cutting the 
horizontal line through O at E. 

Then AD = AE = i* 4 inches, as shewn in Fig. 5. 

Hence AD =* 14 miles. * t' 
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Ex. 6. Multiply 2’3 by 3'5 by means of squared paper. 
Let OA be the unit (5 sides of a square). (Fig. 6). 



draw CD 


OA_ OC 

od’ 


/. OA xOD = OB xOC = 2‘3 X3 ;. 


Since 
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Hence, unitxOD represents the required product. 

By measurement, we find OD = 8.} (l units, as shewn in Fig. 6. 
Hence the reqd. product = 8*05. 


Exercise LXX. 

1 . A man travels 12 miles clue cast, then 15 miles north, then 
20 miles west anrf finally 22 miles south. Find to the nearest half- 
mile his distance at the finish from the staiting point. 

2 . Two veitical posts, 24 ft. and 39 ft. high, are 20 ft. apart. 
Find the length of the straight line joining their upper ends. 

3 . A ship steaming at the rate of 8 miles an hour due east, and 
drifting due noilh with a current is found to be 17 miles from its 
starting point in 2 hours. Find the rate at which the current flows. 

4. Two sides of a right-angled triangle containing the right 
angle are 2*4 ft. and 3*2 ft. Find, without actual measurement, the 
length of the third side. 

5 . A ladder 40 ft. long being placed at the opposite side of a 
street 24 ft. wide, just reaches the top of a house ; how high 
is the house ? 

6 . A room is 3'6 feet long and 27 feet broad. Required the 
length of a line drawn diagonally through it. 

7 . A ball utils 6 ft. east, then 10 ft. north, then 2 ft. west and 
lastly 6 ft. in a direct line towards its starting point. How far is it 
then from its starting point ? 

8- A tower is 96 feet high, and a ladder 100 feet long slopes 
to the top of it ; how far is the foot of the ladder from the bottom 
of the wall ? 

9. A man walks 4 miles east, then 6 miles north-east ; how 
far is he then from his starting point ? 

10. A man walks 37 miles south, and then in a direction due 
west, until he is 5 miles in a straight line from his starting point. 
Find, without actual measurement, the distance he walked in a 
westerly direction, to the nearest tenth of a mile. 

11 . A man rides 27 miles east, and then 3*4 miles north ; how 
far is he then from his starting point, to the nearest half-mile ? 

12 . The height of a wall was 31 ft., and the breadth of a ditch 
surrounding it was 24 ft. : what must be the length of a ladder that 
will reach from the edge of the difeh to the top of tbe wall ? 
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13 . A room is 5*6 ft. long and 3*4 ft. wide ; find the distance 
between two opposite corners, as accurately as you can. 

14 . A straight wire joins the top ends of two vertical posts, 
17 ft. and 24 ft. high respectively, 35 feet apart. Find the length 
of the wire to the nearest foot, without actual measurement. 

15 . A man walks 8 miles west, 6*8 miles north, and then 
straight towards his starting point until he is two miles from it. 
How far has he walked ? 

16 . A cow tethered to a post can graze over a circle of 40 feet 
•radius. The shortest distance from the post to a straight hedge is 
25 feet. Over what length of hedge can the cow graze ? 

17 . A man walks 2 6 miles west, then 3*5 miles north, and 
then 2 miles south-east. How far is he then from his starting point? 

18 . Multiply the following by means of squared paper : — 

(i) 3-6 by 2-4. (ii) 4-5 by 3-6. (iii) 3-4 by 47. 

19 . Divide the following by means of squared paper 

(0 075 by 3 ‘ 9 - (ii) D/oH by 5-3. (iii) 15*98 by 47- 

20 . A travels west at 12 miles an hour, and B, starting at the 
same time from the same place, travels north-west at 20 miles an 
hour. Find, to the nearest mile, their distance apart at the end of 
2 hours. 

21 . Draw two circles of radii 3 in. and 3;} in., with ceatres 
4^ in apart. Find the length of the line joining their points of 
intersection. 

22 . A man, having walked a certain distance in a north-easterly 
direction, finds that he is 30 miles east of his starting point; how 
far has he walked ? 

• 23 . A man walks 5 miles east, then 6 miles north. He then 

vvalks due south-west until he is due north of bis starting point. 
How far is he then from home ? and how far has he walked ? 

24 . A man walks due east from a town P which* lies 6 miles 
north of a town Q. How far from Q is he when he has walked 
7\ miles ? 

25 . A and B are two places 9 miles apart, B lying due east of 
A. One man walks at 3 miles an hour from A towards north-east, . 
another man, starting at the same lime, walks north-west from B at 

miles a hour. Find their distance apart to the nearest tenth of 
a mile in one hour. 



CHAPTER VI. 


INVOLUTION AND EVOLUTION. 

I. INVOLUTION. 

165 . Involution is the name given to the operation by which 
we find the powers of quantities ; but all cases of Involution are* 
merely examples of multiplication, where the factors are all the same. 

166 . The following remarks are evident from the Rule of Signs. 

(i) Since any even number of like signs, whether all *f or all —, 
will give -f in Multiplication, it follows that any even power oi 
a quantity is positive, whether that quantity be taken positively or 
negatively. 

Thus, ( 4-«) 2 and ( -a) 2 are each = +« s , and (i f -r+.V-) 4 is the 
same as { - (i — x -Kr 3 )) 4 , or (— t +x - ,r 2 ) 4 . 

(ii) No even power of any quantity can be negative. 

(iii) Any odd power of a quantity will have the same sign as the 
quantity itself. 

€ 

167 . By the Rules of Multiplication, we have 

(a *) 1 ~ a* x d 3 x a * = a™. 

(- a*? = (-tf 3 )x(- a') » = d> = a 3 * 2 . 

(- a 4 ) 3 =( - a 4 ) x (- a*) x (- a') * - a *+ 41h4 = - a 12 = - a 4 *\ 

Hence, any power of a power of a quantity is obtained by multi* 
plying together the indices of the two powers. 


168. To obtain any power of a simple expression we have the 
following Rule. 

Rule. Multiply the index of every factor in the expression by 
the number denoting the power , and give the proper sign to the result 

Ex. 1, (2 x*y 1 ) 2 = = 4 x°y 4 . 


Ex. 2. 
Ex. 3. 


( — 2Xy*s z )*z= — 2 s .r j y , s ,9 = — 8 x*\Pz {) 



8i flV 
Y c i* ' 
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Exorcise LXXI. 



Write down the square of each of the following 

• 

■ 


1. 

2 ab 2 . 

2. - 3<2 2 ^ n . 

3 . 4a 2 i'V 4 , 

4 . 

- 5 -ty. 

5 . 

3 * 2 

A • 

O J a 

0. —» • 

7 „ 5 ^ 2 _ 

8 . 

? > a l b ,i c' 

4 y 

4 f a 

7 b l c 

5 a?x 


Write down the cube of each of the following :■ 

— 


9 . 

2 a 2 b*cK 

10 . - 2(l 2 b 2 C ? . 

11. -3„W. 

12. 

- 5 a 1 !?. 

13 . 

_ 2X 2 

ab 2 c ?l ' 

n 

14 . - ^ 

44 " 

15 . 

16 . 

1 

a A P ' 


Write down 

the value of each of the following :« 

— 


17 - 

(- 3 T- 

» (-tT 

19 (p)‘ 

20. 

(-&) 

91 . 

(- x ‘■ i v i y\ 

22 . (-ja'bV)'. 

23 . (- 2« W. 

24 . 

(. - 2 a*y. 


169 . We have already luul occasion to notice the square and 
cube of a binomial See Arts. 91 and loo. 

Thus, (1) (a + by^tf + iab + b' 1 

(ii) (a~by=a 1 -2(ib + b’. 

(iii) {a + bf = <r->rZa-b ±Z<tb' 1 + If=a 2 +Zab(a+h) + 7 > s . 

(i v) (a - ft) 2 = tr - 3 n-b + 3 "If - h" = a % - Zub( a-b)~ If. 

The student may, for exercise, obtain the fourth, fifth, &r., 
powers of a + b. It will he found that 

(« + by — a 4 +4 a?b +6 o'b' + 4 alf + ft 4 , 

•and (a + b) 6 = a h + 5 a*b + 10 alf 4- 10 a?tP + 5 ab 1 + if. 

170 . Since (rt 3 f' = (i li =(rt / ) 3 , it follows that the square of the cube 
of any quantity is the same as the cube of the square. 

Similarly, («V = a vl — (« 4 V, 

{(a-bff, and soon. 

Hence, we may shorten the operation of finding the 4th power of 
a quantity by squaring its square; and similarly, to find the 6tn,-* 
8th, &c., powers, we may square the 3rd, 4th, &c. So also to find the 
cube, or 3rd power, wc may take the product of the 1st and 2nd, i.c., Of 
the quantity itself and its square ; to find the 5th, we may take that 
of the square and cube; to find the 7th, of the cube and 4th ; 
and so on. . 6 
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Thus, wc shall have - 

(a 4 - ft) 4 = (a 2 4 - 2 ab + 6 % f = a 4 4- 4a 3 ft 4- 6a 3 ft 3 4 4aft : * 4 - ft 4 , 
(a 4- ft ) 5 = (a 8 + 2 ab + b ll )(d 8 4- 3 # 4- 3 ^ i 4- ) 

= a 5 4- 5a 4 ft +10 a n ft’ z 4- I0a 2 ft 8 4- 5a ft 4 4- ft". 

and (fl4W°=^43^4-3<a$ 3 4- b 3 )' 1 

=a b 4-6a7> 4 * 15a 4 //- 4 - 20a :j ft 8 4- 15 a 2 ft 4 4- 6a// 1 4 - ft (i . 

In like manner, the expansion of a-b may be obtained. 

Putting — ^ for b in the above results, we ha\c 
(a - ft) 4 -- a 4 — 4a 3 ft 4- 6a 2 // 2 - 4aft 3 -P b 1 t .s/^as alternately 4 -, -). 

(a — ft) fi = a fl - 5a 4 ft 4- 10a 8 ft v — 10a 2 ft 8 4 - 5aft 4 - b\ 
and (a — ft) G = a <! - 6a 5 ft 4- 15a 4 // 2 - 20a' ft 3 4- 15a 7> 4 - 6aft fi + ft 0 . 


171 . The above results should be committed to memory and 
applied m the solution of similar Examples. The expansions of 
higher powers are generally best obtained by the Binomial Theorem 
without the labour of actual multiplication. 


Ex. Expand (2* —3) 4 . 

(2r — 3) 4 = (2jr) 4 — 4.3.(2.1)" 4 -6.3*. (2a*) 2 - 4.3 n (2.i) 
= 16r 4 - gfxr 3 4 - 2i6jr* - 21 6t 4 - 81. 


4 3 4 


J 72 . We have already noticed in Art. 93, how to find the square 
of any trinomial expression. We now proceed to find the cube of the 
trinomial a + £4-/- 

(a+b + cf = {a + {b + c)Y 

= or 4- 3a\b 4- c) 4- 3 a(b 4- c)* 4 (b 4- c) 8 , Art. 100. 

~ rt a 4- 3a\b 4- c) 4- 3<i(b 2 + 2bc 4- <;'*) 4- P 4- 3 b v c 4- 3 be 1 + c\ 
= rt a 4^ 3 f <? + 3<i\b + c) + 3b z {r+a) + 3c 2 (a + d) + 6abc- • 

or (a 4-^4- cf = {(a + b) + c\* 

— (a 4- bf + 3 [a + bfc 4- 3(a 4- b)r 2 4- c\ Art. 100. 

= a* 4- 3 ab(a 4- b) 4- IP 4- 3 {a 4 - b)*c 4- 3 {a + b)c 2 4- c 3 , 

- a* 4-^4- f s 4- 3(« 4- 4- (a 4- b)c 4- c l ) 

= 0? + F 4- r’ 4- 3(a 4- b)(a 4- c)(* 4- r). 

Thus, (a 4- ft 4- c) 3 =a 8 4- ft 3 4* r* 4- 3a 2 (ft 4- c) 4* 3& a (r? 4- a) 4- 3c 2 (a 4-ft ) 

4-6 ahe .(i) 

= a 8 4- ft 3 4- c* 4- 3(ft 4- c)(c 4- a)(a 4- ft).(ii) 

an important formula, which should be committed to memory. 
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Ex. Expand (1 - yx + 

(1 - 3 .r 4 - 3 * 3 )* = 1 3 + (- 3' r ) 3 + (l* 1 ? + 3 - i 2 ( “ 3 r + 3 - r2 ) + 3 ( “ 3 - r ) 2 ( 3* 2 + 1) 

+ 3 ( 3 **) a ( 1 - 3 - r ) +6. 1 (- 3-r)3.r- 
= 1 - 27.V 3 + 27 .r li - g.r+9.r 2 + 8 r.r 4 4- 27.iT 2 + 27.iT 4 
- 8i.t R - 54.1'" 1 

= [ - g.r 4 - 36.T 2 - 8 i.r 3 4- io8.r 4 — 81 .r 3 + 27.1°. 


Exercise LXXII. 


1 . 

5. 

9. 

13 . 

17. 

20 . 


Write clown the expansions of :— 

(.T + 2) 1 . 2 . (.1-2)'*. 3 . (.r + 3) 3 . 

6 - (3-t+i) 4 . 7 . (2 x-a)\ 

10. (ti.v —_v a )°. 11. (ax + r-j'K 

14. ( a-b-cf. 15. (1 - 1 4-.tr 2 ) 3 . 

18. ( 1 -2.1-+.I-) 1 . 

21. (1 — r— ,r y ) a . 


(2 a - j ) u . 

(a-b + c?. 

(a + bx + ex 1 ?. 
(a-ib+c)\ 


4 . (I + 2.r) 5 . 

8. ( 3 x+ 2 a) b . 
12. ( 2 /ib-b' 1 ?. 
16. (1 +.v+.r*)\ 
19. ( 1 — 2x 4- 3'^ 2 ) 2- 
22. (i + 3-f + ix*?. 


Kind the v'alue of 

23 (2 + 3>r+4.V 2 ) 2 ' + (2 — 3.1'+4 r 2 ) 2 . 24 . (r -.r+.r-) 3 (i + .t' + K J )". 

25 . (2 + 3.1 + 4.r 2 ) 3 — (2 - 3_r + 4.1 2 )\ 26 . (1 4 --r) s (i-.r+.i 2 ) 3 . 


173 . Tlie following result is worthy of notice, as it exhibits the 
form of the square of any Multinomial. 

(« y b + c + d+lkc.y^/i* + 2a(b+c+d+ Sze.)+(b + / +d+&c..)-. Art. gi. 
Again, in like mannei, 

(b + c +d + Sic.? - b' 1 4- 2 b(c 4 - r/ 4 - &c.) 4 (c; + d+ &<:.)*, 
(r4-c/4-&c.)“=f 2 4-2t.(rf4-&:c.)4-(//4-i.'tc.) 2 , and so on. 

(a 4 - b + <: 4- (l 4- &c.) 2 = u- 4- 2 a(b 4 - c 4- d 4 - &c.) 

+b- + 2b(r + d + &c.) 

+ c*+2c(d + SlC.) 

4- (V 1 + Sec. 

Thus, we see that the square of any multinomial may be formed 
by setting down the square of each tom and then the product of the 
double of each term by the sum of all the terms that follow it. 

Ex. 1. (1 4- 2.r + 3a- 2 ) 2 = I 2 4- f 2.r) 2 4- (3-r'-) 2 4- 2 . i( 2 .v 4-3-tr 2 ) + 2 . 2 x(yi' i ) 

— 1 4 - 4.r 2 4 - 9-r 4 4 - 4.1' 4 - 6.r 2 4 - 1 -X % 

— 1 4 - 4 . 1 * 4-1 ox i 4- J 2 a 3 4 - gar 4 . 
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Ex. a. (i-6* + i2.r s -8;r 1 ) a =r ii + 2 .i(- 6 *+l 2 .T 3 - 8 .* s ) 

+ (- 6.r)' J + 2( - 6*)(i 2X S - 8x 3 ) 

+ ( 1 2X 2 ) 2 + 2.12A*( - 8 r’’) 

+ (- 8.v ? f 

= l - 12.v + 24_r z - i Ox 3 + 36A- 2 - i 44 r 3 + 96A 4 +14+r 4 - 192**+64-r 0 

X 

= I - 12 X + box 2 - 160.V 8 4 240.1* - I ()2X b 4 64X 0 . 

Ex. 3 . FincJ the coefficient of x* in (l - 2 -r 43 * 8 -- 4 # a + 5.* 4 )". 
Evidently, of the square quantities, we must take (3^ 2 ) 2 , which only 
contains x 4 ; of the products, we must take 2.1.5.3: 4 and 2.(- 2x) (— 4^r 3 j,, 
which are the only terms involving x 4 . 

Hence coefficient reqd. = 9+ 10 4-16 = 35. 

Exercise LXXIII. 


Find the expansions of : — 

1. (1 — 2ax — cdx 1 ) 2 . 2. (2d 2 — a — 2} 2 . 3. (a 2 — 2« £ 4- jb 2 ) 2 . 

4. (i-,r + .r 2 -^) 8 - 5. (.r 3 — 2.r 2 4-3-r 4-4)*. 6. (1+'2.r“3.t 2 + 4^) 3 . 

7- (i4;r) tf . 8. (i4-2„r) ,; . 9. (a-xf. 

10 . (t£ - 2 a?b 4- 2 ab 2 - ^) 3 . 11. (\ - 2 jt 4- 3 ^ 2 - 2 x? 4- jtr 4 ) 2 . 

12. ( a 4 - 2rt 3 r 4- rtV - 2*w 41 +.r 4 ) 2 . 13. (1 4 4x 4 6.r a 4 4X ? ‘ +x 4 ) 2 . 

14 . Find the coefficient of x 4 in (2 - 3.r44.r 2 — 5.V 3 ) 2 . 

15 . Vine! the coefficient of x r ' in (i — 2x 4 3-r 2 — 4-r 3 4 5;r 4 ) 2 . 


II. EVOLUTION. 


174 . Evolution is the name given to the operation by which 
we find the roots of quantities, it is the inverse of Involution. 

175 . It follows from Art. 166, that 


(i) Any even root of a positive quantity may be either positive 
.or negative , Lc. y will have a double sign 4. 

(ii) There can be no even root of a negative quantity. 


(iii) AYiy odd root of a quantity will have the same sign as the 
.lunntity itself. 

I 1 76 . To obtain any root of a simple expression, we have the 
following Rule. 

Divide the index oj every feu tor in the expression by the 
index o\f the proposed root and give, the proper sign to f the result 
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EX. 1. J{4aW) - V(2 W)« ± 2* A 
Ex. 2. V(- 8 xY )= V( ~ 2 » ry) «= - 2 xy*» 


Ex. 



Ex. 4. 



177. If, however, the index of the quantity cSnnot be exactly 
divided by that of the root (as eg. in the 5th root of a 2 , where the 
*2 cannot be divided by 5), then we cannot find the root of it; but can 
only indicate that the root is to be extracted, by writing down the 
quantity, and the si^ n fj before it, with the index of the root in 
question ; as ^a' 1 , STa 4 . Such quantities are called Surds or Irra¬ 
tional quantities. 


Exercise LXXIV. 


1. 

5 . 

9 . 


Find the square roots of the following :— 

25 x s j’*s u . 2 . 121 a a b 4 . 3 . 1 44a 4 3V. 

6. 100 a*b n c v \ 7 . yaWc 0 . 


49 x*_y e z 2 . 




9 a *y 

25^ 


10. 


49 x ,J y 4 
64 d l b l ’ 


11 . ivy 


imp ■ 


4 . 4«W 

8 . 1 6.v 3 }> u . 
4ga ll) 0 6 c H 


12 . 


16 x u y lb ' 


13. 

17 . 


Extract the cube roots of the following : — 



14 . - 2ja {] P. 

15 . &r 27 . 

16 . 

— 64 aW. 

8 a ? y {) 

27*® 

1fl 64 

125 a vr 

A 21 balPc 1 " 

1 « 7 . * ’ "ii - * 

343 *“ 

20. 

64 (Fir 
x° ■ 


Write down the values of each of the following : — 


21 . 

25 . 

28 . 



23 . 7(128 a* 1 ). 24 . y(-.t 2 y"). 

81 aW q 
256^'' /■ 



64 jr i y\ 
729 z lH )' 



178- To find the square root of a compound expression. 

We know that the square of a+b is a % + 2a6 + i i ; let us see then 
how from a 2 + 2ab f + b 2 , we might deduce its square root a + b. 
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Arranging the terms in descending a 2 + 2ab + b 2 i a + b 

powers of a, we see that the first term \ 

is a 2 , and its square root is a, which we 2 a + b \2abVb 2 
set down as the first term of the root on Jzab + b" 

the right. Subtract d l from the whole 
expression, and bring down the 

remainder 2 ab + b' 1 . If we now divide 2 ab by 2a, we get + b, the 
other term in the root ; lastly, if we add this b to the 2 a, multiply 
the 2 a + b, thus formed, by b, and subtract the product 2 ab + b 2 , there 
is no remainder.* 


Now we may follow this plan in any other case, and if we fine} 
no remainder, the root will be exactly obtained. 


Ex. 1. 


Find the square root of q.r* 4-6rv + J' 2 - 

9-T a + 6 xy +j'*i 3-v +y 

V 



6.i y +y J 
6 xv 4- r 2 


Ex. 2. Find the square root of 1 6 a 1 — 5 Gab -I- 4 </b ~, 


16a 2 — 56 ab + V)b 2 1 4a —7 b 
1 6a” V 


8a-7b 1 - $()ad + 4<)6- 
/ -56^ + 49/i- 


179. If the root consist of mote than two terms, a similai 
process will enable us to find it, as in the following Example ; where 
it will be seen that the divisor at any step is obtained by doubling the 
expression already found in the root, 01 (which amounts to the •same 
thing and is more convenient m practice) by doubling the last tern *, 
of the precedi 7 ig divisor , and then annexing the new term of the root 


Ex. 3 . Find the square root of i6.r°- 24a** +25.V 4 - 2o.r 2 + iaf- 
- 4-r f 1. 

The expression is arranged accoicling to the descending poweis 
of x. 


16„r° — 24* 6 4- 2 5-r 4 — 2o.r" 4-1 ox 2 - 4-f + 1 / 4*r 8 — yc 2 + 2X — 1 
T6t G V 


8 x* - 3.V 2 1 - 24A' 5 + 2 

J - 24.r fi 4 - 9.r 4 


— Ox 2 4 - 2x \ 16.r 4 - 


r J1 bx* - 
J\6x A - 


8 x* — 6.r 2 4 - 



20 X* + IOX Z 

I 2x s + 4 .r 2 _ 

8.v 8 + (ve- - 4 r + j 
8.r 3 + 6.r 2 -4.r+i 



EVOLUTION. 


In : the above work, having obtained two terms in #ie rfiot, 
4.r 3 -3Ar 2 , we have a remainder * 

i6jt 4 - 2 ar 3 4- iox* - 4 X 4- i . 

Double the terms of the root already obtained and place the 
result %x*-6x\ as the first part of the divisor. Divide \6x* y the fitst # 
term of the remainder, by 8.t 3 } the first term of the divisor ; we thus 
get 4-2#, which we annex both to the root and divisor. Now multiply 
the complete divisor by 2x and su|^ract. There is still a remainder 

-8.r 3 4-6.r 2 -~4^r + i. w 

• ♦ 

Proceed as before, and we find —i as the last term in the root 
and there is no remainder. Thus the root is found. 

180 . It should be noticed as in Art. j 75 that all even roots have 
double signs. 

Thus, the square root of a- + 2ai+JP mav be -(a + 6) y that is 
- a — by as well as a-Yb : and, in fact, the first term in the root, which 
we found by taking the square root of a 2 , might have been — a as well 
as + tf, and by using this we should have obtained also-#. 

So in Art. 178, Ex. 1 , the root may also be ~3-r —y ; in Art. 179, 

Ex. 3 , - 4*" + 3**- 4 * r ; and in all these cases we|Should 

get the two roots by giving a double sign to the first term in the root. 


Exercise LXXV. 

Find the square roots of:— 

1 . 4x 2 +4xy+j' ,J . 2. 25a 2 -30*7# 4-9#*. 3 . 25-r 4 4- 30*®^+9**/-. 

4 . 49a 2 # 2 - 14 a'b 4- a 4 . 5 . 16.r 2 y 2 4 - 4o;ry 2 ir 4- 

*6. 25 a 4 b z c 2 4-1 o aHc? + c*. 7 . 1 4 - \x +1 ox 2 4 -12 x*+gx 4 . 

8. gx x 4-12.r s 4- 2 2 x : v r 2.r 4- 9. 9 . 4 ci 4 - 12a 3 4 * 2 5 a 2 - 24a 4 -16. 

10 . 9<z a 4 -12 ah + 4 b 2 4 - 6 cic 4 - 4#f 4 - c 1 . 

11 . x 4 - 8 x l y 4 - 24 x 2 / 2 - 32 xji* 4 -16y 4 . 

12 . 16.t 4 - 16 abx 1 4 -16 d*x 2 + 4 .<**#* - 8a# 3 4 - 4 ^ 4 * 

13 . x° — 4X h 4-1 ox 4 — 20.V 3 4 - 2 $x 2 - 24-r 4 -16. 

14 . ^ 4 - 8 ^ 4 - 2 ^ 4 -i 6 ^ a - 8 .r 4 -i. (c. E. 1867). 

15 * x 4 — 2rt.r 8 4- 5 a*x 2 — 4<r*.r 4 - 4 # 4 - ( M * M * 1 885). 

16 . 4* 4 + 8 ax 3 +4^ 2 .r 2 4 -1 66 'V 4-16a# 3 * 4 -16#*. (C- E. 1870). 
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17 * 

18 . 

19 . 

20 . 
21 . 
22 . 

23 . 

24 . 

25 . 

26 . 


1 - 4,r + 1 ox 2 - 2cu j 4 - 2 s.r* - 24^ + 16.v u . (A. E. 1893). 

9 a 1 - tab 4- 30 ac + 6#irf4- b 2 - 10 be - zbJ+ 2 56^ 4-1 o cd 4- <■/*. 
x 6 — 4 x h y 4 - 8a A y 2 — J oj-y + 8 a'V 4 — qjrj/' 1 4 -j' li . 

1 - 6.1* 4-15* 2 - 20A* n 4-15 * 4 — 6a 5 4-a* 0 . 


4-r 6 -I 2 .r r> 4 - -22x* + 2$x- — &x +16. (C. E. 1893). 

.r^ ~ 12r 6 4 - Got 4 - 16ar^ 4- 240* 2 - 192* 4 - 6a. (a. k. 1891). 

X '\ x 2, + V * + Z 2 ) + 2 j 1 i V + z )( vz ^ X 2 )+ y 2 5 lS . (M. M. 1890). 

ft 1 4 * 2 pqx 4- (2 pr -t- q")x l 4- 2 (ps 4- f /r)x A 4- qztj v 4- rHr 4 4- 2;'xv 3 4- 1 ,5 

4 - 1 2a 4 - $(1* 4 - 14#* - 11 a x - 4a 5 4 - 4a 0 . 

r 4 4 - 2(y 4 - *)* 3 4 - ( Zy 1 4 * lys 4 - 3-‘-).r 2 4* 2(y° 4 -j' 2 ~ 4 - iac /j 4- 4 -. i ' 4 

4- 2 jPs 2 4 - 2' 4 . (C. E. 1888). 


i* 


181 . To find the square root of fractional expressions 

Buie. Proceed exactly as in Arts, 178 and 179 

Ex. 1. Find the square root of 2.r* - Va * 2 4- 4** — 2.1 4-4. 

Arrange the expression according to the descending poweis oi 
thus 


4-i* + 2.1 

4 £*___ 





4 v a 4 - \x I2.r 5 - V 


:>2x : 
f 2.1 n 


4 - 


l r 2 
1 •* 


4.V 2 + .V 



(S.r- 

8.r* 


2-r + 4 

2.r + 4 


182 . As the fourth power of a quantity is the square of it& 
square (Art. 170), so the fourth root of a quantity is the square root 
of its square root, and may therefore be found by the preceding Rule. 
Similarly, the eighth root may be found by extracting the square root 
of the fourth root, and so on. 

Thus, if it be required to find the fourth root of a* 4 *4# 3 * 4 - td l x' 1 
4-4#*" 4-**, the square root will be found to be a 1 + 2 ax+x* y and the 
square roftt of this to be a 4 -.r, which is therefore the fourth root of 
the given expression. 

183 . Sometimes we meet with algebraical expressions whose 
square root cannot be found exactly. In such cases an approximation 
to the root can only be obtained to any degree of accuracy. 



EVOLUTION. 



3 x. Find to four terms the square root of i + x. 

* 

16 


l + J \ I + Z-?+ 72-&C. 


I 


2 + 


J 


X 


x + 


X 


-2 


2+.V 


*» 

V - 


•» 

Jt'~ 


4 

-t 


_ _ r " , -L 4 

4 8 + 64 


.r 


2+x- 4 - 

4 )6 


)' r 

y 8 


-4 


,r 

64 






4 ‘ ' .1 X" X 

8 + i6 64^256 


.« <> 


_ 5£ 4 -f-' 1 _ x 

64 64 256 

Thus the square root of 1+.i* to four terms is i+jt 
there is a remainder - x \ r 4 + ( ,Vr r ‘ - * l- h x l) . 


__ 1 r l r » 

s-'f T 1 j ,- 1 


Exercise LXXVI. 

Kind the square roots of :— 


1 

*) 
l - 

' + 

9 .j + 2 

2 

<> 

, 4'“ 

»* 'll 


9 

*- 


JK- 

4. 


0 **. 

- *X" ■ 

- T.'r" 4- x + 

1 !»- 

5* 

9.r* 

- e.t'V 4--!; - .r 2 >' 2 - 

- 2 XJ'* 

6 . 

1 

vr - *4 

■ x l y L 4 - 2x n y 

** 4- 

7. 

l-V 4 

- ;f^V ! 

' + l\a-x l - 

iV?* 

8 . 

.r 4 - 

• 2 X l - 

2 1 

J* + i ; 4 + 3- 

(C.K. 


4.1 

.r* 


‘i 


3 . 


25 a 4 


-2-h 


9 ^ 
2 5<r 


9. 9 lv 42 — 24 .tr + 19 -^ + ^ . (c.E. 1890 ). 
10. ** + 4 .r+ 10 + — +^«. (M.M. 1880 ). 


H .r- 2r . ±ic u- , 

• a" a +3 “ x + &' (B - M “ i89o) - 


2 T A 
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12 - 

13- 


14 


ax 1 . a 1 


4 ax 


- +44*+™ 4 - (c.K. 1889). 

4 3 9 3 

i 6 r ?i Qy 3 i 6 r 2 

9^2 s’ 5s' 3 + 25V-' * 


^ 4 / * 2 

y+^4 -4 


:■£ + 6. 


'Extract the fourth roots of the following : — 

1$L 1 - 4# 4 - 6 x 2 - 44^ + .r 4 . 16 . < z 4 - 8 « H 4- 2.4^- - 32*1 +16 

17 ?. 1 6a* - 96a 8 £ 4 - 216 a 2 6* - 21 6ab 8 + 81 b *. 

18 . t - 4* 4- 1 o.r ? ~ 16.r s 4-19.V 4 — 16,r n -4-1 o r° - 4.r 7 4- .r 8 . 

Extract the eighihrroots of the following :— 

19 . 4 r 8 — idr 7 + H2^r°— 4 448 jt 6 + 1120.1-*- r792^ + j792.^ - 10244:4*256. 
SOL’ • a 8 - 8a 7 A 4 - 28^ 2 - 56 a*P + 70a 4 * 4 - 56^//’ + 28^ - 8* 4 - 

Find the square root of each of the following to four terms 
21 . I -2.r. 22. a 2 4--r 2 . (C.K. 1877 ). 

23 . cP-b. 24 . 1 — .r — r-. (uK. 1885). 


184. Square Boots by Inspection. When an Algebraical 
expression can be put into the form of a square of a binomial, itt- 
scj.iare root can be obtained by inspection alone. 

y Ex. 1. Find the square root of a 2 4 - b* 4 - c l — lab 4 - 2 ac - 2 be. 

Arrange in powers of a, and the expression 
= a 1 - 2 a{b — c) 4- //' — 2br 4 - r a =a 2 - 2#(£ — c) + (6 
={a-(b-c)\>. 

Hence the squai e root =a — (b — c) = a — b 4 - c. ^ 

X. 2 . Find the square root of ^ 4 : 3 4 -* 2 ^ -4^4*4- * J 4-12. 
(C.K. 1866). 

The given expression = ( .r a 4- 1 V —4(2^4-24- 7 3 J 4-12 

( I V 2 

4 T 2 + " . j - 2 = 4 T 2 ~ 2 + ^ . 
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3 . 


4 . 


Exercise LXXVII. 

/ 

Kind (by inspection ) the square rout of the following :■ 

( p,K * c.E. 1907). 


b 2 

2. 4 - 4^+2^ + c 2 -£r +— . (c.E. 1876). 


a 2 b 2 2^ 

^ + ^ + 3 + ^ + d • 


(A.E. 1890). V 


A'* y* 


V■* 

a 


+ ' L + ^ -1 *. (n.M. 1893). 
y .r j y .r 4 


5. -t 4 + +1 j/ 2 ? 2 - 2.v -" 2 - _i'; r + . 7 4 . (U. M. 1892). 

6. .r 4 - 4.r ; + 6x- - 4.V + 1. (m.m. 1880). 

7. {ab+ac+bcf-iabc(a,+f). (c.E. 1888). 

8. (i ,i + b l + c^-Yd 1 — 2a(b — c + d) — 2b(c — d) — led. (C.E. 1868). 

9. a* + 6* + c* + d* - 2(« 2 + c l , {lr + (?-) + 2d 1 c 1 + 2b' 1 d". (C. K. 1867). 

10 . {d 1 + /; 2 -f- r 2 )(.r i +jr+sr 2 ) - (fc - ry) 2 - («r - as )' 1 - («y -- 4.r) s . 

(C. K. 1878). 

11 . («-%-^-2(fl s +i ! )} + 2(«i J +i‘). (B. M. 1887). 

‘12. ' 4{(rt s - 6 3 )cd+ ab(c 3 - d 3 )) 3 + {(«* - b 2 )(d - d 3 ) - 4 abed) 3 . 

13 . 3(3a 2 — 2 nd + £ 2 )(cz 2 + 3d 2 ) + b\a + 4b) 3 . (M.M. 1898). § 

14. a 4 + z(2b — c)a 3 + 4a 1 b 3 4- yi z c 3 + 4 abc 1 — 4<rbc + t A — 2 ac'. 




)• 


185 . To find the cube root of a compound expression . 

Let us consider the expression a* + 3a 2 # 4- $ab 2 +which we 
know to be the cube of a + b> and see how we may get the root from it. 

Arranging the terms in descending powers of n % we see that the 
first term is a\ of which the cube root is a, and this we set down as 
the first term of the root. Subtract a z from the given expression and 
the remainder is 

3 (fib + 3ai 2 + IP or (3a 2 + 3 ab + b 3 ) x b . 

, Now dividing the first term of this remainder by 3a 2 u t\ by* 
three times the square of the term already found, we get b 7 the other 
term in the root. Having found b , we can complete the divisor thus : 
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To three times add b , the new term in the root, and thus we 
get 3 a + b. We then multiply this quantity by b , and add the product 
to 3 a\ i.c. to three times the square of the root already found. 


The work may be arranged as follows in three columns :— 


, + (3« + W 

yr + 3 ab 4 b' 1 


a* 4 yvb -h 3 ab* yb" / a + 6 

<*]_ _ _V 

. 3^“/' 4 yib ' 1 4 ft 

yrb -f yio~ 4 ft 


Pursuing the same (ourse in any other rase, if there be no 
remainder, we conclude that we have obtained the exact cube root. 
This process may be extended so as to find the cube root of any 
multinomial expression consisting of more than four terms. 


Ex. 1 . Find the tube loot of &r'+ \2xy+6x/ 1 +f''. 


6* 4 y 121 

46at4/ j 
1 2X l + 6a y 4 v' z 


8 a r ' 4 1 2 xy 4 6.rr- 4 f' / ( 2 .v 4 y 

8 a*" _ " V 

1 2xy 4 (lv/ 1 4j^ 
i2x i v + ()xv~ 4r 




Ex. 2 . Find the cube root of A* u - 3 .r ri -34*4 11.04 6 a 4 - i2,r-8. 

a 11 - j.r ’ - yi A 4 ii -i" 4 f».r M - 12 .r - 8 / .v 2 - x 


1 y 4 






3-r 8 - r 

-3.tM-.J21 - 3 *»' 5 - 3 .v i 4 1 i.O 

1 3-0 - 3 .O 4 x* | 

- 2 .t a * 2 1 - 3 -v s 4 l* 4 —-i 8 . 

3.1* 2 - 3.r - 2 .3.V 4 - yx ?> 4 3** \ - b.O 4 1 lr* 4 6.0 - 12.1 - 8 

— 6.0 4 6.v 4 4 I 

i 3 .v 4 - 3 .r' ! - 3.1 * + ()x + 4 - 6 - r * +I2 ^ + 6^-i2f-8 . 


186 . Cube Roots by Inspection. When an expression, 
which is arranged in descending powers of some letter, consists of 
four terms and is a peifect cube, its cube root will be the algebraical 
sum of the cube roots of the first and last terms. 


Ex. 1 . Find the cube root of 27O- 135^4225^- 125^. 

Observing that (2 7.0)4 3 f(- i2S^ s ) = 3.r- 5^, we have the given 
Exp. = {yef - 3.3*.50(3* - 5*1) - {yzf =(3* -5a) 5 . 

the cube root=3.r-5rt. 


187 - The above process can icasily be extended to the 
in which the cube root consists of more than two terms. 


case 



K VOLUTION. 



Ex. 2 . Find the cube root of x ti - ytx & + 5aV - $a\x - rf*. 

Here, Jjfx r ’-=fo 2 and ^(-0°)=-^®. Also -3 ajfi divided by three 
times the square of* 3 , ?. c. 3.V 4 , gives - ax. 

Hence, the cube root, if there be otic = v 2 - ax - a*. 

On verification, we find that the cube of x* — a.\ — ar is equal to 
the gi\en expression. 


1. 

3 . 

5 

6 . 

7 . 

a. 

9. 

10. 


11. 

12 . 
13 . 






23 . 

24 


Exercise LXXVIII. 


Find by inspection nr otherwise tire t ube root of :— 

.r* 4 - 6 x\v 4 * 1 2.ry 1 4 - 8 r". 2 . a' ~ <yi 2 4- 27a - 27. 

X* 4 -12,1 2 4 -48-r 4 -04. 4 . 4 - 54^ 3 - 27/A 

r A 4- 24 a~b 4- J 92 air 4- 51 2b ? ‘. 

8 r’ - 84.r 2 r 4- 294 rr - 3431A 

;;A — r 2;//'-;?1 4 - 48/////A1 2 — 64WV. 

cc. t :>1 - i $a-fa " 4 - 75 ^/r 1 0 — 125 /A 1 

a li 4 * ba' 4 -15^ 4 4 - loa* 4-15 /r + bn+i- 

r u - 1 2x : ' + 54-v 4 - 112.a n 4 -i o8.t 2 - 48* 4- 8. 


x h 4 * 6.x r> 4 - 2 ix* 4 - 44 r* 4 - 63*-' 4- 54* 4 - 27, ((\ k. i 8f»6) 

a Vt — 3 a h b 4 - 6 a* ft — 7 cvb 7, 4 - herb* — 3 f ib : ' 4 - /A 

8.r° 4- 48 . 0 r 4- 6 ox */ 2 - 8orV - 90* V* 4-108 xf u - 27/’. 

jA^ + bx 7 - ioc ,? 4-12.1 6 - 12.x 4 4 - io* 8 - 6 ,v 2 4 “ 3 -v- i. 
x* 4 - 3X'V -l- /’) 4- 3 t (a 1 -b 2 nh 4 - /r) 4 -' cv' 4 - 3 orb 4 - lab* 4 * Ir ’). 


+ 4 * - 8 ?" 2< [- 17 . « u + * u + 6(a 1 + ',3 + r5 («*+'.)+20. 

■27#* a rr 3^ a° \ «V \ <r/ 

< 2 S - P 4 - C - 3 [a l b - ah' - ab 3 - ric 3 - 0 V+. 

I - 6,r 3- 2 [ x l - V>-> "+ 111 .v 4 - 1 74** + 21 q.x " - 2041 7 4 -1 44 - l ' s - fy- 1 ' 9 - 

(. + 5 v s ;‘-.t s f 3 + .» -)*. 21. *\x i + 2 ,y 1 f-y i (jx-+y'?.‘ 

4 />" —r") 4- 7,/'*(a - cr + 7J>'' b" - at )(a — r). (M. K \. 1H87). 


Find the sixth root of the follow int* expressions — 

1 4-12.r 4 - 6o.r 2 4 - 1 60.1 ’ 4- 240.1 4 4 - 1 92x’4 - 64.x ®. 

, r K ~ i2(M ;, 4-dOrt s x 4 - i 6 o« 3 .t 3 4 - 240 d 1 .t 2 - 192ti*r + 64rt fc . 



CHAPTER VII. 


. MEASURES AND MULTIPLES. 

I. HIGHEST COMMON FACTOR. 


; m ^ When one quantity divides another without remainder, it 
fs said to Pleasure it, and is called a measure of it. / 

Thus, 3, a, b , jUy ab y <i 2 , &c., are all measures of 3<r<$. 


* 189. A Common Measure of two or more quantities is one 

^vhich divides each of them without lemainder. 

{ Thus, a, b y 3#, 3^, ab % 3 aby are all common measures of $arb 
pnd 15 abc. 

V 

' 190- The Greatest Common Measure of two or more 

Expressions is the expression of highest or greatest dimensions or 
degree which divides each of them without remainder. 

Thus, $ab is the greatest common measure of 3 d l b and 15 abc. 

i 191. The term Greatest Common Measure (briefly o c. m.) 
is not very appropriate in Algebra, for the terms greater and less 
are seldom applicable to those algebraical expressions in which 
definite numerical values have not been assigned to the various 
letters which occur. It would be better to speak of the Highest 
Common Factor (briefly h. c. k.), or of the Highest • Common 
Divider (briefly H. C. ]).). 

j 192. To find, by inspection the H. c. K of two or more simple 
^expressions. 

4 

1 Buie. Find by Arithmetic , then . c. v. of the numerical coe¬ 
fficients ; after this number write the lowest powers of the letters 
common to all the expressions . 

> Ex. 1 . Find the H. c. K. of 9 aiV and 12 cPIPc*. 

m 

Here, the H. c. F. of 9 and 12 is 3. The letters common to both 
“expressions are a, 6 , and c. The lowest power of a is a ; the lowest 
ipower of b is b\ and the lowest power of c is c s . 

Hence the required H. c. 

m Ex. 3 . Find the H. c. f. of qab' l c'x l y, 1 2cFbc i y i and I5« 2 ^V. 

Here, the H. c. v. of 9, 12 and 15 is 3. The letters common to 
all the expressions are a, b and c , and the indices of their lowest 
powers are respectively 1, 1 and 2. 

1 

* Hence, the required H. C. F. ** 3 abr. 
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A 


1 

1. 

7, 

9, 

11 . 

13. 

15. 


Exercise LXXIX. 

Fir^She HVc. w of : — 

a?5 2 and a?b. 3. ax a y 4 and x*jps. 3. 2 X '' and 1 2xy. « 

and - 6aA\ 5. — and 6. io# 4 £ a and I5a*b\ 

j 2a?6e i and r8« 2 A: 3 . 8- 8alrx*y* and — I 

8 oXy 6dfy and to ab\v n . 10 . a 4 £V, aWc 5 and 

8 aHc 1 , \ 2 aWc and 4 a*b*c K . 12. 15 a*b, 60 a*b*c* and 25 aV. 

rav^V 2 15 ,r 4 rV 2 and 2 a* V. 14. 1 2 x"y".r\ \8x 2 y 6 s l and 24 y*?*, 

77 x?y h s\ 33 1 43 -ry-^ 0 , and ii.r^V. 


193. Witli the aid of the preceding Article, we may sometimes ’ 
find by inspection the H. C. F. of two or more compound expressions, 
if it happens to be easy to separate them into their component factors. ’ 

• 4 *4 

Ex. 1. Kind the H c. F. of (>d l b' L - $n l b and 3a 2 <,‘ + %cC l bc, 

6 d 2 lr - 8 a*b = 2u A b(^b - 4 a' 2 ), 
and 2 <*V J + 5 /rfo = d A c\ 2 c + 50 

Hence, a-, which is the H. c. F. of and is the reqd. H.C.F. ’ 

Ex. 2. Find the fi. c. F. of 6^V 2 (rt‘ 2 -jr-) and 4 « s .r(a+.r) 2 . < 

6 ^V 2 (ff J - x' 1 ) =- 2« <J a'.3.r(n; 4- r)(a - v), 
and 4 ^ 3 ,r(^ H-.r;- = 20 * i\2a[a +x){a 4 - .r). 

H. t. F%«s 2a\v(a +x). 


Ex. 3 . Kind the n.c.F. of a*(a 2 x 2 —3aA^ + 2r 4 ) and -a 4 -'(« 4 — 4a*r v ).. 
a\arx 2 — 3<z.r n 4 -2,r 4 ) = a‘ 2 .r 2 («- - 3^ 4- 2x~) = - .i')(a — 2.r). 

and # 2 (r* 4 - 4a 2 .r-) = ^- 4-r 2 ) — a 2 x 2 (a 4 - 2x)(a - 2.r). ( 

. H. C. 1. = a 2 X-(u - 2X). 

Ex. 4 . Kind the II. c. F. of x(a + i) 2 , x-(d 2 ~ 1) and 2 x(a 2 ~a~ 2). 


x(a 4- 1 ) 2 ~ i(fi+ iX^+ 0» 
x 2 ((r - \ )**-x.jc(a+i)(ti - 1 ), 


and 2 x[a~ - a - 2 ) = 2 ,x[a 4 -1 )[a - 2 ). 
H. C. F. = .r(a 4- 1 ). 


Exorcise LXXX. 

Find the H. C. F. of :— 

3 

1. 3 x*y + 6xjP and ?>xy- gx^y”. . 2. 3 <z.r* - 2 u\r and a 2 ,v* - 3 abx x 

3. 3 a 8 4 - 2 a 2 <5— %ub A and 2 a A b-)r 2 ad 7 . ? 
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4 . a 2 + ab ancl a 2 - a(>. 5 . 6<r — 3 orb and 2 ab - nb 2 . 

6. cr — ft ancl a 2, - /A 7. + „r s and (a4*#) ? . 

8 . 4-r r '(a -Kr) <J and 1 a(T\r - x^'f. 9 - x'\a : — xf 1 and {(Ax 4- ax-') . 

10 . (a'b — ad 2 )' 2 and ab^i 2 ~ b*p. 11 . — i) and 8(a* 2 — 3.1'+ 2). 

12 . (ar 2 -Kr) 3 and rY.i --.r-2) 13 . 4(.r'-fcA) and O'r 2 — zax — sd 1 ). 

14 . 6x*y — 12.r‘“j'“ 4- 3 ry" and 4n„r 2 + 4c; r r 4 - 4«-.v. 

15 . x 1 +.r -- r 2 and „r s — 2.r — 3. 

16 . .f 2 4- viT 4- e y 2 and 1 “ — xv - 12r\ 

17 . rt 2 — .v*r - 3*t iJ and dr-f 3 *m + 2 i 2 . 18 . 12(.r- 4 -.rf and 8(.r 4 — yA 

19 . 4 - 1 2.r 4- 1 r) and <r.T J - 1 1 <r.r — * la'. 

20. <yh/ 3 1 - — 4) and 1 ?.(a 2 . r 2 4- {•' r -4- 4 \ 

21 . tr 4 - 5^ 4 * 4, 4- 2. r — 8 and >i 2 4- ?<i -I- I 2. 

22. r- — y'\ (x 4-id 2 and .r- } Tn' 4 - 2 r 

23 .r 2 — y 3 , i" - y 2 and .1 - 7 a v f 6y 2 

24 . or — 2a — 3, <r — ^ - 0 ancl cr 2 -- 7a 4-1 2 

25. I, <7 3 - r and a 2 '-a — 2 

26 . cr 4 * b' 1 ~ e 1 4 - 2a(\ a 2 - b' 1 — c 3 4 2/;^ and <7< 4 -^f - A. 


194 . liul if the U. 1 . r. of two ( omnound expressions be a com¬ 
pound expression, it cannot generally Iv* thus easih found by inspec¬ 
tion, but may always be obtained by a method we are now about to 
explain, the proof of which wdl be £i\en hereafter. 

195 . An alycbiaical expression is said to be of .so many 
dimensions as is indicated hv the highest index of its letter of 

j c 1 

reference. 

Thus i 2 — 7.V+10 is of two dimensions, i :i 4 - r of three . 

If it also invoh e other letters, it is said to be of so many dimensions 
in'each of them, according to the highest indu cs of each. If the 
dimensions of each term aie the same, the expression is said to be 
^lomogoneous, and so many dimensions as is indicated by the mm 
<#f the indices in each term. 

Thus,*y 4-3ay T r "> ,r> is of four dimensions in x. ancl Hire in y. 
It is also homogeneous and of fii" dimensions. 

196 . To find the u. c. K of two compound expiessions which 
cannot readily be resolved into their prime factors. 

'Rule. Arrange the expressions according to powers of some 
(ommoti letter , and diride the one of higher d’ •nenvons by the other ; 
or if the highest index happen to be the some in each, take cither of 
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them for dividend\ Take no7o, as in Arithmetic, the remainder after 
tins division for dzvisor , and the preceding divisor for dividend , ana 
so on until there is no remainder, 't he last divisor will be the U. t . r. 
required. 


Ex. 1 . hind the n. c. k. of x~ — 72 4-10 and 4/r"- 2 5^-4- 20.1 +25, 


v- — jx 4 - 10 14.r 3 - 25V 2 4-20:1-4-25/ 4:1* 4 -3 


o 14 x a -25r* 
-28.V- 


_+ 4 or 

3^-201-4-25 
3 r ,J - ?i.r 4-30 

.r -5 l.f- - 7-r 4-10/ .r 


K: + '\ 


ir. c ! 


- 2.1*4- io 
-2 f+IO 


The above woik may be shown in short thus — 


2 


.1*“ — 7.1 4-1 o 4*r* - 23.r'“ 4- 2o.r 4251 4.1 

.r- —52- 4 — 28.1- 4- 40. i ; 

0 — 22' 4 - 10 32'“ — ?o r 4- 2 5 I 3 

— 2j_ 4 - 32-“ - 2 1 2' 4 - 30 

x - 5 I 
II. ( . ! . “ 2 " — ^ 


_ o 

m v - — 


• « 


197 . If the 14111*11 cn., nessions have both or either of them, m» 
any rase, ample f,triors, as in Art. r<;2, these must he struck out, 
and the Rule applied iO the resulting expression.-*. Then the U. C*. t. 
of these, being found as above, will be the same as that of the given 
ones ; except it she 'lid happen that we have to strike fa* tors out of 


both of them, and that these frrfots themselves have a common factor. 
In this ease the n. C. 1. found, as above, of the resulting expres¬ 
sions, must lie multipbcdjvy this common factor, m order to produce 
that of the given expression-,. 


So also, whenever we umvcM a remainder, according to the:.* 
Rule, into a divisor, we may strike out of it any simple factor it may 
contain. Here, however, there »s no restriction, as in the former case ; 
because no part of such a simple factor can be common also to the 
new dividend, which, being the same as the former divisor, will be 
already clear of simple factors. It R only with the first pair, 01 
given expressions, that we shall have to attend to this. 

And, if, moreover, the first term of any such remainder is 
negative, we may, for the sake of neatness, before taking it as a new 
divisor, change the signs of all its terms, which is equivalent to 
dividing it by —t. This can only affect the signs of the if. c. K 
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Ex. 2 . Find the Ti. C. v. of 

2x : ' - 8 a * 4 4 12 r 3 — 8 a 2 4 2A and 3A" r * - 6 a 3 4 3.r. 

VVe have 2 .r 5 - 8a: 4 4 \ 2x* - 8a 2 4 2 .r = 2x(x* - 4,r 3 4 6a 2 - 4A* 4 i), 
and 3A* 5 - 6a ?j 4 3-v= gA'(,r* - 2„r 2 4 1). 


Also 2 x and 3* have a common factor x. K&moving the simple 
factors 2 x and 3«r, and reserving their common factor x , we continue 
as in Art. 192. 


A 2 

2 X 

1 


j-t 4 - 2A'* 4 - 1 

l 4 - 2 J*± x ' z _ 

i 2A*™3** 4*1 

j !U* 3 — 4 X 2 4 2X 

X* — 2X 4 1 

a- 2 - 2.t* 4 I 


a 4 — 4A n 4 6a* 2 — 4 I 

A* 4 - 2 A 2 ft 4 T 

— 4 .r; - 4.r"48.r 2 —+* 

AT* — 2 AT 4 I 

/, H. C. r. reqdi«-v(.r s - 


2 A 4 i). 


198 . f , If now, having first attended to the directions of the above 
Art, we find at any step of our process, that the first term of the 
dividehd is not exactly divisible by the first of the divisor, then, in 
order to avoid fractions in the quotient, we may multiply the whole 
dividend by such a simpl^jfactor, as will make its first term so 
divisible.- * 


Ex. 3 . Find the H C. F. of (a ~ y 4 4-iy~ - 2y* 

and Sx* 4 4xy - 4 xyK 

Cb 

• We have 6 xy 4 4 xy' 1 - = 2y{yx- 4 2.1 y —j/~), 

' ' and S.r 3 4 4 x”y - 4.1 :y L = 4r(2.v” 4 xy -_y 2 ). 

y , 

, Now, noting that 2 \y and yv contain the common factor 2 and 
keeping it for the reqd. 1-1. c. f., we proceed with the remaining expres¬ 
sions^ follows. 


2 X 

lx 2 4 xy —y l 

3A 2 4 2.iry —y' J 


2.r” 4 2xy 

2 

-y 

- xy -y 2 

6 x' J 4 4 xy - 2y 2 


- xy -y 2 

tei + PZ-W*.. 



y ) xy+-y L _ 

* 


1 - v + y 


H. C. v. required = 2(^4- y). 


Ex. 1* Find the n. c. f. of 

* y 

\ 4 

;/,' -C.r* + 33T 2 + 36a' - 27 and Ox* + 31^4- 33^° -19^-3. 

\ > ' 

We have Or' + 33X 2 + 36* - 27=3(2A S + iix 2 + i 2x - 9). 
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Rejecting 3, we proceed as follows 


* 

2 * 3 4 -II* 2 4 -I 2*“9 

6 * 4 4 - 3 i- 1 '* 4 - 33 * 2 ~ * 9 - r ~ 3 


2* 8 4- 5* 3 — 3* 

6* 4 4- 33_r n 4 - 36*" — 27* 

3 

6.t - 4-15* - 9 

- 2* 3 — 3 ** 4 - 8* — 3 


6* 2 4 -15*—9 

WavaanBB lat mIMM »■ »■ 

- 2a 3 - 11**- 121*4-9 


17 

4, 8*- —?o*-12 

j 


,.i-a + 5.1 - 3 


/. H. c. K reqds*2,r- + 5* - 3, 

r / 

Exercise LXXXI. 

Find the H. c. r. of : 

> 1 . 3*-4-* — 2 and 3.1 2 4 -4*-4. 2 . 62 - 4 - 7* - 3 and i 2 * 2 4 -i6*— 3. 

3 . 9*~ - 2 5 and 9*- + 3 r - 20. 4 . 6 1 - 4 -13.r f 6 and 8.1 - + 6* - 9. 

5 . 15 v 2 — x — 6 and 9,1 J — 3.1-2. 6 . 6* 2 — .r - 2 and 2 n * • 26 r ; 4- fi.r 

7 . 8 r~ 4 - ii\x - 15 and 8t ? + 30t 2 4 -131 —30. 

8. 4i 2 -f 3r- 10 and 4* ' + 71 2 - *;*- 

9 - 2a * f (xt 2 4 -6a 4 - 2 and 61 3 4 - f> 1 * -6.r — 6. 

10. 2r 8 — 1 oj 2 4- r ?v and 3 v 1 — 15 F 4 - 244 2 — 24. 

11 . r s — 6 ax~ 4 -12 i a .r — 8 a* and .1 4 - 4 a x\ 

12 . 2,v 4 - io 1 2 f-14a 4 -6 and \ 9 + r* 4 - 7* 4 - 39. 

13 . Ox" — Cx - 4- 2a - 2 and 12.t - - 152 4 - 3. 

14 • 3** — 221 — 15 and 5„r 4 4 - » n — 541 2 4 -1 8*. 

15 . 3* 3 — 3*7 v-\-xv 2 —y an(L 4a 8 — t -y — 3* v*. 

16 . j* 3 —8*4-3 and .t 8 4 -3a r ’4-* 4 -3. 17 - v n -5* —2 and 2\ * 4 - 3.1* —8. 

* 18 . 3** 4 - 3* 2 - 152 4- 9 and yr* 4- 3a i - 2t* 2 - 9*. 

19 . a 3 4 - * a .y 4 - .*y 4 -y and r 4 4- x V 4 * 47 s — y*. 

20 . 2a 4 4 -cPb - 4 aW — 3<?^ 3 and 4#* 4 -- 2rf s ^ s 4 - 

21 . 5* 3 4-2* 2 - 15^-6 and — 7** 4 -4** 4-2 t*- 12. 

22 . * 3 4 - 6 * 2 4 -n* 4-6 and * :, +9**4-27*4-27. (c. K. 1866 & is. m. 1893.) 

23 . * 3 -7* 2 — 80*4-576 and 3*--14*-80. (c. E. 1882). 

24 . * s - 5 <** 3 4 - 7 '? 2 *— 3 ^ n and 3** — 10**4-70*. (c\ E. 1880). 

25 . * 3 -8* 2 —12*4-144 and 3-r 2 - 16*-112. (a. K. 1889). 

26 . * 3 4 - 3* 2 — 9* 4 - S and * 8 — 19* 4- 30. (c. K. 1859). 

27 . * s 4 - 4 ** — 5 and ** - 3* 4 - 2. (c E. 1868). 

28 . 2x* - 5*- 39 and * 4 -212-18. 
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x ? ' - x 1 - 8.v + 12 and 3.1" - zx - 8. 


(a. k. 1892). 


30 . 15«r n -4^-53^4-30 and I 5 .r a -;r- 3 i.r- 15. (c.KA. 1882) 

31 . 2.r 4 + x* - 20 r 2 - y.v 4- 24 and 2;r 4 4 - 3a: 3 - 1 yc l - jx 4-15. 

32 . 3r/ tt 4 -15 a*b - 3<rV/ j - J 5<z V and 1 oa" - 30^ ^ - 1 o# V/- 4 - 300^. 

33 . x* - 2^ V 4 - 2 rr - y 4 and a 4 - 2.rV 4 - 2x i y- - 2+y 3 +y\ 

34 . .t 4 4- 6 r 4-1J x~ 4 -4r - 4 and x* 4 " 2.r n - 5„r 2 - 12„r - 4. 

35 . 20.1* 4 4 --*' ,J - 1 and 25.V 4 4 * S x? ' -x - 1. (i\ K. 1896). 

36 . .r■ - 2^r 2 - 5 <ta' -12 a 3 and x n - 7 ax' 1 4-13<r.v - +r. (a. E. i 891 j. 

37 . 2.r+9A 2 4-4-v-15 and 4.r l 4 -&xr 4 - 3-V 4 -20. (c. e. 1867). 

38 . 4.1" - 8 a r 2 - 20tf 2 .i 4 - 24^ and 4- 24^.1- 4- ( )div - 36<r\ (c. E. i 888). 

39 . ,3.v s ~ I 7 .r 2 + 19-r 4 -11 and 6.r- 25.r 2 + 17+- 22. (U. E. 1872). 

40 : 2x* -tf 3 - 9.V 2 4 -1 jX -5 and 7 .r‘- 19^4-17^-5. (M. M. 1889). 

41 . .r 6 4-A 4 4 1 and .r (i - 2.r 4 4- 2 2 - 1. (c. e. 1890). 


42. 

43. 

44. 

45. 

46. 

47 . 

48 . 

49 . 

50. 

51 . 

52 . 



6.r s 4 - 7 x l -9v 4 -2 and 8 a * 4 4- 6 a n - 15.T-4*9r - 2. 'M. M. 1890':. 
a- 4 - 6 ;t: 3 + 7v 2 + 6 v -8 and 2J r ‘ - m - 2 +1 i.r4-4. (M. M. iS 8 ^). 

2 x* 4- 3.1- 2 + 2 x - 2 and 4 X ' 1 - 2.1 " 4 - 2 x - 1 . (c. E. 187 ^>). 


a 4 - 9 <r. r 2 4 -1 oa x and dX* - a ' 1 r 2 - 4a 1 (c. E. 1873;. 

3.T 3 - 51 2 4 - 5.1' - 2 and 2.r 4 - 2,1* 4- 3.1' 2 - x 4 - J . (C. K. 1 893 ). 
„r(6.r 2 - 8/) - _r(3-ir 2 - 4 y 1 ) and 2 xy(2y - x) 4 - 4-r 2 - 2,r. (c. E. 

^.v 4 - 2.v n - 4.1' 2 — 55_r and j* a 4 - 8.r 4 4 - 2 5.7" 4 - 52,r 2 — 1J r. (c. K. ! 
.t' 4 — 3.1 4-20 and 5.r 4 --3^ + 64. (p». m. 1882). 


1883). 

»94)v 


.r ; 4 ~ \.x 4 ” ,{ and x* + y,x 4 " y t . ((. . K. 1879). 

6.v 4 +;r 5.r-2 and 2.r 4 4-3a n + 2.V 2 -7v- 6. (c h. 1875). 
.v 4 +.r :i - 1 Li“ - (-jx 4 -18 and .r 4 -10^4-35T J -50.14-24. [C. K. 1877). 
20a 4 - 3 ^, 4 - b A and 64a 4 - 3 «/> 3 4 - 5 ^ 4 . (C. K. 1891). 


54. .r 4 — $x 3 4 - 2S.r 2 — 5 3.1' + 4 2 and .r 4 4- 6,r ~ 4 zx 1 +1291 — 154. 

(M. M 189]). 


55 . 2.V 4 - 2 .v :? +.t- 4 3.1' - 6 and 4.1- 4 - 2 r + 3.1 - 9. (a. e. j 893). 

5f>. .r 4 - 2.r 3 +.1 2 - 8.t + 8 and 4.V 2 - 12.r IJ + 91' - 1. 

1 

57 . (n A r- x\y - 3.vy + 3+1'''' -y 4 and g.r v - +rV - 2.i* 3 y j + 3 xy* ~y x . 

58 . 1 2 x h — 1 2x ? y* + 1 2 .r 2 y — 3 xy 4 and 12 .v 6 + 8.r 4 + — 1 B.ry — 6x‘ z y 3 + Jxy*. 

59 . 3X 4 — 1 ozV + 22+y ~ 22.1+" +15y 4 and 2a^ - 7^ + + 16.r 2 y 2 - 1 7%y* 

+ I2y\ (M. M. 1882). 

60 . 7X 4 - io«ar s + 3a 2 .r 2 - 40V + 4« 4 and - 13^ + 5a 2 .t' 2 - 3a 2 * + 3a 4 . 

(B.M. 1884). 
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61. 2X 1 '- I i.r- — 9 and 4.i s +1 n' -t- 81. (C.K. 1865-66 & l‘.K. 1890 & 

A.K. 1898). 

62. 4* r ' - 209.V 2 + 15 and r j.r fi - 209 r® + 4. (m.k.a. 1891)- 

63- .r 3 + 3.1 4 + 46a"+ 89.1'- 4- ■' 27.1 -f 164 and .r e + 3.1'" + 46.1'' + 89.1" + 
132^ + 169^ + 205. (C.K. 1895). 

64. What value other than zero must be ^i\en to a in order that 

.i n — x — a and a ~ + x-ic may have a conpuon factor, and 
what ib their li.c.r. when n has this value ? 

65. Find the \alue of y which will make the expressions 2(y j +j/).t- 

F 11 \y - 2)X F 4 and 2 (jr 4 * y~)x z F (i n ,tJ - 2y)x 1 F {y z F 5 y)x 
F5r — 1 have a common mcasuic other than unity. 


199 . To find the H.c.i. of more than tun expressions whirl) 

< annot easily be resohed into their piime factors. 

Rule. U'ind the ji.c.k of any two of t ! i>'in. t hen the of 

this answer and the third, and so on. The Uni H.C.K. will A the 
required il.ttK. 


Ex. Find the 
2.1 3 - 7„ t - F ibx -15. 


11 c.K. of 


i* : ~ r J F 3 -t*F 5 , x *- 5-» 3 F nr- 15 and 


l»y the usual process, it will be found that the ll.< of x* — x~ 
F3.VF5 and a* ~ 5.1 2 F 1 u - 15- .i 3 - 2.r + 5. 

Proceeding as befoie s it will be found that the h.c.k of t- -2.rF5 
md 2.v 3 - yx" - 16.r - 15 =■ x 2 - 2.1* F 5. 

/. 11. C.K. of the three expressions = .x 2 ~ 2 t F 5. 


Exercise LXXXII. 

, Find the H.C.K. of - 

1 . x* - 4X 1 F 9a - 10, j " F 2,t 0 - 3-r F 20 and .i ? F 52 - - »>i F 35 - 

2 . .v 4 FF 1, a *'F.r 4 ~.r-~ 1 and.r 4 —1. (c.K. 1869). • 

3 . 20.V 4 F.v 3 — 1, 25r 4 F5-r r — „r - 1 and 25a 4 - ioa 3 F 1. 

4 : — 2r 3 - 1 9* F 20, ;r F 2a- - 23.1 - 60 and .1 1 F 7 * ? ' - 4*' - 52.1 F 48. 

5 . 3-r' — 14,1“ F 16r, x Vt — 7.1 2 F i6.r — 1 2 and 5a' 3 — 1 ox 2 F?.r- 14. 

6/ 8 ^r a Fi 4 ^F 3 , 2o.r s F9.t 2 — 3*- 1 and 12.1 s ~ F 1. 

7 . 3.r s - 8,r 2 F 7* -2, .r 3 - 4.x* 2 F 5 -r - 2 and 2/r n - 4.r 2 F 32- - r. 

8. .r 6 F * 4 - 4** F 2,t 2 F 6a* - 9, ,r 4 - .x 2 F 6 x - 9 and .x 4 F 2.r s - 5.P- - 

6.rF9* (b.M. 1886). 
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200 . In order to prove the Kule given above, it will be necessary 
to shew first the truth of the following statements. 

(1) If P be a measure or factor of A, it will be a measure or 
factor of mb. 

For let a denote the quotient when A is divided by P ; then 
A=rtfP ; therefore #zA = ;;/tfP, so that P is factor or measure 
of mA. 

i 

(2) //‘P be a common measure or factor of A and B, it will also 
be a factor of the sum or difference of any multiples of A and B, as 

For let P be contained / times in A, and 7 times in B ; then 
A «=^P and B = ^P, and wA t»B=s;;//Pi^P=(w//±^)P ; hence 
P is contained mp L nq times in mA±nB> and therefore P is a factor 
of mA db«B. 

201 . Vo prove the Rule for finding the H.C.F. of two compound 
Algebraical expressions. 

0 

hirst , let the two given expressions, denoted by A and B, ha\e f 
neither of them any simple factor. 

Let A be that which is not of lower 
dimensions than the other: and suppose A 
divided by B, with quotient p and remainder 
C* B by C, with quotient <7 and remainder 
D, and C by D, with quotient r and no 
remainder. 

Thus, we have the following results 
A -^pB 4 * C, B — qO D, C = rD. 

Then, by Art. 200, all the common factors of A and B are also 
factors of A -pB or C, and are therefore common factors of B ancl 
C ; and, conversely, all the common factors of B and C are also 
factors of pB + C or A and are therefore common factors of A and 
B. Hence it is plain that B and C have precisely the same common 
factors as A and B. 

In’like manner, it may be shewn that C and D have the same 
common factors as B and C, and therefore the same as A and B. 

And so we might proceed if there were more remainders, the 
quantities A, B, C, D, &c., getting lower and lower, yet stUl being 
such that A and B, B and C, C and D, &c, have the same common 
factors. 

But, here, since D divides C without remainder, then D is itself 
the greatest expression that divides both C avd D, (for no quantit\ 


B)A (p 

pB 

C)B(7 

7C 

0)0 (r 
*D .. 


,r 
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higher than D will divide D), that is* D is the greatest of the common 
factors of C and D, and therefore is the Highest Common Factor o r 
A and B. 

202 Next , let A and B have simple factors* and let A = aA y 
//=/*B, where a denotes the product of all the simple factors in A y 
and b of those in B y and A, B are the resulting expressions, when 
these simple factors are struck out : then A, B, having neither of them 
any simple factor, will have no factor in common with a or b. Now 
A or a A is made up only of the factors in a and A, and B or b B 
only of those in b and B. Hence, if a be prime ft> b y (that is, if a 
have no factor in common with b ), the only factors which A can have 
in common with B must be those which A may have in common with 
B, that is, the H. c. F. of A and B will be the same as that of A and 
B. But, if a and b have any common factor, then this will also be 
common to A and B y besides what may be common to A and B, 
that is, the U. C. F. of A and B will be obtained by multiplying the 
if. c. F. of A and B by the common factor of a and b. 

Hence, this case also is reduced to finding the H. c. F. of two 
expressions A and B, which have no simple factors. And, of course, 
the above reasoning holds if either a or b be unity, that is, if one 
<*nly of the given expressions have a simple factor to be struck out. 

203 . Having shewn that we may strike any simple factors out 
of the original expressions, we shall now shew that we may strike 
them also out of any of the remainders. 

Let then A, B, represent expressions having no simple factors, 
(either the original expressions A, B, if they have no simple factor, 
or else A, B, reduced, as above) ; and let us apply the Rule to A, B 
dividing A by B, and obtain the first remainder C : then we knov\ 
that the H. c. F. of A and B is the same as that of B and C. Suppose 
now that C = cC y where c is a simple factor, and C a compound 
expression, having no simple factor. Then C is made up of the 
factors in c and C; and B (having no simple factor) can have no factor 
in common with 6*, and therefore can have none in common with 
C but such as it may have in common with C ; that is, the H. c:. F. 
of B and C is the same as that of B and C. And, of course, the same 
reasoning holds with the other remainders. 

201 Lastly , if, at any step (supposing simple factors struck out) 
the first teim of the dividend should not be exactly divisible by 
the first of the divisor, as, for instance, in the case of A and B, 
we may multiply the dividend A by any simple factor a\ which will 
make it so divisible : for, since the divisor B has no simple factor, 
it can have no factor in common with a\ nor therefore any in com* 
mon with the dividend a 9 A, but what it may have in common with 
A, that is, the H.C.F. of A and B will be the same as that of a' A 
and B. 

M.A. — II 
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205 . Every common factor of two expressions is a factor of 
their Il.C.F. 

Let A and B be the two expressions, and D their fic.K Let 
d be any common factor of A and B, so that 

A = vui and B — nd. 

Then C = A -pB — md— pnd={m -pn)d ; | /A , 

also } QT=\l—qQ’=nd~q{m—pri)d={ti — inqArpQri\d\S ' 
and therefore d is a factor of D. 

Also, since 6 cannot contain a factor which is not in common 
with A and B, (foi then it will not divide them exactly), therefore D 
contains all the common factors of A and B and nothing more. 

206 . To prove the Rule for finding the H.c. V. of more than 
/7i to expressions . 

Let A, B and C be the three expressions, and suppose the 
Il.C.F. of A and B to he D : then the Il.C.F. of D and C will be the 
fi.C.i. of A, B and C. 

For, since D contains all the factors common to A and B, 
and nothing more (Art. 205), therefore all the common factors of 
D and C must contain all the factors common to A, B and C, 
and nothing more. Hence the H.c.F. of D and C is the same 
the H.C.F. of A, B and C. 

In the same manner, whatever be the number of expressions, 
thei* Il.C.F. will be determined by a continuation of this process. 

Or we may obtain the H.C.F. of A, B, C, and D, by finding X 
the n.c.K of A and B, and Y the H.c.F. of C and D ; then the H cm 
of X and Y will be that required : and so in other cases. 

207 . Nomenclature. We have already noticed in Art. 191 
that the term G. C. M. is not appropriate in Algebra. The reason for 
this will appear from the following consideration. 

The H. c. !'. of 3.r‘ 2 + 7x —6 and 3*®+ 13*- 10 is 3*-2; but if we 
put a = 3, these quantities become 42 and 56, whose G. c M. is 14, 
whereas the numerical value of 3^ — 2 would be 7. The fact is that 
3.r® + 7x ~ 6 = (3-r - 2)(:r + 3), and 3,r 2 +i3.r- io=*(3.r - 2)(.r + 5); and 
here, besides the common factor 3.1—2, the two factors ,r + 3 and x+ 5, 
which algebraically have no common factor, will have the common 
factor 2, whenever we give the value of any odd number. 

‘ 208 . The principle explained in Art. 200 can often be employed 

to shorten the work of finding the H. c\ F. 

Ex. 1 * Find the Il.C.F. of .r s + 6.r® —8.r — 7 and ^ + 8.r 2 + io.r + 2i. 



LOWEST COMMON MULTIPLE. 



The common factor must be a factor of 
3(,t s + 6 x 2 - 8-r - 7) + (.r n + 8,r- + iar + 21), 
i.c. of 4^r s + 26^ 2 —14V, or 2.r(2A* 2 +I3.v —7), 
i.e. of 2,r(2.r — 1 )(.r 4- 7 )• 

Now 2.r is not a common factor, nor is 2x— t, as is evident. 

/. x 4 - 7 must be the H. c. F. if there is one. 

Ex. 2. Find the H.C.K. of 2.r*- 5* +6 and 4.r s 4-.r 2 -* i2.r + 4 

The common factor must be a factor of * 

4 - r * 4 -* 2 -12.r 4- 4 - 2(22 5 - 5.1- 4 - 6), 

i.e. of -v 2 —2.r —8, or (.r 4*2)(:r — 4). 

\ow .v — 4 is not a common factor, for 4 will not divide exactl> 
both 6 and 4. 

/, x+ 2 must be the H. c. f. if there is one. 

II. LOWEST COMMON MULTIPLE. 

209. When one quantity contains another, as a divisor without 
remainder, it is said to be a Multiple of it ; and a Common 
Multiple of two or more quantities is one that contains each of 
them without remainder. 

Thus, 6 x ? y is a Common Multiple of 2.1-, ^xy. 6.r n , &c., and any 
quantity is a multiple of any of its measures. 

210. The Lowest Common Multiple (briefly l. c. m 4 of 

two or more expressions is the lowest expression that can be formed, 

so as thus to contain each of them. 

* 

Thus, 6.r \y is the L. C. M. of 2.r‘ J , 3ry and 6,r 3 . 

211. The term I .cast Common Multiple , as (ire a test Common 
Measure is objected to in Algebra, as being inappropriate, for reasons 
similar to those said in Art. 191. It would be better to speak of 
Lowest Common Multiple , and we shall use this expression. 

212. To find, by inspection , the L. C. M. of two or more simple 

expressions. , 

Rule. Find by Arithmetic , the 1.. O. M. of the numerical coc~ 
tridents; after this number 70rite the highest powers of all the letters 
that occur in the given expressions. 

Ex. 1. Find the L. C. M. of 4 a 2 b 2 c 2 and 6 ab'c*. 

Here, the L. c. M. of the numerical coefficients 4 and 6 is 12. 
The letters which occur are b, and c. The highest power of a 
is a 2 , of b is b 3 and of c is r 4 . 

the L. C. M. required = \ 2 e^lP<P. 

\ 


• • 
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Ex. 2 . Find the L. <:. m. of 4 a~6% ba&i?d % and 1 %a*6c\ 

Here, the L. c. M. of the numerical coefficients is 36. The letters 
which occur are a, b y c and d ; and the indices of their highest powers 
are respectively 3, 3, 3 and 2. 

Hence the required L. c. M. = 3 bcP 1 Pc*d' 2 . 

Exercise LXXXIII. 

Find the L. t. M. of :— 

1. ^d-bc and 6ab' 2 c. 2. and 1 2xy v \ 

3 . 8 a 2 x 2 y* and 12 4 . 20 xyz y 5 ax l y and ioay*z 2 . 
5 . <z 4 £ 2 , b*c and aV. 6. 4 a 2 b y zab 2 and 6 be 1 . 

7 . zb 2 x y 6abx 2 y and 3a 2 cx. 8 . 8a 4 , xod^b and iza 2 b 2 . 

9 . a 6 , s a*b, 10a*b 2 y 10 a'W, 5 ab 1 and b\ 

10 . 9.r 2 , bar, 8 a 2 , 36.tr*, 3a.*: 2 , 5oaV and 24a 7 ’. 

11 . 1 zcPb 2 <?x 2 y 28a^AV 2 and 7 t ]aW'c l x~y. 

12. 77a 2 b*c*x b y 91 a c £V 2 r 9 and J43a*iV i .r 4 . 

213 . With the aid of the preceding Article, we may sometimes 
find by inspection the L. c. M. of two or more compound expressions, 
if it happens to be easy to separate them into their component 
factors. 

Ex. 1 . Find the 1.. c. M. of d 2 b+ab~ and aV-A 4 . 

We ha\e orb + ab 2 *sab{a + b\ 

and tPb 1 - a 2 b A = ti-// 2 (tr — b t2 ) = a 2 b ,2 (a -f b)(a - b). 

Here, the highest power of a is a 2 , of b is b 2 , of a + b is a + fi and 
of a — b is a-b. # 

Hence the L. C. m .^d 2 b 2 {a^b){a-b)-d 2 b' 2 {d 2 - b' 2 ). 

Ex. 2 . Find the L. C. M. of 2a 2 (a+x\ 4a.v(a — x) and 6.r 2 (</ 4 -a'). 

, Here, the L. c. M. of the simple factors 2a 2 , 4ar and bx- is 12 a 2 x 2 ; 

$Hhat of the compound factors is (a+x)(a-x) — a 2 -x 2 . 

Hence, reqd. T.. (\ M. = i2 a 2 x 2 (a?-x 2 ). 

Ex. 3. Find the L. c. M. of 3(**+4*-5), 6(.t~ +2X- 15) and 
x 2 - ax + 3. 

We have 3(x 2 + 4*- 5) - 3(x - 1 )(x + 5), 

6(^2 + 2 X -15) = 2. 3 (jr - 3)(* + 5), 
and x 2 -ax+ 3 = (* - 1 )(* - 3). 
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Select the highest power of each factor, 

/. I*. C. M. « 2 . 3 (^-i)(x- 3 )(.r + 5)=s6(.r , +.r a - 17^+15). 

Exercise LXXXIV. 

Kind the L. c;. m. of :— 

1. axy and a(xy -jr). 2. ab 4- ad and ab - ad. 

3. 2 (a + b) and 3(a 2 -£ 2 ). 4. 4 (a 1 —a) ancl 6 (a 2 +a). 

5. a* + b* and a + b. 6- ;r a -.r~2o and x*+x— 12. 

7. x~ — 3.1* — 4 and x- —.r — 12. 8. a a - 1, a*+ 1 and a A - 1. 

9 . 6(.r 2 +xy\ 8 (xy—jr) and to(.r--j/ 2 ). 

10. 4 (a a - 1 2(a^ + **) and 8(rt 3 - a£ 2 ). 

11. 6(.r 2 _|/+.ri' 2 ), 9(.r 3 -.ry") and 4 (y*+xy 2 ). 

12. .r 2 +.r- 30, x~ -.r - 30 and ,r~ - 11 x 4- 30. 

13. <fb — ab", <r+ab — 2b 2 and a 2 ~ab — 2b' i , 

14. x 1 - j 2x + 35, x 2 - iox + 21 and .r 2 - 8.v + 15. 

15. a 1 + 5 a 4- 4, (i l — a 4- 1 and a 3 4* 1. 

16. xy, x-y and j/ 3 - x tJ y. (c K. 1866 and KM. 1893.) 

17. « 4J — x 2 y dr 4- 30.V 4- 2 r 2 and a 2 — 4V 2 . 

18. x 2 - 9, a" - 27, .v - 3 and + 3*+9. 

19 . (3* a - 3^)-, i8(rt*^ - ab 4 ) and 24(a*b* - b»). 

20. r 8 (a f 4)V - * 3 ), - 4) 2 (a 3 + and 36(0* - *»)’-. 

21. 5.v(.r y 4-2.r +i), 1 ox\x” - 1), and 1 $ ( x + 1 )(.r a -- ix + 1 ). 

22 2(.r — 2) 2 , 2.1- — 8, .r 3 + 2* and 2.r 2 - 4X. (c. E. 1871). 

23. .r s +rt*, x 3 -a*, x 2 +ax+a? and ,r 2 +a 2 . (a. k. 1889). 

24. x 3 - 1, x* + i, (at- i) 2 , (*4- i) 3 , at 3 - 1 and a 3 + i. (c\ k. 1885). 

25. 6x* - x -1, 3.1* + lx + 2 and 2x 3 + 3.r - 2. (c, K. 1869). 

26. d* + 6 ab 4- 5 b 2 , a 3 - a?b - <z£ 2 4- b* and d l 4- 5 ab - 6b 2 . (IJ. M. 1885). 

27. x*+x 2 y+xy*+y 3 and x*-x 2 y+xy 3 -y 3 . (C. E. 1870J. 

28. 1 +4*4-4*®- i6r 4 and 1 + 2*-8**- 16* 4 . (c\ k 1874& p. e. 1888). 

29 . 9A 4 - 28at 2 4- 3, 27* 4 - 1 zx 2 + 1, 27a 4 + 6.v 2 - 1 and x 4 - 6.r 2 + 9. 

(C. E. 1886). 

30 . .r 8 —3-r*+3.r— 1, x* — ,r s —-r+i and a 4 — 2** + 2* — t, (M. M. 1890). 

31. x 2 — 4 a 2 ^ x 8 + 2 ax 2 +4fl 3 .r + 8 c? and x 2 — 2 ax 2 + 4a l x - 8 a\ 

32. x 2 - (« 4- i).i’+ x 2 + 3<ur — yib — b l and a 2 — (2a + b)x -ab - 3a 2 . 
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214 . To find the L c. M. of two compound expressions which 
cannot easily be resolved into factors 

Let A and B represent the two expressions, and D their 11. c. F. 
found according to the Rule of Art. 196, Since each of the expres¬ 
sions A and B is exactly divisible by D, let them be divided by D 
and let a and b denote the quotients respectively. Then 

A=aD and B = />D. 


Now it is clear that a and b have no common factor. Therefore 
the lowest expression which contains a and b is ab , and therefore the 
lowest expression which contains and is abD, which is conse¬ 
quently the l. c. M. required of A and B. 


Thus, the l. c. m. = c?Z > D = 


fiD x b D 
D" 


AyB 

D 


Hence, we obtain the following Rule : — 

Rule. Divide the product of the two c.\ press ions by their H.< .F. ; 
or, which is wore simple in practice , divide either of them by their 
H.c.F. and multiply the quotient by the other. * 


... r their pioduct 

215 . Since L. c. M. of two expressions = 1 - , 

r H.C.F. 

/. L.C.M. x H.C.F. = Product of the two expressions 


Ex 1 . Find the L. C. M. of 9 x*-x -2 and 3.1 3 - lor- —7„r —4. 

The H.c K. of the two expressions will be found to be 3^“ 4- 2x 4 -1. 

By division, we shall find that 

<<>r s -x-2) (3-r a + 2x + I) — 3.1- - 2, 

and (3T 1 - iotr 2 - 7.r - 4) (3*- + 2X + 1) =x - 4. 
l,. c. M. required = (3.v - 2) (a - -4) (3-r"+ 2* +1). 

* 

216 . To find the L. c. M. of three or more expressions which 
cannot easily be resolved into factors. 

Let A, B and C be the proposed expressions, and let M be the 
l. c. M. of A and B ; then the L C. M. of M and C will be the 
L. c. m. of A, B and C. 

For, since M is the L. c. M. of A and B, therefore M contains all 
the factors that occur in A and B, raised each to the highest power 
it has in any of them, and nothing more. Hence the L. C. M. of 
M and C must contain all the factors in A, B and C, raised each 
to the highest power it has in any of them and nothing more, and is 
therefore the L. c. M. of A, B and C. s 

Sim ilarly, for four or more expressions. ? 



LOWKST COMMON MULTIPLE. 


167 


Hence, we obtain the following Rule :— 

Rule. Find the L.C.M. of any two of the expressions , and then 
the l.c.m. of this answer and the thud and so on . The last result so 
obtained will be the required L.C.M. 

Ex. 2. Find the L. c. M. of 2 r‘ J + .rj'-6i/ L> , yc* 4-8.ry + 4/ J and 

6ar‘ J — 5.rj/ — 6y 2 . 

First, find the L. c. m. of 21' 2 4 - xy — 6j/ 2 and 31*“ +8.ry + 4jr. 

Their H. c. i«. = or 4- 2j. 

Hence, their L. c. M.=( 2 o:- 3 j ')(3 x+2y)(x + 2y) 

-= 6;r + 7.1 — lOry- - 1 2y\ 

Next, to find the 1 .. c. M. of this expression and 6,r- — yry ~ by-. 

'rheii H. c. r. = 6 or 2 — 5 xy — 6 y*. 

/, L. c. !M. 1 equired== 6a* 3 4 -7a: 2 j/ — i6.ry 2 — 1 2y : \ 

This question may also be easily worked out by resolving the 
expressions into factors. Thus, 

2„r 2 4 -xy - by'* — (2x — 3y)(x 4- 2 y\ 

31 2 + Sxy + 4 y l - (3 x + 2 y)( x + 2 ^), 

and 6.r 2 - ycy - fir 2 — (3-r-r 2j')(2x - 3y\ 

Hence, the L. C. M. required = (2.r-37X3.1* 4 -2y)(.v + 2 *')• 

Exerois© LXXXV. 

Find the L. C. M. of: — 

1. 3 a : 4 - .v 3 4- 3 * - 1 and 4 a ; 4 - a : 3 + 4 * - i- 

2 . .r s 4-c>r 2 4* 23* 4 * 1 5 and x* 4 - i oo : 2 4 - 33 -f 4 - 36. 

3 . a H 4- 2 a~b - ad 2 - 2# 3 and d 3 - 2a 2 <$ - ab z 4 - 2^. 

4 . 3.r 2 — ioa,t* 4 - 7a 1 and x* — 5 ax 2 4 - 7<Px — 3a?. (c. E. 1880). 

5 . 6 a : 3 4 - 7x 2 - (jx 4-2 and 8 a: 4 4 * bx* — 1 5 or 2 4- yx — 2. (m! m. i890). 

6. 6a: 4 4 - 7 X* - 27a: 2 +1 7x - 3 and 3a: 4 4 - 1 7 ** + 27.V 2 4- 7 x - 6. 

(M. M. 1888). 

7 . a: 6 - 5a: 3 4 - x l 4 - 4a: — 4 and x* 4 - -V s - 6,r 2 - 40:4-8. (C. K. 1868). 

8 . x 3 — 6 a : 2 4 -1 i.r — 6 , .r 3 — 9a: 2 4 - 2bx — 24 and .r 3 — 8a: 2 4-1 9X — 12. 

9 .r 4 4“7or 2 4-i6, a: 3 4 -3a: 4-4 and x 3 4-30: — 4. (b. m. 1892). 

10. *» — 7a: 2 -80a:4-576, 3a: 2 —,14a:-80 and 3a: 3 4- 17a:-90. (c. K. 1882). 

11 . .r 3 4-7.t: 2 4-8^- 16, a: 3 - 130:4-12 and 3a: 3 4 -13* 2 - 16. 
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12. x ? - — 2x‘- — i g.r + 20, x* + 2x* — 23.V - 60 and x * + jx"‘ - 4.1 * - 52# + 48. 

(n. m. 1891). 

13. x b +x* — 4x s + 2X l + 6.r - 9, .r* - x* +6 x - 9 and 

x* + 2 X 3 - tjx' 2 - 6x+9. (1:. M. 1886). 

14. The H. C. r. of two expressions is x— i, and their I,. c. M. is 

.r & 4-4*r 4 + Ox 3 +;* 3 — 6.r — 6. One of the expressions is ,v s +.r s —2. 
Find the other. 

15. The 11. c. i*\* of two expressions is 0 — 1 and their L. r. M. is 

6/j 4 — 4^4-2# — i. One of the expressions is a* — yr' 
■f 2 fz s 4 -a- i. Find the other. 


217. Every common multiple of two oi more expressions is a 
multiple of their l. C. M. 

Let m be any common multiple of the expressions A and B, and 
M their T.. c. m. ; and let m contain M (if possible) r times with re¬ 
mainder jr, which will of course be less than the divisor IVJ ; hence we 
should have 

m~rM+s y and, s = ?n — r M : 

but since A and B measure both m and M, they would also measure 
w-rM, or s (Art. 200); i. e. s, which is less than M, would be a 
common multiple of A and B, contrary to our supposition that M was- 
their L. C. M. Hence will contain M with no remainder, and will 
therefore be a multiple of M. 


III. REMAINDER THEOREM. 

218. If px-+qx + r is \dividcd by x —a until the remainder is 
independent of x, that remainder will be par +</a + r. 

First Method\ Performing the actual division, 

x-a \px*+qx+ripx+{pa + g) 

Jpx 1 — pax \ 

{pa + q)x + r 

, (pa + q ) x-(p a + q)a 

pop +ga + r 

This proves the theorem. 

. Here, we observe that the remainder is of the same form as the 
dividend with a in the place of x . 

Second Method\ Let Q denote the quotient, and R the remainder, 
which is independent of x, when px*+qx + r is divided by x — a. 
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Then ^ a +fH^=(.t'-a)xQ + R.(1) 


Since the above is identically true, and R does not contain .r, ii 
remains the same, whatever value we assign to x. 

Let x = a. Then the equation (1) becomes 

pd*+qa + r = R, for (.r - a)Q = (a - a)Q = o. 

This proves the theorem. 

(i) When 3.1- 2 —5 x + 7 is divided by .r-2, 
the remainder=3 x 2 2 - 5 x 2 + 7 

== 12 -10+7 = 9. 

(ii) When 5#-— yr + 6 is divided by .r + 4, 
the remainder = 3( - 4)“ — 9( - 4) + 0, 

= 80 + 36 + 6= T22. 

219 . ff per -r qx* + rx + s is divided by x-a until the return nda 
/' independent^ of x y that remainder will be 

fur' + gar + ra + v. 

hirst Method . Performing the actual division, 

x - a vpjfl + qx 2 + nr + i px 1 + ( pa + </).i + (+ ( l il + r ) 
Spx'—pax 1 V 

(pa + q )x~ +r. r 
(pa + g)x 2 - (pa + q)a v 

( pa~ qa + r)x + s 
(pax +qa + r)x — {pa* + qa + r)a 

pa 3 + gar + ra + s 

This proves the theorem. 

• As before, the remainder is of the same form as the dividend 
with a in the place of x. 

Second Method . Let Q denote the quotient and R the remain¬ 
der, which is independent of .r, when px* + gx* + rx-+*s is di\ided 
by x — a . 

Then px* + qx 1 + rx + j= (.r - a) x Q + R.(1) 

Since the above is identically true, and R does not contain x\ it 
remains the same, whatever value we assign to x. 

Let x~a. Then the equation (1) becomes 

pa z + qa 2 +ra+s~R, for (.r- a)Q = (a -a)Q = o. 

This proves the theorem. 





170 


MATRICULATION A LG KURA. 


(i) When 2.v ; + 7.1-’ - c)x +2 is divided by x — 2, 
the remainder = 2 X 2 S + 7x2---9x2 + 2 

= 16 + 28-18 + 2 = 28. 

220 . Ij any expression in x vanishes identically 10hen x = a, then 
hull the expression be exactly divisible by x-a. 

Tims, when 3^ + 71:*-2.r + 12 is divided by .v + 3, 
the remainder = 3( - 3) ? + 7( - 3) 2 - 2( - 3) + 12 

= -81 +63+6 + 12 =0. 

•\ 3- r ' + l x ~ “ 2 X + 12 is exactly divisible by .1+3. 

Ex. 1 . For what value of a is „r- — (<7 + 5 )a' + 14 divisible by a -2 
without remainder ? 

When the division is peiformed the remainder, (Art. 218) 

= 2 2 - (a + 5 )'x 2 + 14 18 - 2 (a + 5). 

.% the required value of a is obtained by equating this remainder 
to zero, in which case " * 

18 — 2(a + 5) = 0 ; /. 2(fi + 5)«i8; 

/. a + $ = <) ; and /. a = 4. 


Ex. 2. For what value of a is 3 . 1* 5 - yx 1 - ax + 9 divisible by a 
without remainder? 

* We have 3 x3 s -7 x3--3*i+9=0, (Art. 219} 

•\ 81 “ 63 - 3/7 + 9 = 0 ; 27 — 3 * 1=0 ; 

•\ 3 rt * 2 7 ; and a** 9 . 


j 


Exercise LXXXVI. 

Without actual division, find the remainder when 

1. x- - 7a*+ 12 is divided by x— 5. 

2. +r- +7-r+15 is divided by .1 +3. 

3 . &r 2 + 1 yc - 5 is divided by x - 2. 

4 . 2at* — 13.+- +1 7 a* — 16 is di\ ided by x - 5. 

5 . 4-i** — 5A: 2 +ii.r- 1 y is divided by a*+ 9. 

4 6 . 2.r-.r' 2 +3 at- 11 is divided by 2 a -3. 

' 7. lx 7, - 24A 2 + 58 A' - 25 is divided by jx - 3. 

8 . 4* 4 —33^ 2 +8.r-S is divided by x +3. 

- 9. 4* 4 -3A' 2 + 8 is divided by x z -3. 
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10 . For what value of a is x 2 — ax 4 - 120 divisible by x-15 without 

remainder ? 

11 . For what value of (/ 15^4-24 x T, + d divisible by x*+ \2 without 

remainder? 

12 . For what value of a is a 3 --(rt+ 6)*" 4 -(6# 4- 5),v + 30 divisible by 

„i -a without remainder? 

Without actual division show that the following^ expressions are 
exactly divisible . - 

13 . 2a ' 2 4- 3* - 2 by x + 2. 14 . 5 v ' 2 - 7.1 - 6 by .1 - 2 

15 . 3a' 2 “8<z + 4 by 30-2. 16 . r-3r -2 by r+i. 

17 . 3a 3 - 2 orb — 13*1 b %1 4 - ioi : ' by a - 2b. 

18 . 1 2 x* - i yx* 4 - 2\x 2 -31.1-4-14 by 3^-2. 

Find for what value of a the following are exactly divisible : — 

19 - a * 3 4- yc*'- ax 4-35 by .v + 7- 
20 . r* - 4.r- 4 -6 a* —a by x - 2. 

21 v 2 +p\ +40 and have a common factor, find the 

possible values of/. 

22 If x+a be the M C.E. of x~ +p.\ +y and x-+fix + <]\ shew that 

23 . If r-'+ju 4-1 and .i"+fix-+i/v + i have a common incasuie of 

the form x+a, shew that 

(/*- 1 )*-?(/- U+i * °- 

24 . If . 1 + b be the H C.E. of x 2 4- ax 4- ab and a 2 4- cx 4- bt , theii J.. C. M 

• will be x* + (a + c)xr + acx. 

25 . Find the relation between b and t, so that a 3 4 -bx^c and 

x r 4 -cx 4 -b may have a common divisor. (i\K. 1891). 

26 . If Jt be the H.c D. and / the L c M. of two quantities x and j/, and 

if r 4 -jK = // 4 -/, prove that .i* 4 -_r 1 ==// 3 4 -/\ (l*.E. 1891). 

27 . Find the condition that x* + {fi + g)x + a may be divisible by 

x +/>+<]. (P.E. 1895). 

88. If x+p be the H.c E. of ax 2 + bx + c and cx 2 4 - bx 4 * a, prove that 
either a + c=b or a 4 -^ 4 -£’=o 
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REVISION PAPERS II. 


Paper I. 


1 . Divide the product of j' 5 - ny+\(y and y ? '- iiy — f6 by 

i6. (h. m. 1872). 

' 2 . Resolve into elementary factors :— 

(i) 8.r s -h 729J/ 0 . (». m. 1890). (ii) .v 4 + 324. (is. M. 1895). 

(in) 56^^-5.17 -99^. (n. m. 1895). 

3 . Simplify 

(/> + r - a)(r ■+• a - ^)(a + £ — c) + (a + b + c)(nr + b~ + r - ibc - 2 ca - lab) 


4 . If a + b's* 1, prove that (« 2 — 0*) 3 = ct 3 -f b* 

5 . Simplify 24D — — 1 )\{x - §(x — 2)}{x - 

(.r 5 * + 7* + 12)(„r 2 - .r - 6 ) 

x — ^ 


tract the result from 


a/;, (it. M. 1889). 
: |(.r — U)> 5 and sub 
()i. m. 1886). 


6 . Shew that (4.C 2 — j.r + 7) 2 — (5-r 2 + 14.1-f 2) a is divisible by x* + jr 
+ i, and find the quotient. (M. m. 1897,}. 

7 . Find the (;. r. \t. of 

6.r 5 - 4.i' 4 - 1 i.r* - 3 .r 2 - 3.V - 1 and 4-r 4 -b 2 r* - 18,r 2 -f 3.V - 5. 

(.m. m. 1893). 



Extract the square root of 

+ 1 o^2w+l|/iw _ 3 q _^OT w | ,n, **^4'2 

(m. m. 1893). 


Solve the following equations : — 


... .r+io . f3.r-2X2.r-3) 

(') - “^(3* —4) l-—- 6 

(ii) i(-i'~ 3) + K- v - 8) + ^(.1 - 4) — 2v s > 



H 

I .»* 


1901 


10 . A boy bought a number of oranges for 2 Rupees. Had he 
bought 8 more for the same money, he would have paid 4 pies less 
for each. How many did he buy? (M. M. 1893). 


Paper II. 

1. Divide the product of ab(x 2 + i) + (a 2 +b 2 )x and by that 

of .r+1 and ax-\-b . (M. m. 1894). 

2 . Multiply .v 9 + (3« - ib)x - bab by .r 9 + (2 a - 3^),r — 6 ab. 

J.M. M. 1899). 
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< 3 . Find the h. c. k\ of 3-r 4 —2^ s -h2jr 2 + 8 and A # -7.r s +i2.r—10. 
<M M. 1898). 

4. Extract the square root of 

#*(a + 4 i)* + 3(30* - 2ab + 4 -3*> 2 ). (m. M. 1898). 

5 . Solve the equations 

(i) J ,(.t'-4) + ^(2.r-7)-'-(r + ;.v) = 4(i -x). (\t. M. 1897). 

(ii) i( 2 r- 3 )+ r °if( 3 ^ + 8) = 52 : + i(4.v-i9). (1^ M. 1899). 

6 . Simplify 2(j?‘+x*)-[(x+y){xy -x 1 -y*)-[2(x+y + g) x 
( yz ++ ;ry - x* ~y l - r 2 ) - (.r - y ){x 2 + xy + p 2 )}]. 

(m. m. 1894). 

7. Find the I,, c. m of x — a, x~ — d 2 1 x " — (,r”-f <7 2 ) 2 . 

(m. m. 1894). 

8. Shew that (4a: 2 -8.1 — - 5.T-F7) 2 is di\isible by 

2 r 2 — 3^" — 8 ; and express the quotient as the product of two factors, 

\1 M. 1895). ' 

9 . If a , fi, c he three quantities whose sum is /ero, show that 

'f 4 -f +c 4 = z{n z h 2 + +c-a 2 ) (m. ,\j. 1892). 

10 . The numbei of months in the age of a man, on his both 
day in the yeai 1875, was exactly half of the number denoting the 
war in which he was born. In what year was he horn ? (\. K *898). 

Paper III. 

1 . Divide (a-- 1 )* —3(-r 2 — i) 2 + i by.t 4 —31-+1. (M. M. 1898;. 

2 . Resolve into factors 

(i) (M. M. 1897). (ii) a 3 + 4^ 4 -4r. (\. k 1895;. 

(iii) ( 2 X~ - $x+ 3 )( 2 x 2 - 5-r+ 4) - 2. 

3 . Find the H. t*. l*‘. of 

6.t 4 H-2-r*+ U)x' z + 8-r + 2i and 4-r 4 - 2x ?> -f io.v 2 +.r*J- i 5. 

(M. m. 1896). 

4. Find the L. C. M. of 

x* + a*, — x 4 + a 2 x 2 + a 4 and .v 2 — ax + a 1 , fju. M. 1896). 

5 . Extract the square root of 

x\x — a )' 2 +4a 2 x 4 +a\2x+a)~ — 2 aPx\x + a). (M. M. 1894). 

• 6. If x 2 =afi + 6c + ca y show that (a 2 -f x 2 )(b 2 +.v s )(* 2 + ;r ,J ) is a 
perfect square. (M. M. 1889). 
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7 - Divide the difference of (jr 2 — bx+ b' 2 ){x +a — b) and 
(x 2 -ax+a J )(x~ a + b) by a — b. (\T. M. 1872). 

8 - Find what term is wanting to make the following expression 
a complete square :— 

/i*r 4 + 64/; 2 - 4(ax* + $b)(a-b\v (m. m. 1875). 

9 Solve the equations : — 


,i) ■L r + , - 3 (6-x ) -^-'-*-- 

4 7 3 

... 2 .r + <7 x — b yzx + ia-b)' 1 
b - a = 


10 . The gross income of a certain man was ^40 more in the 
second of two particular years than in the first, but in consequence 
of the income-tax rising from 4 d. in the £ to 6 d. in the £ in the 
second year his net income after paying the tax was unaltered Find 
his income in each year (b. M 1891). 


Paper IV. 

1 Ki om a{b 4 - c)* 4 - b(r 4 - a ) 2 4 - r(a 4- b ) 2 , subtract 

(a 4 * b){a -c)(b-c) 4 - (b 4 - c)(a - o)(a - c) - (a + r)(a - b)(b - c). 

(M m. 1893' 

2 Multiply together the expressions \+ax + ha(a-\)x --4 
)a{a - i)(a — 2).r* and t +bx+ \b(b - i)r 2 4- \b(b - i)(£ — 2)x 7 as far as 
the term involving x 7 and resolve into factors the coefficient of x 2 in 
the product. (11. M 1897). 

3 - Find what quantity not involving higher powers of x beyond 
the second should be added to r s — 3r 7 — 5jr r> 4 - 2X* 4* 5 -r n 4 -4.r 2 ■+■ i to 
make it exactly divisible by x’ 4 - 2X - 1 (is. \i 1897). 

4 - Resolve into factors :— 

(i) x* - 1 ix 2 y 2 4 -_v*. (B. M. 1897). 

(ii) 4(ar + b //) 2 — (a 2 — ^ 2 4-* 2 — d 2 ) 2 . (m. m 1897). 

5 . ‘Find the expression of lowest dimensions which is exactly 
divisible by a 2 b - b(b — c) 2 , ac 2 — a(a — b ) 2 and (<? 4 - c) 2 c — b 2 c. ( B. M. t 890) 

6- Find k when (.r — d){x — yi)(x + a)(x + $a) + k is a perfect 
Square. (B. M. 1890). 

7 - Given ax 4 -by — in, bx- ay—n, a 2 4 -b 2 —\ ; 

shew that a 2 4 \y a=s m 2 + n 2 . (b.m. 1890). 


V 
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8 


Extract the square root of 


(i) (24: + i)( 2 -v + 3 )( 2 jr 4 * 5 )( 2 .r + 7 )-M 6 . (n.M. 1890). 

8 

4- ■ 

.«> 


(ii) r u + 2.t* + 4v”+.r Si +4.r- 4 „--„ + 4 . • (M.M. iS<;5). 

X* X* X ’ 


9 . Solve the equation 

*15.1'+ 1'2 - '875jt + *375 - 0625a =0 (p.e. 1897). 


10 - Two men leave two places A and B, distant <i miles from 
each other, and travel a and b miles a day respectively in the same 
straight line AB. What is their distance apait at the end of / days, 
and after what time will they come together? (p.k. 1895). 


Paper V 


1 Kind the difference between (1 + .r)^ + (1 4- v)' l y +' 1 -fa )y- +y 
and 3-r(jr +1) "¥y(y +1) + 2xy + 1, and show by what expression this 
difference must be multiplied that the product may be d-.r 4 

(A.K l8<>9). 

2 Simplify (<7 —/» + ✓)* + [a + />~ c) H + () rr {/ fi ~( b ~ r )~\ (A K. iqor). 

3 Kind the H ( . l) of a f * - 4.1'' — a- + 2.1+2 and \ { — a - — 2 x + 2 
and find such a value of 1 as will make both the expressions vanish. 

\.l* 1899) 


4 


Kind the \, c M of+r-- —(9r'-'+.cr), 

t 

<)/- 4 4 U -(4 a 3 + .7-) and r‘ J - 120:9'-(44-*+ 9+-) (n.M. 1896). 


5 - Kesolve into factors :— 

(i ) 40:- — () \y l — 6.1 — 9 y (Ii.M. 1 902 ). 

• (iii) a* 4 - 1 at' 2 +9 


(11) a. 4 — x~y J + j (y* 

(iv) 512(1 — — (8/i.r — a) 1 ' 


6 Find the square root of 
(i) (fix (i + (uibx* — 2acx ? ‘ + 9 b~x l — Obex + fi. 


25 

/+ 


«■> <-s)+++?)-?+: 

7 Find the cube root of 

(i) 3 (f + S) + s - i892 - ) 


(ll.M U) 02 \. 
(h.m 1895). 


(i'0 *- , +|t- 13ar *-^ + S 4 ^+ 108 — r 12. 


X 


X 


(n.M. 1893). 
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Solve the equation 


iw + io, ri ,r-2 15^-1815^-3 0- % 

-- 4 - -----+ —-=2=1*854. IB.M. 1002 ). 

50 20 IO 15 J 


9 - Shew that if a number of two digits is four times the sum 
of its digits, the number formed by interchanging the digits is seven 
times their sum. (n.M. 1889). 


10 . A number lias three digits which increase by 1 from left to 
right. The quotient of the number divided by the sum of the digits 
is 26. What is the number? (a.K. 1901). 


Paper VI. 

1 . If a number is equal to the sum of two perfect squares, shew 
by an algebraical relation that the square of the number is itself the 
sum of two other perfect squares. (n.M. 1896). 

(a) Express 134) 2 as the sum of two perfect squares, (is \i. 1896;. 

2 . Resolve into factois .— 

< 

(i) x*+6x— 187. (n.M. 1901). (ii) x* — 5 .r* + 4. 

(iii) a~(a + b — ()* —/*(& + ( —a)-. (\.E. 1899). 

3 - Find the L. C. M. of 4r' - 20.1' 2 4 -17.1* - 4, 2r J - 1 $x‘ 4 31 x - 12 
and 4.r '-16 v 2 4-1 $x - 3. (n.M. 1902). 

^ 4 . Divide (a 4-1 )~x' J ’ 4 (a 4 -1 ).r 2 4 - rr v (t7 — 1 )\ - a (t b> (a +i).r- <r. 
and find the value of the quotient when a — - J , and r = -21 

f M.M 1899' 

5 - Extract the square loot of 

(i) (a~ 4 - 3 # 2 ) 2 4 - \oab{a + b)(a — $b) +3yi 2 b' 2 . (n.M 1899). 

( i i ) a%v* 4 - 2.r 1 + 1 ) 4 - 2 ab(. v fi 4- .r* 4 - X s 4 - -r ) 4- b 2 (r 4 4 2x * 4 - x 2 ). * 

(p.E. 1895; 

6 . Find an expression containing no higher power of x than 
the first, which added to x* 4- 6 .V 1 4 1 3-r 2 4 - 6 .r 4 -1 will make it a 
complete square. (n.M. 1896 & p.k. 1899). 

7 . Exhibit (x 2 4 - y 2 )(a 2 4 b 2 ) as the sum of two squares. 

(p.K. 1894 = 

8 . Find the r*. c. M. of 

x {1 4 5- 2 s - 36a* 2 4- $°x 4 - 48 and x*+x* - 1 2.r 2 - 2.v 4 - 80. 

(n.M. 1900^ 

9 Solve the equation : — 

Tf.r — {3^46 — 4 - io)J»2^ — 11(9- ts #)* (K. M. 1901). 
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10. A certain number of two digits is equal to seven times the 
sum of the digits. If the digit in the units’ place be decreased by 
2 and that in the tens’ place by i, and the number thus found be 
•divided by the sum of its digits, the quotient is io. Find the 
number, (b. m. 1896). 


Paper VII. 


1 . Substitute y + 3 for x in x* --V s 4 - 2X 2 — 3 and arrange the 

result. (b. m. 1868). • 

2 . Divide<i*(i -x)+ab(a-b)(x'+y) + b\\ +y) by«(i -x) + 6 (i +j/). 
x M. M. 1898). 

3 . Find the h. c. f. of 6^ + 35^+59-t'" +i9^' a -i7^r--6 and 
hx xl — 5a' 4 — 4 i.r* + 7 ix 1 — 37.V + 6. (b. m. 1897). 

4 . Extract the square root of 

(i) + X — C + ^b{<ix + b)+^ C 2 . (u. M. 1890). 

,, .r x 

(ii) {a + b)(a + b + c){a + b + 2£-)(</ + + 3c) + c *. (N.M. 1897). 

5 . Kind the cube root of 


(i) jfi + *1 - 6 (.r 4 + ^ + 21 0“ +3*) “ 44 ' (M■ 1 yc>2) 
- ii; 8 + 36a -t- 42.r 2 — <) x 1 — 21 .r* + gx * —.r 0 . (b.m. 1901). 


6 - Resolve into factors 

(1) i2-r a -f.r--35. fn. M. 1900). (ii) 8.r-+6,r-27. (a. K. 1896;. 

(iii) 8 i<i 4 + 640 + . (c. K. 1898;. (iv) x* -3<i*.v -f 2a n . 

7 . Transform (V J 4 - s * 3 4 ~ 2,r y'f — 2(.r into the sum of two 

perfect squares, (m. m. 1879)- 


8- Find the value of (ma — nb)(mb — nc){tnc — na) 4 - (//*< — mb) x 
(nb — 7nc){in — ma), when <* — £=o. (M. M. 1883). 

9 - Solve the equation : — 


21 

4 



5 \ . 7 *- 3 i ^ z *9 
18/ 12 144 


* 4 - * 5 * 
3 


(B. M. 


1900;. 


10. A person bought a certain number of eggs, half of them at 
2 a penny and half at 3 a penny. He sold them again at 5 for 2</.• 
and lost a penny by the transaction. What was the number of 
eggs ? (c. E> 1900). 


M.A. — J 2 
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Paper VIII. 


1 . Simplify (r-y + s)(x + r-z)-(x + r + z)(x-jr-s)-4xyg. 

(a. R. 1891). 

2 . Find the H. C. V. of 6x* - 2 r* + 9.r 2 + gx - 4 and <)x* + 8oat 2 - 9 ; 
and find such a value of x as will make both these expressions 
vanish, (b. m. 1895). 


3 - Find the square root of 



.1 f I 1. -J ,3 1 :■ ..2 


.j.r-f/,. (!’*• \l. 


1901). 



4 . Kind the <; c. m. 
;md 6a* 4 + jx* - 27 x 2 + t 7x - 


9 a 1 x i 
and 


+ ^T + 2 . (M M. 
f, C. M. of 3.1**-f 


3. (M. M. 1888). 


1892 V 

l/a 41 + 2 7.r 2 + 7.r - (1 


5 . Kind the cube root of 81 9 - i2t^+o.r 7 - j7.r G -K36.r R ~ 9a 4 + 
541^-27.^-27. (H. M. 1876-96). 

6. A ladder with its foot at a hou/ontal distance of 20 ft. from 
a vertical wall, just reaches a point on the wall 30 ft. from tlu, 
ground ; find, by means of squared paper, to the nearest tenth of a 
foot, the length of the ladder. 


7 - Divide {d l ~ be)" 4 - 8£V r * by a 2 -f he. (c. K. 1899). 

8 . Show by means of a formula that (ax+dy+cz)* + (ix - by 
-P an)* is divisible by (a •¥ c)(x + z). (n. *\1. 1887). 



Soke (i) 



yr + l x+i = 7 

”3 t 6 " 

r-5 #* + 6 + i 

7 " 3 6 



2 


~.r+ 26. 


* 


10. Kind the value of x which will make the expression x h — 8r r 
4-uar 3 + 7,r — 1789 exactly divisible by ar 3 + 7r— t. (u. p. k. 1887). * 


CHAPTER VIII. 

ELEMENTARY FRACTIONS. 

* 

221 . Algebraical Fractions are for the most part precisely 
similar both in their nature and treatment to common Arithmetical 
Fractions. We shall have therefore to repeat much of what has been 
‘ said in Arithmetic ; but the Rules which were there shewn to be true 
only in the particular examples given, will here, by the use of letters* 
which stand for any quantities, be proved to be true in all cases. 
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223. A Fraction is a quantity which represents a part or parts 
of a unit or whole. 

It consists of two members, the numerator and denominator, 
the former placed over the latter with a line between them. Now we 
have already agreed (Art. 13) that such an expression shall denote 
that the upper quantity is divided by the lower ; and, in accordance 
with this, it will be seen presently that a fraction does also express 
the quotient of the numerator divided by the denominator. 

223. The numerator and denominator are the terms of the 
fraction. The denominator shews into how man/ equal parts the 
unit is divided, and the numerator the number taken of such parts. 

Thus, a means that the unit is divided into b equal parts, a of 
which are taken. 


224 . Every integral quantity may be considered as a fraction 
whose denominator is 1 ; thus a is 

I 


225 . To multiply a fraction by an integer, we may either 
multiply the numerator or divide the denominator by it ; and con- 
verse) to divide a fraction by any integer, we may either divide the 
numerator or multiply the denominator by it 


, ni (X\ ~ . a t- % f ct ax, . . 

thus, -xx= — ; for m each of the fractions the unit is 

Ob ; 0 o 

divided into b equal parts, and x times as many of them are taken in 

the latter as in the former ; hence the latter fraction is x times *Ttre 

. , . ax a , , . . ax a 

formei, that is, ^ ^ x.r : and, by similar reasoning, ^ -s-.r= ~ . 


Again, %+x= ^ ; for in each of the fractions % the same 
* b bx b by 

yumber of parts is taken, but each of the parts in the latter is - th of 

each in the former, since the unit in the latter case is divided into x 

times as many parts as in the former ; hence the latter fraction is r th 

* % 

of the former, that is, -f = x : and, similarly, ~ xjr= a 


bx b 


bx 


226. If any quantity be both multiplied and divided by the 
same quantity, its value will, of course, remain unaltered. Hence, if 
the numerator and denominator of a fraction be both multiplied or 
divided by the same quantity, its value will remain unaltered. 


Thus, 


a: r_ 
bx ab 


-&c. and 


a*b a ac 
a % bc c c 2 



1 
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227 . Since a*=~ (Art. 224), and, therefore, a divided by b — * *** 

b= ^ (Art. 225), it follows, as stated in (Art. 222), that a fraction re¬ 
presents the quotient of the numerator by the denominator. 

In fact, we may get ~th of a units, (or a+b), by taking *th part 
of each of the a units, and this is the same as a such parts of one unit, 
which is expressed by ^ (Art. 223). Hence it is that, in Arithmetic, \ 
of Rs. 3 is the same as J of Re. 1, &c. 

228 . T b reduce an integer to a fraction with a given denomi¬ 
nator, multiply it by the given denominator, and the product will be 
the numerator of the required fraction. 

Thus, a , expressed as a fraction with denominator .r, is ' ; or, 

A 

. . . * • ab ~~ etc 

with denominator o — c, is , — . 

b-c * 

The truth of this is evident from Art. 226. 


229 . The signs of all the terms in both the numerator and 
denominator of a fraction may be changed without altering its value 

, b 2 — 2ab — a*. .. . . . . a? + 2 ab-b - 

^ Thus, —7— —o — is identical with - 


3 ab — ar 


a 


'i __ 


3 


This follows also from Art. 226, as the process is equivalent to 
that of multiplying both numerator and denominator by — 1. 


Thus, 


3 -.r -f — 3 


r a-b b-a . a-b 

I * — — — . and -1 

x - 3 a — c c —a c — a 


a-b 
a-c 


I. REDUCTION OF FRACTIONS. 


230 . To reduce a fraction to its lowest terms. 

Rule. Divide the numerator and denominator by their h. c. f. 


Ex. 1 . Reduce to their lowest terms 


15 oPb^c* a 2 x 2 y~ 

-o and „-* 

a 2 xy + axy~ 


'i$a z b*c l 

(i) The H. c. F. of the numerator and denominator is 5 a 2 b*c*. 

• 15 a*lPc?+ja 2 b 2 c*_ 30c 2 

’ \-2Sa 2 b 2 c 2lSS + $d 
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(ii) The denominator —axy{a +/). 

«• 

The H. c. F. of this and the numerator clearly is axy. 

• d l x l y L -±axy axy 

a 2 xy+axy 2 axy [a +y) +axy ~ a + y ' 

Not©. The operation of dividing out any common factor is called the 
cancelling* of that factor. 

231 . When the numerator and denominator ca\i, on inspection, 
be resolved into factors, then any common factors can be cancelled 
out and the fraction will thus be reduced to its lowest terms. 


Ex. 2. Reduce to its lowest terms 


x z + 4*4-3 
x * + 5*4-6 ‘ 


The fraction = + = ——- l , on dividing both numerator 

<* + 3)(* + 2J * + 2 ’ 


and denominator by the H. C. K. x 4 - 3 - 


Ex. 3. Reduce to its lowest terms 


a*+x* 


a 


») y # 


Tl . , (a + x){cr-ax+x-) a*-ax+x- , . 

1 he fraction— ■ - . —-, on dividing both 

numerator and denominator by the H. C. K. a+x. „ 


Exercise LXXXVII. 


Reduce the following fractions to their lowest terms :— 


1. 

• 

15 a'b-cd 

250VW 

0 25 a?b 2 c*d 

A 35« 2 £W 

3 . 

I 43 a 2 ^y j 5 r 7 

gia 7 r 2 y^ 

4. 

18 a*b~x 

21 a* 6*y' 

28aW 

49 flVt* - 

6 . 

2ia*b 2 c 4 xfy s 
33a 4 b B c 2 x 5 y 6 ’ 

7 . 

axy+xy~ 

axy 

«r + .v 2 
rtV+'a 2 *' 

9 . 

1 law 2 4-22;«.r 
33(w 2 -zpr 2 ) ' 

10. 

14X 2 — jxy 

iotfjtr — * 

5 <* s £-i 5 « 2 £ 2 
20«^ s +ioa s < 5 2 * 

12. 

6A* 2 jy - 12jrj/ 2 ‘ 

13 . 

4 «W 

3 «W 

15 . 

9 * 2 j/ 3 — 15**;/* 

2 m 2 n + 2w»‘ J * 

a 2 bc+ab 2 c+abc 29 

12JT‘^ - 2ixy 3 

16 . 

abe+gbe - 
2oabdf -f xibdfi 

-10 cdf* ' af+zbx+zax + bj ' 
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18 . 


21 . 


24 


26- 


29. 


37. 


x s — J 

OA+fJ ' 

X s - b*x 
x* + 2bx+b t ' 

.r s — (a — b)x — ab 
.»•* - (a + c)x 4 - ac * 

i 

r a - 4 -^ + 3 

•t " .. • 

x — 2JT — 3 


19 . 


.r 4 -# 4 
-v 4 — a a ,r 3 * 


— I 

22 . „ -. 

a w — i 


6« a - i3<z.r+ 6.r 2 
toa 2 — 9a.tr - y.tr* ’ 


27 . 


30 . 


^ + 2£-3 
r 2 + 5A + 6 

6a- + 7 ax - $x- 
6 ft 2 + 11 ct.v + 3,r“ 


20 . 


23 . 


25 . 


23 . 


a 6 -b* 
a 4 - A 4 * 

a 2 — + oa — 

rr 2 + «<5 +oA+Ar * 

c* z + 2ab + b* — c 1 
a- ~¥~ 2 bc- 1 * * 

<i 2 — ab— 2 b- 
cl 2 — 3«^ + 2^ i! ’ 


(2,t + i) 8 -^ 
4 ct- - (4 + c) 2 


33 xi - 7 x + l ° 
2.r s - x — 6 


ft 11 + 2" 

3 fl +9 


„ ctta-* + (ctfi - fa)* - 

_•! >1 TO *’ • 

dr* - — 0- 

35 . (c.K. 18A7). 36 . - 8 %~ 3 £ a ~ 4 r (1 m. m. i886). 

a 4 + a s -a-t /.r*jr — 2* 4 + 4j 4 v ' 


{a + bf — ic+df 
Ca + cf-ib + d)*- 


38 . 


a 4 — 9 «- 


A' 4 — 6 ax* + 9a 2 ’ 


39 . 


(.r + i)- ‘ 


232 . If no common factor can be found by inspection, the 
H. c. K. must be obtained by the method of Art. 196. 

Ex. 1 . Reduce ’—•=—— - 5 to its lowest terms. 

-H - 4 * + 3 

The h. c. k. of the numerator and denominator is .r — i. 

Dividing both numerator and denominator by x— r, 

r < +A' 2 4 * 3 ^- 5 _(*■*+■**+ 3 * — 5)1 )_x 2 4 - 2x + 5 
a 2 -4*+ 3 (* 2 - 4* + 3)-s-(* ~ i) ~ 2 -3 

> 


Ex. 2. 


Red „ cc 34-! 4 £lr. 9 iL= 

2.r*-9A' s - 14*4-3 


to its lowest terms. 


Here, the H. t:. K. of the numerator and* denominator 
A 1 -5-V+I. 


the fraction 


( 3 -T 4 - I 4 + 3 —9A + 2)-»( A 8 -5A+l) _ 3** + * +2 
(2A 4 - 9 **- 14.f + 3) +■ (x 2 ~ + 1) 2** + A + 3 ‘ 
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Exercise LXXXVIII. 


Reduce to their lowest terms :■ 


1. 


3 


5 . ~ 


7 . 


9 . 


x-+x - 12 

-V s - 5.r 2 + 7* - 3 

-^-3.5 + 2 
.r 8 +4-r® - 5 ' 

x‘ l + air- + <r 4 
X* + ax* — a'x — a* ' 

3« a .r 4 - 2ax- - 1 
4iT l .r" — 2a-.i A — 3 ax- + 1 

(ji.m. 1885). 

2X" — I \X* — o' 


„ 7Ar»-23^’+6ji; i __ 

5.1 ‘ 1 8 x*jr +11 xy* — by' ‘ 


+- ioa A x + $a*x ] 
air + 2 air* + 2ax* + r 4 


rSv-2 


6 . 


a 


X‘ { 4 - jX~ - 4 


.r 


s _ 


1 


y • - 2.t •* - x 
4X* — 2.r 2 — y 4 - t 


(C.K. 1869). 


a 3 — 6*“ — 37^4-210 . x 

10 . -r- - 7r-~- - (C.K. 1865). 

x* + 4X- 1 - 47.V - 2 to N ^ 


11 . 


12 . 


15 . 


16 . 


18 . 


2.t s 4 - ax- + aci’x -7 a* . 0 , x 

x»-^+Sa*x-2 a * {C - r ‘ '• 1862)l 


10.V + lyx* - y . , 

-— --, - (C.E. 1871). 

25 _r , -i 9 .r + 6 ' 

32' 1 — 2 7 ax- + 7 8<^ 2 .r - 7 2a 


13 . 


-I* 3 4 - x 2 4- x — 3 


-r 8 + 3^ 2 + 5 ->'+; 


14 . 


+ j cwli: 2 - 4 a' ? x — 48^”' 
zjit 1 — jr * — 9 .r - 4 4 -1 3 * — 5 


(C.IC. 1889). 


7.r 8 — I9^r a 4 - 17-r — 5 


(C.K. 1870). 


2.r 4 4 * 1 u*'+4i^ s +99.rj-45 

2.r* — 7.1^ — 52.1*4-2! 

x* — 4 - y — 10 

,r s 4 - 2-r 2 - 3^' 4- 20 * 


- _ .r 4 — 2.r u — 2 4 - 26a 4 -120 

x* - ax* - 19* 2 + 46* 4 -120 


19. 


4 X* - 19* 2 4 - 46* 4 - 

^ & 4 - f itf 4 -12 , 00 x 

-7--*-(m.m. f884). 

a 6 4 - liff*— 54 


233 . If the numerator be of lower dimensions than the deno¬ 

minator, the fraction may be considered in the light of a proper 
fraction in Arithmetic ; if greater, in that of an improper 
fraction,- ; 

* t‘\ 

234 . To reduce an improper fraction to a mixed fraction. 

Buie. Divide the numerator by the denominator , as far as 
the division is possible , and annex to the quotient the remainder for 
numerator and the divisor for denominator in the form of a fraction. 
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. 1 . 


Ex. 3 


25a , a 

8 3 “ + 8' 

3 ^ ,<l + 2£ 2 4- 1 
x 2 — -j- 4 


Ex 2. H* 

a — b ci-b 

-7A“-IO *JX + 19 

3 * + 5 + T = 3 *+ 5 ~ 75-- 


^*-jr +4 


.r- - x -f- 4 


235 . To reduce a mixed fraction to an improper fraction. 

Rule. Multiply the integral part by the denominator; to this 
product add the numerator and under this result write the deno¬ 
minator . 

Ex 1 yt- Aab + 3 = 6 ^~(4^ + 3) = ^ab ~ 3 
* 2 b 2b 2b 


. a. (ihf+jXf.-')+» 


X — I A* - I 

- l + 2 * 3 + I 

r- i at — 1 

236 - Sometimes it is convenient to express a single fraction 
as a group of fractions. 

, 4a 2 b + 6a 3 £ 2 -15^ 4 <**b faptr 15 Ir 

hUSf " 1 2 aW ~ I2tfV + I2*V I2fl*^ 

1 , a 5^ 

2 4a 2 ‘ 


1. 


5. 


8 . 


Exercise LXXXIX. 

Reduce the following to mixed fractions : — 


26 x 
""""""" * • 

7 

^-ax+x'* 


2 . 


&a' J + s/> 


4 a 

6 . . 

*-3 

X s - 2X- 


6 a -- i ’ 

a 


7. 


10 


. 3 *“ + 6 x + S 
*« , ~ 
x + 4 

IO d l -}7&xAr ICtf - 

5 a — x 

x*- 6 x + 14 


a +x 

i 6 ( 3 -v 2 + i) q 

4^-1 ' x z -x+i' ±v ' x*-$x+4 

Reduce the following to improper fractions :— 

a — b 


11. 4X - —- . 12. 1 + 

3 <y 

it 2.V-IS 

U. 

16 . 

x + a 


a + b 


16 

X—2 

15 . a- - 2ax + 4^ 9 - - 

a+2v 


17. .t Ary „„2 _ 


** - -fj' 


>2 • 
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237 . To reduce fractions to a common denominator. 

Buie. Multiply the numerator of each fraction by all the 
denominators except its oivn , for the new numerator corresponding 
to that fraction , and all the denominators together for the common 
denominator. 

The truth of this Rule is obvious ; since, the numerator and 
denominator of each fraction being both multiplied by the same 
quantities, viz., the denominators of the other fractions, its value 
will not be altered, though all the fractions will now appear with the 
same denominator. 


Ex. Reduce %, 

o 



*to a common denominator.- 
d 


For the numerators, axcx d=acd 

by. by. d= b^d 
cxbxc =b<? 
Kor the denominator, bxc xd=*bcd ; 


and the required fractions are 
acd b' L d be 1 

bcd % lied 5 bed' 


238 . If, however, the original denominators of the fractions 
ha\e, any of them, common factors, this process will not give them 
their lowest common denominator, which, as in Arithmetic, will 
be found by forming the L. c. M. of the given denominators ; and 
the numerator corresponding to any one of the given fractions will 
be obtained, b> multiplying its numerator by that quotient, which is 
obtained by dividing the c. M. by its denominator. 


Ex. 1 Reduce - a L ~ , . c . , — to their lowest common 

2 bx oabxy yicx 

denominator. * 

Here, the L. c, M. of the denominators is Gabcxy. 


Then, Gabcxy 2 bx— yicy ; /. 


6 abexy -s- 6 abxy = c ; /, 


a 


yi-cy 


:zbx Gabcxy ' 




6 abxy Gabcxy ’ 

b 2 by 
$acx Gabcxy' 

ypey c~ 

Hence the required fractions are , 


Gabcxy -5- 3 acx = 2 by ; 


2 b 2 y 


Gabcxy 1 Gabcxy 1 Gabcxy ’ 


Ex. 2 . Reduce 


2 


xy 


2y 2 


2(a + b) ’ 3 (a-b)' 4 [a ' 1 - b 3 } 


to their least conv 


mon denominator. 
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The h. M. of the denominators = \2(a* — b' 1 ). 

Then, 1 2(cr - b* ) -t- 2{a + &) — 6 a-b); 

__ 3 x<i 6(a ~~b)_ 18 x\a — b) 

’ * 2 (a + b) 2'a+^j X 6 (a — b) 12;(<r ~ £-) ’ 

12(a 2 - 3fa - £) — 4 (« + ; 

.17 ^ 4 * r(<* + b) 

* ’ 3 (* - £)** 3 (<* “ <*) 4 (« + *) 12 0 2 “ <* 2 ) ’ 

\2{a*-o i ) + A[a 1 -F) = 5 ; 

. 2_r- 27* 3 6y- 

■ • 4 i«* = -#*) " 4 (a*—"/i*) X 3 _ 72 (a 2 -i *}' 


Exercise XC. 

Reduce the following fractions to their lowest common deno¬ 
minator. 


1. 

X V 

a' b 9 

2 . . 
c 2 at 

y l 

7 3^ 7 

.\bc * 

3 . 

5 '*’ 

£ 3 < 

3 -i ’ n.\ 

4 

2 X V 

OJ 

u 

;, 4 - 

1 

1 cs 

Vrt 

$ 



5 

<i-Kr 

a — .1* 

•• 

3 a ?> 7 4 arb 7 5 ab~ 6 b ' 

■ 



rt - X 

7 ay- r 


$a-b 

5 a -b 2a —b 


7 

.1- 

r 



4 .r 2 7 

2.r* 7 8.r 



+ b- ’ 

M 

— 


g 


xy 

9 . 





o- 

3 (a + b) 

7 6 {a*-b*y 

4 a 3 ( 

tf+.r) ’ 

4 « s (" - 

->) * 

- 

1 A 

A 

ax $a 

4 ^ 

> . 




1 U. 

X — T * 

(x — 1 ) 2 7 .f+ 1 * 

(x+i)* 

1 •» 

7 . 

l 




II. ADDITION OR SUBTRACTION OF FRACTIONS. 


239 . To add or subtract fractions. 


Rule. Reduce Ike fractions to a common denominator , and add 
or subtract the numerators for a new numerator , retaining the 
'Common denominator . 

.C V z 
Ex. 1 . Add together - , and - . 

0 a b e 

Here, the common denominator is abc. 





hex + <tcy+ abz 
abc 


• • 
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Ex. 2 . Add together and — . 

3*»~4 5 _- 7 «_ ~32 , 35 ~ 49 « 

7 8 '56, -56- 

_ 24^-32 + 35 -494/ 3-254/ 

56 56’ ' 

Ex. 3- From take . 

6 5 

- 5 _ a+2 _ 15a - 25 _ 6« + 12_ rja- 25 - (6 <1 + 1 2) 
6 5 3 ° 3 ° _ 3 ° 

1 5« — 2 5 — 6a — 12 _ 9<z — 37 
3 ° “ 3 ° 


-ci 4 . , , 1 +X I — X 

Ex. 4 . j Add --- - to- 

I +X+X i l-X + X* 

Here, the I., c. u. = (1 +x +a 3 )(i — .r+.t- / i= 1 +.r-+.r' 1 . 

Hence the Exp.-<* +Jr *' ^+A+<«.-*X* ♦'+*!> 

r i-f.r s +.r* 

(i 4- .r*) + (i_- 2 

1 +i s + i 4 i + .r*+.r« ’ 


Ex. 5 . From 1 + * « take —-——t, . 

i + f + r 1 — x .r- 

Here, the 1 ,. r. 1 ). = (1 + + a* 2 )( 1 - .r+.r 8 ) = 1 + .r 2 + jit 4 

Hence the Exp.-" + " <I -*+ i ^ 1 -* X .'+€+25 

_(i 4*-ir 8 ) — (1 — A' 5 )__ i -Krj — i -j- .r n __ 2 .r‘ 

1 + .v4a 4 ~ I +.r*+-r 4 ~ T -Kr*"+_i 


-4 ' 


_ 0 -f a — b 

Ex. 6. hnd the value of — -- .+2. 

a 2 -b 2 a + b 

H ere, the L. C. r>. = op — £ 2 . 

Hence the Exp. — - ^^ - - 

_a a + — (a* — 2<s£ 4 - b *) -f- 2 a a — 2/fr 2 


2 (<z 2 4 *tf£ - IP) 
a*^tP 
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Exercise XCI. 


Reduce the following to a single fraction :r 


1. 


4 . 


7 . 


9 . 


11 


13 . 


16 . 


J 9 


22 . 


25 . 


27 . 


29 . 


31 . 


33 . 


35 . 


x x .i- 

■ + 4 - . 

2 3 4 

-V + I 2 X - 1 

— — f 

3 


2 . “ + “ + - 

2x 3.r 4X 


3 . 

3_r 1 2y 4? 


5 . 


x -_3 _ - 1.7 5 

fu' 


4 5 - r 

la-^b 5 « - 7 ^ , 8a + 2<* 

+ ~ --r -• o> 

5a loa 25a 

3*rA y + 1 55 “ 4? _ 2 * r ~ rj_5 
'2 “ 12 3 

2a* + 5 ab $a?b — 2ab ' 1 4a 4 — 3a b 


6 . 


$x* — 2 3** — .r 


8 at 2 


8.r 


3« - 4^ _ 2 a - b -1 15a 


10 . 


a* 


ab 


a a + b 

2b 3(a-d)’ 


a*b 

14 !>+ 

a + b a — b 


3 12 

a—x a + -V ^ 4a 2 4* x l ‘ 
ax x* 4 ax* 

i2- rA ■ 

2 b 2(a + b) 


15 . 


a 


o 


a“ 

— . — a. 
a — b 


a — b ab 

+ 


a + b a L -b l ’ 

1 + S x _ 1 - 5 -*" 

r - $x \+$x' 

x a+x 
a 2 a(a — x)' 

1 - 2 + — 
x - 1 _r x + i 


17 . 


20 


23 . 


a 1 + b 2 a-b 
a- -b- a + b’ 

2X 1 — 2 xy +y l .i* 

x' 1 — xy x—y 

a \ad-be), x 
c c\c + dx) 

1 -> 

26 . -A- 

X X-l X + 2 


18 . 


a—b a+b 

a l + b 1 a — b 
a 1 — b~ a + b 


21 . 


a-7 a-1 


x a-x 

24 . 2 H— y~ * 

a 1 a(a+X) 


28 |. 1 (l 

2(a-x) 2 (a + x) a 3 -*- 


a b + c a + b c. ^ 1864.) 30 . 


ab 

\ 

] 


ca 


be 


y _ J _ 1 

2 (.V- 1 ) 2 {X+l) X- ' 


r~# + 


3 a 


2a + b 2u — b 4<i 4 - b* 


32 . 


1 - + X ~ l 


A' 2 +j/ 2 y x 

. 34 . 

a 

(a 2 - b*)x 

n •> r* 

.r J — y- .r — y x +y 


b 2 

x?-y* x*+y* 

36 . 

jr 

X s 

x'-+y i + x 2 -y 2 • 

I — ;r 

( 1-*)* 


x* 0 3 +i)- .r 2 +i 

a(a 2 - b' L )x- 

+ W+«)' ( “- M - 64) 


-3 
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37 . 

3 « . « 

2ax 

" 7 i .1 • 

38 . 

t/ 2rt t a 2 + $a 

4 <j / • 

a+* a-* 

a 2 -ar J 

a-4 a 4-4 rr—16 

39 . 

* 2 4-j/> x 1 

_ 

40 . 

. a — b . 1 

xy xy 4 -y 2 x*+xy 


a 3 4 -^ a M — ab + d 2 a+b 

41 . 

x — 1 

(2T + 2X^ + 5) 

_ _ 2(x + Z) 

' ( X + S)( X - 

I) + (.V- 

a + 5 

-ix.v+2)' 


240 . Sometimes the denominators of the fractions have to be 
resolved into factors either by inspection or by the method of finding 
the L. C. M. 


Ex. 1. Simplify /“ 2 , + . 

7 X--5X + 6 x*-$x+2 .r*-4.r + 3 

The first l)enr. = (x — 2)(.r — 3) ; the second = [x - i)(.r — 2) ; and 
the third = (.*- 1 )(.r — 3); of these the L. C Ti. = („v-i)(jr — 2)(^r — 3). 


2 -r + 3 


5-*+ 2 


W - 2 


Hence the Exp. — - . 

u - 2){x - 3) (x - 1 \x - 2) (.r - 1 )(jt - 3) 

= (3.1- - 2)(.v- 1) + ( 2 X + 3)(.v - 3) - ( 5 -r + 2)(.r - 2) 

(x - 1 }(.i - 2)U‘ - 3) 

_ ( 3 * 2 - 5 ; r + 2 _) +i 2 ;* r3 - 3 X - 9 ) ~ (S'*' 3 - &r-4) 

(- r ~ l )(■*' ~ 2 )(.r — 3) 

= -3 

f.t - i)(.i'-2)(.r~3) ' 


vt +2 


241 . Sometimes it would be convenient to combine two of the 
fra< tions together, instead of finding the L. C'. M. of all the denomina¬ 
tors at a time. 




Ex. 2 . 


Simplify ----1- ~ 

r 3.V - 2 3-r + 2 


21 * 4-6 
9 * a + 4 


The L. C. I), of the first two = 93 3 - 4. 

Hence the first two terms — + -) 

9^-4 


► 

2 lx + 6 
9^“4 * 


Therefore the whole expression 


31 * 4-6 
gx 2 - 4 


*=(21*4-6) 


2ix + 6 . , f 1 1 \ 

9-r 2 + 4 ~ (2U+6) l9^-4 9*' J + 4j 
(9-r 3 + 4) - (9.1* - 4) _ 8(2 \x+ 6) 24( 7* + 2) 
X 81 x *-16 ' 81**-16 ~8ix*~ 16 ■ 
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Ex. 3 * 


Simplify 




2 

< 1 * 4 “ I 


I 

a*+^' 






I 

< 7 2 -f I 



(re-arranging the terms) 



- I - rt- - I \ 4 _ 4 

a* - \ ) a*- 4 a 4 - j 

4 (a*-i+ 4;__ 12 

te 4 - 1 )(V* 4 - 4’/ ~ a* - 5a 4 + 4 


342 . Sometimes the work may he simplified by first reduc ing 
he fractions to their lowest terms. 

Ex. 4 . Simplify " a -3^ + ^ + - 6*- _ b** + ab-2P 

a-2b 2a- 3//. 3^ + 2^ 

. , . w*-£)(rt~2£) , 

l he first traction =»---' — a- b 

a - 20 

X. 

, ( 3 « + 2 ^)( 2 «- 3 ^) 

1 he second.= ~ - - - **\a + 2h. 

2/1 — y> 

The third.= - = 2a-b. 

3 « + 

Hence the expression = (o -/;) + (3a + 2^) - (2cr -b) = :(,i+^ . 


243 . By applying the princ iple of Art. 229, fractions may often 
be changed to simpler form for addition 01 subtraction. 

♦ 

Ex. 5 . Simplify ----- 4- ^ . 

" a—6 b-a 

Since b — a~ — (a — b), the above fractions may be written thus :« 
a b a —b 
a — b a — b a— b 


Ex. 6. 

* 


Simplify 


2b —a b - 2/i 
x—b + x+b 


3 x{a - b) 
b* ~x* ’ 


Since b l — r"= - (.r 1 - b*), therefore we have 


. „ 2 b-a b-2a 

the Exp. = , + — -- + 

r X—b T x+b 


3 *{a ~ 6) 

.r J - 6 2 


{zb - a)(.r + b) + (b- 2a)(x -b} + yc{>i - b) 

x*—b % * 
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(2bx - ax + zb- - ab) 4 - {bx - zax - b~ 4 2 ab) 4 lax - iba 

“ ' "" .. 

_ ab + b- _ b(a + b) 

.r 2 - £2 ~ y^- A 2 ' 


Exercise XCII. 


Kind the values of:— 


1. 


1 


2.r - 5 x l - 6,v - 7 


-- -4. v 4-- 

3-r 4 2 (3.1: 4 2 ) 2 (yx -f 2)* 


**-7.1 + 12 :r 2 -.r- 12 * 


-I 2 A* 

5-—- 4 ; o 


2. , ^ +^:-" 

.v — y x ,? -Yxy 4jr 2 r" - r* 

4 4 2.r - 5 ^ zx* - 1 1 

-r*+.r r 2 - x 41 .r ®4 i 


.v-i x - 2 .r 2 - 3.1' 4 2 ‘ 


-r + 3 «:+! , 

0. — ~ + 


8 


-f-( tf + 3 ' r* + 3.i — 3 


7 . * 


2a 


x— a 2 


(X - 2a)- x i — + 6« 2 .r - 3« ' 


8 


10 




9«i‘ - 3u/> + 4* 27a* + 3 s ‘ 

(2rt - 5^) a - 4fl 8 + (3<r - 2^) 2 - 4 ^* 

4c7 — 5 b 3 a - 4 b 


9 ■ l ’++ _ -r -5 

r* - 3-r - 28 x l + 2.r - 33 


It 


13 . 


45 . 


17 . 


19 . 


20 


r 1 a 

4 —:—r 4 


2(a~x) 2(a+x) d*- Kt* 

2 _ _ I _ <1 + 6 

a-2 2 + a a 2 4 4* 


12 . £. m + 

x+v x' — y- x L 4 - V“ 

m r- 

14 3 + *. _ I.- 1 ’ 

8(1 -.r) + 8 (i +*) 4 ( 1 +■*''-) 


J li I 

4 Q-b- 2 a 


2 


a 


1+* 4-r 8 a- i —x 1R 

i-x i+x i + 14* a 4 -£ 4 1 «»4J* ‘ <*4/» 


4 " F«"f* 

Ci 
2 


-tr - yt + -T+4« ___ ( ^ 4 - 4 g)U J - 3 a) jg 4 -_ J? 

r - 4a T x 4 3a x l - ax — 12** * ’ 'a* — 1 rt 4 i 1 — a 

1 jr 4 1 2a 2 4a* 4 12 . Q , 

- 4 y-1-• (C. K. i860). 

*■43 **-3*49 x s 4 27 

1 at - 11 _ \ax—i x' 1 - 2x 4 5 . 

3i-r- ^ 7 ) "* 3(J-' +-r +1) (X ~ i )(* +1)' 


21 . 


+ 


'.t - i )(,v - 2} (r - 2)(3 - x ) (.r - 3)( r - -v) ‘ 
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KJ2 

22 . 

23. 

25 . 

26 . 



28 . 

29 . 

30 . 





34. 

35. 






X — 2 


x ~4 _ , _2(jr-3) 

y -\ 4“ / — 


(.r-iX-r-3) (x- 3 )(x J - 5 ) (x-i)(S~x)' 

y — * x- 2y 3# (* - y) 

“ • - -- ' “ 

a — y y+ii 


V * - a 34 


24- - %-i 

•V - 1 2 + 2 X 2 X‘ + 2 


.-. 5 - .+ 3 ..9 

.V“ - 3 v - 28 — 12 AT* — I OX + 21 




A b* 


a — b 2(a*+b) 2 (a 2 4i“) <i* — b*‘ 


a 1 + 2 ab - 3^ + d 5 * 4 2 ab — 3« 2 3a 2 4 3^ 2 4 ioaZ> 

2 4 *ac a-c 2c . 0f N 
<A (a+tjt »<-,>' (c ' *" ,S69) - 

(ck. ,86 2 ). 

x —.r+ >' .r*— _y- 

, - s-- - + , v-- x . (B. M. 1S93) 

.V - 1 .T + l „t 2 -I x{x l - 1) 


. ( \. K. [897,1. 


I 1 I 

+ + - 

X 


• r +y _ 

X 

*1 o 

x _-*y 

(c. 

J' 

x 4 y 

»> *i • 

x~y —y 


£ 

a + b 

a- + b~ 

■ (c 

a+b 

2 b + 

2b{a — b) ‘ 

a 

b 

«* 

2 a 

+ ~b~ 

a + b 

ab - 0- + 

a* - 

X -y 

X — .7 

..._( y- + 

)*__ 

x-z 

X-y 

\ x -S)W 

-*) 


2 


# 4 £ 


£ 4 ^ 


(x — a)(b — a) (x — b){a-b ) 
_ *+37 _JM-2J/ 


(C. K. 1*79). 


. (C. K. i860). 


x+y 


4 ( x +y){x + 2y) (x+y)(x + jyj 4{ x +-y)( x + 3y) 


. (C. K. 1866) 


*~5 


x — 6 


' *> . o- ( c - K- 1864). 

-7-r-Ho 2 .r 2 — gx 418 v 


2 X — l 


a+x _ a — x 2X* 

a A 4 ax 4* x l a A — ax 4- x* ^ a* 4- a 2 * 2 4* 4 ’ ^ ' 1 ^9 2 ) 


4a\a+x) t 4 a*(« - a) + 2a 2 (a 2 +.v 2 ) ‘ ( c - K - 1861 )• 




multiplication ok fractions. 


*93 


.. 2+X . 2— X , X , a . 

40 ' 2(7+7)+ i(^T) + *-+i • (c - K - ,8 ^ 

41 • a+ x ~ a^x + 7^-7 + 7+7 * (C ' E ‘ 1883 


43 . 


44 . 


45 . 


46 . 


47 . 


48 . 


X + 2 


42 . 


-V — 2 


2.r 


2_ 


i-Kr-f.T 2 j — ;r+-r- 


- * 2 + .r 4 


+4 . (c. fc. 1877)- 


1 +jr 1 - jt + 1 +7 + i +7 1 +.r s * 

7 -(y- sf y* - (s --r) 2 a 2 - (x -yf 

(s + .r) 2 -> + (.f+y ) 2 -.7 + (/+*)* 7 * ( 866) ‘ 

(2/&— 30 s1 —>& a 4/t.' 2 —(3/ — k )' 1 y/ 2 - 7 , . . 

4 7 -( 3 /+/t) a y^ 2 -/ 2 ) (2X’ + 3 /) a - k* 

9 r - (45 - 2 X ) 2 ids*-(2* - 3 jk) 2 47 -(3 y - 4") 2 

( 2.c + 3^) 2 - 1 67 (3y + 4^) 2 —4-7 + (43+22:)* —9 v 3 ' “ } ' 

4 

__ I _ I 

ti 2 - IF — c 2 4* zbc b 2 — (T 54 — cF + 2ca + c a — cF — 4* zab " 


2^r 


+ 


4^ 


8-t* 7 


464 1 

* +-^ + 


. — _ —-j~ « 1 - — _ |. —— 

a —zb a —b a a+b a + zb 


49 . 

50 . 


_ir + 9_ 1 _ x_ 

y^ + jx+iz -r a + Sr+6 x A + yc + z " 

* 2(2^- ^) _ 3(« - <*) 

2# 2 - 11 ab 4 - 12^ 2 4 a* — 4 ab - 5b 2 2a* — yab — 4b 2 


III. MULTIPLICATION OP FRACTIONS. 

244 . To multiply one fraction by another. 

Rule. Multiply the numerators together for a new numerator\ 
and the detiominators for a new dcnomintiior . * 


Suppose that we have to multiply 


a 

b 



c 



a t 

Let - =-r and ^=y ; m \ a=bx, c=dy and ac^bdxy ; 
hence, (dividing each of these equals by bd\ we get 


ac 

Sd ~ xy; huixy 
—13 


a c 
b X d ; 
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. ac^axt product of numerators 
* * bd~ bxd product of denominators ’ 
whence the truth of the Rule is manifest. 

Similarly, we may proceed for any number of fractions. 

245. It is always advisable, before multiplying out the factors 
for the new numerator and denominator, to see if some of them do- 
exist in both the numerator and denominator, in which case they 
may be struck out, and the result will be mote simple. 

a x cx ac ac 
bx x d bdx x bd' 

y +j r __ 5<i.r x v( x +j'j _ 5 a 
+ -t y 30' x a (r+ y) ~~ y* 

- x 

3 — x l <r — rt.r 3^rx(r + .r)U* — X) x </(« — .r) 

4.r(aj- r) 

3 .pu'-.r; ' 


Ex. 1. 


ca* 

4.1 X d 


Ex 2 5 --- x - 

30 ' - l 


Ex. 3. 


oh’ 


Exercise XCIII 


Find the value of :— 


T 

5^4 I24c“ 

0 |6 ^‘ 5^- 

O 

6 $a*6\ - 85.1 [r‘c ■ 

64 * 6 * X 15« 4 * 

2Sr 

O. 

fi&YZ * 91/1W 

4 . 

2 * x ^ ab x 
a t 2 b 

5 3<^ 

10** 

4^4- 

X A" 

9 b“L 

X 8«i*4 * 


»v o 

- OA A’- 

6- , ... x - , 

(a—x)* ab 


7 9^0'^ \ftxz ioc ? xj' 
t 5^*at" X ybz" X 8^0'" 


8 . 


a 


•2 _ 


n 


4 a- - 9 
x 


rr 4 - 2a d~ 4 * 3<? 


t’A” 


?> 


X 




10 . 

a x — 4 4 <* — 4 

v 

(C. K. 

I 860). 

a* ^ 2 ab + 4 - ** (a 4* 4 ) * 

11 . 

a* + 2ab ab — 2b - 
a*+ 4 ^* X « a - 4 ^ ' 

12. 

* a +*r x (-r - 

A ‘-7 A 4 - 

13. 

a 4 -.r 4 rt‘ J +tf.r+ 4 r 3 

, V 

14. 

rf* - I Itf -f 30 

tf 3 —A 3 rt+AT 

— 6a 4 - 9 


x a * ~-t\ 

- 5rt' 
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15 . 

a* + 3n + 2 

11 

v fl3 + 5 fL +4 

(C.K. 1866). 

a- + 2a + £ 

+ 7 <z 4 -10 


16 . 

x 2 + 4X - s 

.r- — x — 6 

X - 3 

X 3 + 2 X 4 - I 
< - . 

x* — 2.r - 3 

x 2 - 4.r — 5 

X 2 +X~2 

17 . 

x* —y 2 

ii 

,ry - 21'** 

y - - _ 

x l - xy 
x / - ... • 

X- - 3-ry + 

2V- x J +xr 
•* ✓ 

(.r - r)“ 

18 

x‘ — 2ax 4 - a 9 x 2 - <)a 2 

- .. X 

.r a 4 - 5 ax 
x — -- 

r l 4- 4 ax — 

5 a- ax-b 2a 2 

t-- 4 ^v 434 - 


IV. DIVISION OF FRACTIONS. 


246. To divide one fiaction by another. 

Rule. Invcrf the divisor and proceed as in Multiplication. 


Suppose that 

* 


we have to divide 


a 

b 



c 

a 




a — b\\ and c — dy. 


Hence ad~bdx, bc—bdv, and ; 

be bdv v 

x a c . ad a d 

but - - .r -M' =- — ..and .- =;X , 

y b d be b c 

whence the truth of the Rule is manifest. 


247. In division of fractions, as in multiplication, cancel factor 
common to both numerator and denominator before multiplying. 


. Ex. 1. 
Ex. 2. 


8 a x b 8 a A b jXy 2 _4ab x6a*xy 9 ^ 4ab 

15 xy' yjr 15 xv* 2a* 5 y x 6a*xy 2 ~~ 5 y 

x 2 +xy ^ .r 4 - _v 4 _ x(x -by) (x - y) 2 
x —y {x — y f x —y v { - v 4 

__ x{x+y ) (x-y)(x-y) = .v 

x -y (.r- +y~){x +J')(- V -y) x* +y i ' 


Exercise XCIV. 


2 a h b* 8 ab 

$xy ' 15 xy ‘ 


a? + b' 1 a — b 
d & — b 2 a-bb* 


Find the value of : 

- 4xy* \4*y 

1 . -+ • • * . 

lyz- 20 yz 


2 . 


3. 
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A a 2 + b* a* -ab +IP 

' a*-6** ~a-r~' 
6 — a L- b \ < f±jP 

aP~2ab + b % b(a — b) 


x 2 — xy +y ' z 4 x l y i x 3 4- y 3 
6x * x —y x$:~y l ’ 


s - 

V 

7 X a - UX 4 - 30 x a -^5£ 
X a -~6x + 9 A 2 - 3^ ‘ 

A .r 4 — 2x l y l 4 - v 4 x 2 - j/- 


x 3 _y 4 -xy* 


x-+y* 


1(1 a ~ 4 * 3^ 2 <*“ + ab 

a*-b* ' • 


11 . 


13. 


x 3 4- 2.r — 15 ^ £* + 9^+20 
x a 4-8x-33 " x 2 4 - 7x - 44 

x a - lx 4 - 6 x 2 4 * I ox 4- 24 
.r a 4-3x-4 x 2 - 14x4-48 


U“ 4 * IP — 4 - 2ab a + b + c 

U- c 2 -7r-£“+*3 + J + cr-.* 


x 2 + 6x 
x s - 8x a ‘ 


*1A x * ~~ ^ _ x \ 4 ^ ;r - L ‘ fi “ ^ 2 x 3 x 4 - 2bx ? ' 4 - b 2 x 2 

x a — 2 ^x 4- b 2, x — b ^ x 2 4 ~ i 3 A ' 2 — bx 4 - b' 1 


-- >r* — a* _x 3 4 -<P _^ x 3 - a z 

x° + a° X x' 4 — 2air* 4- a 4 ’ (x 4 - a 2 x 2 4 - a*)(x 2 - 2ax 4 - a 2 ) 


x 3 - a 5 


248. Before applying the Rules for multiplication or division, it 
is necessary to change mixed expressions to a fractional form. 


Ex. 1 . Multiply x 4 - X by a - X - 

r a-x x a 


Here, x 4 - 


<xx.-x 2 4 -x a ax a x a z -x 2 


a —x 


a — X 


a —x x a 


• 11 j , ax cP-x l ax (a- x)(a+x) 

t \ Product«-x -= x — - — = a 4-x. 

a — x ax a-x ax 


Ex. 2. Divide 1 by ~ . 

r y 


„ . ^ / riVV y + ax 

Quotient = - y a ) = 


y 4 ax y i - aV y 

■-- =-o-- x 


y+ax 


( y + ax){y - ax)y jy-ax 
y\y+ax) “ y 
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Exercise XCV. 


1 . 


3 . 


5 . 


t. 


Find the value of :— 

K)*(H)- * (■— MS-0- 

*• 1 ) : 


■\ aPx"- 4- abx 1 ax 


ax+ i 


x 




9 . 


10 . 


11 . 


12 . 


(--S) 

(a. k. 1891). 


f.r4*v) 2 +(r--^) 2 . &—y % 


. (m. m. 1887.) 


{x +yf - (,r - yf 2zy(x -y) 

(• c+i fef)*( I - ,+ J -4)- ,88s> ' 


Multiply 

13 . _r ,J -.r + i by !,+ -* + !. (c. K- 1876). 


-T 2 . * 


-T 


o 

X~ X 


U. ■—+“ + ! by „-M. (n. M. 1865). 

• a 1 a or a 


15 . 


.r 2 


M + i+^by--* 5 ^. (c. k. 1875}. 
x* ' v x 


16 . x + - +1 by .r - 1 + . 

.r -V 


Divide ** 


cP . IP % a b 


17 a* by d + a’ (C E ' l87 ° )- 

19 {y + C~ 2 Y hy x~y (B - M - l89S) - 


cP . d l a 
18 . £*- 1 by ^.,+ i- 


20 . 


* 6 _^ +< by x -y . (m. m. 1897). 

X° X 


10 


r 
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V. COMPLEX AND CONTINUED FRACTIONS. 

249. A Complex fraction is one which has a fraction in its 
numerator or in its denominator, or in both. 


'TM U 

thus, - ’ 

c 



~ are cow pic r fractions, 
c 


In iiie last of these forms, the upper and lower quantities) 
a and d are called the extremes, and the two middle ones, b and , 
are called the means. 

Sometimes the above arc con\enientlv written thus : — 

* 

a; ib a !c 

bi 1 c b: d 

250. Simplification of Complex Fractions. We have, by 
definition of fraction, * 

a jc a c a d ad 

HdT b* iTb” c~ be' 


a 


a 


Similarly, —and aj-= 

Hence, wc observe that when a complex fraction is put into tin* 

form of n fracITon 5 s ^ lll P^ e expression for it will be found b\ 

taking the product of the extremes , fur the numerator, and that *of 
the means , for the denominator ; and that any factor may be struck 
out from either of the extremes, if it be struck out also from one oi 
other of the means. 


a 


x 


a - — x 
ax 


2 


nM x a ax (<r ■~x~)'Attx [a±x)(a — x) 

i hus, ■ a —— si. - / -- = a+\ 

i l a— x (a — x) x ax a — x 


x a 


ax 


Hence the following Rule : — 

* 

251. To simplify a complex fraction. 

Rule* Multiply both terms of the fruition by the I., (\ M. of tin 
denominators in cacti . 

Ex. 1. Simplify- ^ and ^ 

X + I ;f 

Here, the 1.. c. M. of the denrs. in (i) is 2, and in (ii) is 12. 
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Hence, (?) The E\p.= 




1 - *.? 
+*“ 


X - = 


2 —.1 
8 *r * 


r . T , ~ 5 - | a * 12 60-3* 

(11) i he Exp. —' . x - = - ’ — 

x + i \ 12 121 + 16 


3(20- ; v) 
4 ( 3 r + 4 )‘ 


a (X 4* 1 

Ex. 2. Simplify a 

a a —\ 

a+ 1 a 

Here, the \„ c. M of the denrs. =a(<r — 1). 


Hence, the Exp. = 


a 

a - i 


<*+ 1 


<« +1 


« r f(tf * - 1 ) 

a((r— t) 


a — 1 
<2 


_ -ir(a+ \)-{a+ \)(n v - i)__ (rt + \)(a l -a*+ \) <1+1 

*&(/* - 1) - (a - 1 j {a* - 1) (a — 1 j(Vi 2 — </' 4 * t ^ — 1 

252 . The following is an example of a Continued fraction. 
I'he best way to simplify it is to begin from the bottom and proceed 
njnvardb step by step. 


Ex. Simplify 


1 + 


x 


1 +.r + 


»> 

2 .V“ 


1 -X 


I'he Exp. 


/ 


1 4 - 


x 


I - V- + IX 
i -.r 


r'i 


I + 


.r( 1 — .r) 

V+‘v- 


i +.i 2 +.v--i 
1 4 - t 2 


1 4 - x" 
l 4 -.r 


Exercise XCVI. 


Simplify the following :■ 


1 . 

-> — •» t* 

“ - . 2 . 

X 

«■ • 


5 

5 ~ .v» 

6 . 

0 1 • -i' 

2 » 1 A 7 

r , • • • 

■5-t* “ I i 

~ 3j_ 
'vJ — 4 x * 

10 . 

24-4(.V-2) 

11 . 

iU'+0-4l * 


■> x 


Q _ 

* + 2 j 


3 -V + 2 * 


o J 

Ji 


2.r 

A* — 


g -V- 4 ( 3 -v- 2 ) g <u - K 5 -r+3 ) 

3 


2 -{ 


1 T. - (K*+ £) 

+ 0 


12 . 1 + 


1 + a + 


2 a‘ J 


i -a 
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22 . 


24. 


i +.r 


i — 


i+x 


a +.r a — x 
a — x a+x 
a+x a—x 
a—x cT£'x 

A‘ 4*2 


I -x + 


2 — X ■»- 


r N- y- 


14. 


i+x i —x 


l-x 1 +X 


15. 


2oT 

2b*~ 


20* 

a 2 + b* 


2d 1 


x- x ~y 

i +xy 

r + xi > x ~y) 

v+xy 


18. 


rt — I 4 * 




^+// J 

6 

a — 6 

T ' 

a —6 


20 . 


21 . 


r-i 4 - 


ji* 

i +~ 

4-x 


I +-T 4 - 


] -x+x 


■> *) 
x* — y~ 


i 

.r-h- 


t—;—x‘-*—^ (m.m. 1887). 23. - * -7--—■ 

1 1 x + v" 1 vixyz 4 -.v + z) 

— A'H-- ■ 


J' * 


J'+l 


<? - I -|- 


I 4 - 


:-. 25.-1—+—!-+-2— 

iii 
-- 1 H- I — - I 4 -. „ 

a a + x a + x a- — . ,1- 

4 — a 


(C.K. 1870) 


VI. SIMPLIFICATION OF FRACTIONS. 

253. The following are illustrative Examples. 

1 ye t* — b ^ a + b\ l(v + b 2 a' : -b’\ 

r \a + b a~b) \a*-D A a-' + b-f 

f4rrr Mnmr (« - b)~ 4 -(a 4- bf a* - 2 <zb + b 2 + a 2 +2ab + b 2 
Here, Numr.*---- - 

2(a“+6‘ 1 ) 

■ * - p ■ 

(a-+6*f + (a*-F)°- a* + zaV?- + 6*+a*- 2ciW+/>* 
enr ‘ = ' (a‘- - f>*)(a a - + <$*) “ .(a s - ~+F) 

2(a* 4- 6*) 

~ (a- - b-)(a-+b-)' 

„ ~ 2 (a 2 + b") 2 (a 4 + ^) 

Hence, the Exp. = 

__ 2 (a 2 4- £ 2 ) (a 2 — ^ 2 )(a‘ ? 4- £ 2 ) _ (# 2 4- £“)“ 

- _ F * 2(flM-^ 4 ) , “ «* v +>' ■ 
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Ex. 2. Simplify (-H. +_£. _ ^L.) (-— + ~ r . 

V+j' *-J' x* —y*) \x +y x--y-] 

Here, Numr. = 2 * U ^ +A*r*'>S- *!- ■ 

x--jr r 2 -y J x- ~y- 


Denr. 


x — v+x 2x—y 


x l -y 1 


9 O' 
X- - y- 


fT , t- .r(2 x—y) 2 x-y x(2x—y) x-'—y 

hence, the Exp. = * -s- — -*-#x —.r. 

x* -y~ 2x-y 

Ex. 3. Simplify (>+£„- **) (s~£,+ ,*,) ■ 

r 45(.v-6)-26(.r-8) 19.1-62 

Here, rst fractional + --5,7—7, =1+ „ , ,, 

(„r - 8)(.r - 6) .1 - - 14.1 +48 

r" - r 4.1-+48+ ig-r-62_ ,r* + 5.V - j 4 (,r + 7)(.r ~ 2) ■ 

(•i‘— 8)(.v — 6) " “ (x - 8)(.v - 6) “ (.r - 8)(.r - 6) 

, . / 65 8 \ 65f.r-2)-8f.v + 7) 

J \^ + 7 -r-2 / J (.r + 7X.f-2j 

_ _ 57^-i86 3(.r 2 -4- 5-tr - 14) - (5/,r - 186) 

~ a- 2 +5^-i4 == jr 3 +5 .r-J 4 

_ 3 t ;"- 42 : l'±i44 = 3(-} 2 - '4f+ 48)_ 3(.y ~ 8)(.v -_6) 
(x + '/)(x-2) (.r+7)(.r - 2) (.r+7)(j' -2) 

,, ,, ('.r + 7)(^-2) _ 3(.r-8)(x -6) _ 

Hence, the r-xp. =:-- Z\ x —7—7 " , = 3- 

’ 1 (.r — 8)(.r — 6) u + 7;0'-2) 


Exercise XCVII. 


1. 


Simplify the following expressions :— 
2 a 


( 


I 2 \ 

-p-I X 


x~ 


X" — a~ x — a x + af a* 

x - a + 

x 


(c. K. 1872) 


I 

- x 


2 . 


1 + - 
x 


3. 


(’ - rb) (* +ih) x tt* (' +r+ ,l)- (c -*• 1871 

& B. M. 1893). 

_L_) 

i+.rj-. (c. K. 1886). 


J—+. 

■< i I - .r F -- < . 1 

■-i j 
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a + 6 , a- + b >2 \ la-h a*-b'\ 

\a-h + a*-P) ' \<i + d~ ~a*~+PI' (C ‘ K ' ' 868) ' 


5. 


11 . 


12 . 


14. 


i I 

a + b + <( F+<*-<* 
i _ i~ ( ' + zbc 
a b + c 


}• 


6 . 


i ) 

in — n m — s 


i 


r 


. (c. 


(/// — n)~ (in - .v)“ 


.« J -kr +1 *-.r+.v> / .r l-.r i +.r\ i 

i -.r 3 i +.i- \? +x .r r / I - 


Q Ar-v -r-i ; \ /j' + v, ^4-r“\ , 0 . 

\x+y -i*+jr/ \x-y r'-y 7 

9 K:f)K3Mt3T-<*■* ** 

. f3fw-»r. f4(r-.rt . )j ‘ 

-« I 7(r + .n‘ ' { 2 i.rv' ’ 4 (w J -« s jf ' 1 


/■ *» 

o.r- r- 

/// + n 


a — /; 
1 + a+b 
a — b 
a + b 


x 

x - a 


x 

x + a 


a* - b' 1 
1+ a 2 + £* 

-—5 ‘ A * 

a* — b- 

a l + b- 
x+a 

X - 


(r. K. 1859 ). 


1 — 


.r - a 
x + a 


x 4 -a at — ^ 

.r — <7 .r + a 


(C. h. 1869 .) 


-IQ ( x +y m -v-\ ix + y x-v\ Q 

13. ( —I. (r. e. 18671. 

\.r- - y* x z + r/ \x-y x+y) 


(*+-'+s- )( l - 2 - - 2 -V 

U-i 1 - 7/ \3- 1 - 5 * 


* + 3f 


15. ( r ± 2 £_ *+?*) x / .3_ 

\«- 2 r x- 2 af \2a — x a-xf 


K. 1886). 


1875). 





CHAPTER IX. 


MMULTANEOUS EQUATIONS. 


254. If one equation contain two unknown quantities, there 
Are an infinite number of pairs of \ allies of these by which it may 
be satisfied, 

» 

Thus, consider the equation 3.1+ 2p-= 13, which contains two 
-unknown quantities. 

By transposition, we get 31 = 13-2/ ; 

• r _n~ 2 T 

• • ^ 

w 

From this it appears that if we give any value to y , we shall 
get a corresponding value for ur, by which pair of values the equa¬ 
tion will of course he satisfied. 

If, for example, we take k=J, we shall get .1 ~ V ; if j/ — 2, 
r — 3 ; if y~ 3 , ] ; and so on. 

255. One equation then between two unknown quantities 
admits of an infinite number of solutions ; but if we have as many 
different equations, as there are unknown quantities, the number of 
solutions will be limited. 


Thus, while each of ihe equations 3.V + 2 v = 13, 4.r + 3j=i8, 
separately considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common to both. 

Thus, being given the two equations, we must have 

13 - 2v . -/xi 18 — 3v r x 

x= -, from equation (1) and .r~-=- , from equation \2). 

3 4 

Now, if .v is to ha\e the same value in the two given equations 
(1 ) and (2), we must have • 


1.3-2 V _ 18-3/ 


.3 4 

Multiplying up, 52-by=54-qy 5 

.*. y/-8y= 54 - 52, orj/ = 2. 

Substituting this value of y in either of the two equations, we 
shall obtain the corresponding value of x. Thus from (i) we obtain 

31 + 4=13; 3 -v =9 ; x= 3 - 
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Hence the only values of x and y which satisfy both the 
equations (i) and (2), are 

.r - 3 andjy = 2. 

266 - Equations of this kind, which are to be satisfied by the 
same pair or pairs of values of x and v are called Simultaneous 

Equations. 

257 If there be three unknowns, there must be three equations, 
and so on ; and .moreover, these equation's must all be different from 
one another ; /. e . must all express different relations between the 
unknown quantities. 

Thus, if we had the equation ye + 2^=13, it would be of no use 
to join with it the equation 6^r + 4v = 26, (which is obtained by merely 
doubling it), or any other, derived, like this, immediately from the 
former ; since this expresses no new relation between x and y, but 
repeals in another form the same as before. 

258. It may be observed, that if any two or more equations 
he given, any equations formed by adding or subtracting any 
multiples of these eqbations, will be also true , though expressing, 
in reality, no new relations between the quantities. 

Thus, if x + 2y + 32*= 10, and 2„r - 1 ; then, subtracting 

the first from three times the second, we have 5*r— 1 iy~ -7, which 
expresses no new relation. 

I. EQUATIONS INVOLVING TWO UNKNOWNS. 

259. There are generally given three methods for solving 
Simultaneous Equations of two unknowns ; but the object aimed 
at is the same in each, viz,, to combine the two equations in such a 
manner as to expel, or, as the phrase is, eliminate from the result 
one quantity, and so get an equation of one unknown only. 

260 . First Method. Multiply, when possible, one equation 
by some number, that may make the coefficient of x or y in it the 
same as in the other ; then, adding or subtracting the two equations, 
according as these equal quantities have different or same signs, 
these terms will destroy each other, and the elimination will be 
effected. 

Ex. 1 . Solve 4-r-f gy~S l l. (f) u 

8.r-13^=9 J.(2) 

Here, it will be convenient to eliminate x. 

Multiply (1) by 2, 8.r+i8y—102 

but 8-r — 1 9, from (2) 

subtracting, 3 iy — 93» and 




EQUATIONS INVOLVING TWO UNKNOWNS. 


205 


To find x, substitute this value of y in cither of the given 
•equations. 

Thus, from (1), 4^ + 27=51 ; /. 4**51-27*24 ; 

/. a*= 6, and 7= 3. 

Verification. When x =6, and 7=3, 

4* + 9.J /=s 4X 6+9x3=24 +27 = 51. 

/, equation (1) is satisfied. 

Again, when *«6, and7 = 3, 

8 x- isr-B x6- 13x3=48-39 = 9. 


/, equation (2) is satisfied. y. e. n. 

Ex. 2. Solve 4.r-r«7 ). ( 1 ) 

31+ 47*29 /.(2) 


Here, it will be convenient to eliminate7. 

Multiply (1) by 4, 16.1-47 — 28. 

but 3*+ 4^ = 29, from (2) 

/. adding, iqr =5 7 , and /, .1=3. 

Substitute this value in (1), 

/. 12-7=7; /. 7=12-7=5 and .1=3. 

261. Sometimes we cannot make the coefficients equal bv 
multiplying only one of the equations ; but shall have to multiply 
both by some numbers, which it will be easy to perceive in any case. 


Ex. 3 . Solve lx— 16^=42 ) .(j) 

5^ + 177 = 30 f .(2) 


Here, to eliminate x we should proceed thus :— 

Multiply (1) by 5, 35.tr — 807 = 210 

„ (2) by 7, SS X + 119^ = 31 ° 

subtracting, - 199/ = o, and y = o. 

Substitute this value of y in (1), 

7-1' 5 ” 42 and .r=6, andjv = o. 

262. Second. Method. Express one of the unknown quan¬ 
tities in terms of the other by means of one of the equations, and 
put this value for it in the other equation. 

Ex. 4. Solve 2* + 3 y =4 ) .(1) 

3 r-2y«=-7 /.(2; 
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Here, from (2), 3**21'-7 and /. r=^( 2 r~ 7 ).( 3 : 

Substitute this value of .r in (i), 

K-V-7)f3/ = 4, 

.\ 4y-i4 + 9 v=* 2 , /. 13/—26 and r«2 

Hence, from (3), by substitution, -r -.5(4 - 7 )= - 1. 

/. we have 1— - 1 and y — 2. 

263 . Third. Method. Express the same quantity in terms of 
the other in both equations, and put these values equal. 

Ex. 5. Solve 4 r + jy = 62 

3 j — 2.r — S ). 

1 / \ 1 . (> 2 ~ 7 V 

h rom (1) 4.r= (>2 - 7_r and . . r 


Kiom (2 j 2.r=3r —8 and r-=- 


3 .1-8 


4 / 


()'■> — 1 1' *3 I' — .8 

/. from (3; and (4), — ~- , 

cleanup of fractions, 62 - 7r = 6r - 16, 

- r 3d'= - 78 . and /. _i' = h. 

Hence, from (4), by substitution = 5. 

/. we ha\ e .1 = 5 and = 


264 . 4 'he first of these methods is generally used : but. the 
second may be used with advantage, whenever either .1 or y has a 
coefficient unity in one of the equations. 

Ex. 6. Solve 3r—^=3 (1) 

9 r - sy =* --45) •• -(2) 

Krom (1) y=lx-$ .(3)- 

Substitute this value of v in (2), 

/. 9 * - 5 ( 3 *- 3) = “ 45, or 9 *- 15* H-1 5 = - 45 , 

— 6.r=~6o, /. .r=io. 

Hence, from (3) j = 3 x 10 — 3 — 27. 

/. we have .r= 10 and _y = 27. 

265 . In some cases, the work of solution may be shortened by 
certain arithmetical artifices. 
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Ex. 7. Solve 1 4-r 4-137=35! . (1) 

2 J.r 4- i9r = 56J.(2) 

Observing that 14 and 21 have a common factor 7, \\c shall 
make the coefficients of x in the two equations equal to the L. c. M 
of 14 and 21 if we multiply (1) by 3 and ^2) by 2. 

(Tins, 421 -F 3Qr= *09 

42.1*4-38 [y = 112 

Subtracting, 7=® -7, and /. .1 =9. * 

266 - In some cases, it will be necessary to simplify the equa¬ 
tions before proceeding to sol\c them. 

Ex. 8. Solve 7(2*-7) + 5(37- 4-0 •+ 30 = 0 1.(1) 


5(.K-.r4-3)=-b( v~2.i 1 J.(2) 

From (1 \ 14.1' - 77 4-15/- 20.V 4 - 30 ~o ; 

. /. - (\r 4 - 87 = -30 or -31 +47~- - *3 . 0 ) 

I 10111 i'2j, 5 y ~ 5.1 f 1 5 = 67 -- 12.1* ; 

•\ - v 4 - 7 -r-= - 15.(4) 

Multiply ^4) b\ 4, -4 i'4-282*= -60 

f rom (3) 47 — 3 -i — — 15 


adding, 25* = -73, and /. .r= - 3. 

From 14 \ ' i"- 71* 4-13 — - 214-15 = -6. 

Ex 9 . Solve (a 4 - 5)0'+ 7 )■=(•!“+ 1 )(r -yj + 112).(i, 

2.1*4- 10 = 37 4 -t J.(2) 

From (1), multiplying out, we have 

xy 4 - 7-v + 57 4 - 35 =-*7-<K +7 -94-112 ; 


Reducing and transposing, we have • 

j Ox 4 - 47 = 68 , or 4,1*4-7=17.(3} 

From (2), 2.1; - 37= -9.(4) 

Multiplying (4) by 2, 4.1* — 67= - 18. 

Subtracting, 77 “35 and .'.7=5. 


From (3) 4*4-5= 17 ; 4^= 12 and /. .1 = 3. 
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Exercise XCVIXI. 


Solve the following equations 


A - 

3 v + ay- 9 \ (c , 
•f + 5.y = 10* 

k. 1861.) A x+ y-v\ 

/3. 

2*4-9 7 s * 11 1 


x - y = if 


4 *+ 7 - 51 

A ' 

2 X 

yr §, 2x~C)y ™ii 

1 6 

2 .i' 4 - 3 V = 81 


2y + X = 9) 

3.1*- 

/ 

7x- 7= Si 

7. 

5 r + 4/ = 5 8*1 

8. 4 * +7 = 34) 

9 . 

+ 

II 

d 


3 .r+ 7 j '=67 j 

47+x -16 J 


• 3- r “4y—23 J 

10 . 

4.1 +7j = 62 - 1 

11. 7.r— 8j'= - 22I 



37 ~ 2.1= 8J 

, I 1 . 1 ' - ioy = 

4 J 


12 . 

4.r+6j'= 111 

13. 12A-4- f 3^ = 37 ) 

14. 

8.v -zi_y— 3i\ 


I7.v-5y=i j 

i 7 .r- 197=151 


fi.v 4 - 3 Sv=-i 77 ) 

15. 

y - 1 V* 4 \ 

16. 381-4-17.)'=---127 1 

17. 

4 * 4-3 V —43I 


5 r- i2y=i3J 

i 33 - r + 7 i.i'= 479 J 


3 X- 2 J'=\I) 

18. 

5 jr- 4 V = 8n 

19. 8.r ~ 4/ = 

=9-1 - ay= 6 - 


2 jr + 3 y=i 4 .) 




20 . 

5.r- 2y—7x+2v 

=.i‘ 4 -jl' 4 -1 r. 




21 . &(2X - 3 v) - (2X +3v) = 1, 7 ( 2 .v — 3y)+(2 v + 3y) = 14. 

V ~ 4/) —li x — 3)1 9(-r -V + 7) = 4 ( 4 *-3J4)- 

23 . 4(x 4 - 4) - 7(x -j)' - 1) = ?6(.r - 2), 6(>- - 2) - (3*- 2y) = ()x. 

24 . 3^-2/ + 2=5^-^+lTs=6jr-/-4j. (b. M. 1892). 

25. (x + 7)(j'-3) + 7= s (^-i)(^ + 3) + 5. 5- v ~ i j ^ + 35= 0 - (c.e. 1888). 

20 . x{y + 7) =jK* + 1 )\ 27 . (-r-i£X.y-i ; T)=-vy-5 \ 

2.r + 20 = 37 + i J ' 20 U-i)-5(jk + 5)=.v + 2J' 

28 . I2(2T-2)-20(l0-x)* 15(9/-10)) 

i6(^ + 2 ) - 3(2.v +y) = 6(.r + 13) J . 


267 - '' If the equations are given in fractional form, we should 
.first remove the fractions before proceeding to find the solution. 


Ex. 1. Solve 


7 *+ 


3 V + 4 
S 



■ (0 
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To clear of fraction*, 

Multiply (1) by 5, 35.1*+ 2j' + 4 = 8o, 

.\ 35' 1 +2^ = 76.(3; 

Multiply (2) by 4, 129/ — .v — 2 = 32, 

•\ I2j/-.r=34.(4) 

Here, from (4) r = 12\y -34.(5} 

Substituting x in (3), we have * 


35(12r-34)4*2^ = 76, 01-4201'— 1190 + 29/ --76 ; 
/. 422r=i266, and r = 3. 

Hence, from (5), x = 12 x 3 - 34 — 2. 


Ex. 2 


Solve 


1 


2 -' - 3 _ _ j '+3 

4" 5 4 

- l '-7 44 '+ 1 _ 

-— \ 

3 11 


(0 

( 2 .' 


Mulliphing (i) by 20, 5(2.r-3) -4(4' ~ *>)•- 5( v + 3 ), 

1 o.r — 15 — 4y + 32 = y/ + 15, or ku-9^= -2....(3) 


Multiplying (2) by 33, n(.r- 7 J + 3 ! 44 / + 0“99 ; 

iu- 77+I2j/ + 3 = cj9, or 1 i,t + 1 ?v= 173.(4} 


Multiply (3} by 4 and (4) b\ 3 ; thus 

40.1 — 36 V = — S 

33.1 4 361' -=519 

.'.adding 73 -f =51 b -r =7 

Hence, from (3) 93.'= 10.1+2 = 72, y = 8. 


1. 

3. 


Exercise XCIX. 

Solve the following equations : — 


i-T + i ^-13 \ 

\x+ly=5 J 


2.r — 

34' + 


jy -3 

5 

X -2 

3 



(C.K. 1863) 


0 

M. A. —14 



k x + !\V + i — o 
l,y+*x-i\ = o 




1886). 
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5 . £±-r + 

2 4 

14 18 


(c. rc. 1876). 


e | 


7 

x + 10 


(c.E. 1875 

^(3_y —2,r) + ^r=i-J 


)■ 


9. 


3r-K3»-<)“7 ) “•• t l87,J - 


. 10 I 

«-—3--3J 

8 - i-* + T«7 = 6 1 

lVj-T,-l-' = 2 J 

10. ^(2*+ay)+j*=8 


11 


/16. 


17. 


19. 


X -y y -1 


^—7 


12. 


(C. K . 1872). 


${2X + 3j>) + $x =8 1 

■ 1(77 - 3*) -7= 11 / 

-r -7 y— ii_ ] 

5 " 3'" 2 | 

y 3 J 


2 T 1/ -TV 

13. + •+!«=- +^ = 23. (P. E. 1893). 

4 5 5 4 J 

y 32* - 21' _r - v 

14. ---3 = -- - ' = 1. 

3 2 5 2 


, E x + 2 y - x 

15. -h --= 2 -T - 8 

7 4 

2y — 3 -T 

” ■ -- +2J/=3.T 4-4 


J 


(P. K. 1892). 


7 +.r_ 

5 

5 y -7 


2 x — y 


= 37-5 


, 4 x -3 
6 


18 


“ 5 *j 


(C. E. 1880). 


~7 1 __7+-r ' 

4 5 


3 j4-r 


+3 


57-7 


18. 2x- y + i = 7 + 3 *- 2x 

4 5 

8 — x 2 v +1 I 

- 24i ~' 2 ) 


^-3-^, Cr. k. .888). 


20 . ^-,- 3 . ^ - . 8 . 
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2!. 'A.+Szfc+Jjizj I 

63-7 9 I 

V 

x-$y + %_ 3 x~i 3 y , IS I 

9 7 63 J 

23. 3-r+4JK+3_ 3£_“J»' = + y~* 

10 15 5 

9 y + 5- 1 "- 8 _ 7-r + 6 

12 4 ~ n~~ 



2f_-3 



^-8^ + 3] 

5 4 [ 

4 y+i 

T I 



24. 

26. 

27. 


2X+'4y~ V2 
3 4 .V — 'o 2 y ~ - oi 


| (r. K. 1891). 


J — 2 _ x +y_ x-y - 1 j' + 12 

'2 14 8"~ 4~ 

3 ,10 7 

■6^r4-7;/+ 3-95=0, ' l r +'r-+ 10 = 0. 

•> 7 


25 . -3.r+ [2Sj=^-6 ) 

3. r _- 5 j/=28--25j/ J 
(c. K. 1882). 


28 . $x + ' 6 y= 1 38, 



268 . Fractional Simultaneous Equations, involving the 
reciprocals of as and #/, may be solved as they stand without clear- 
.ng them of fractions. 


Ex. 


Solve “ + - = 20 
x y 





Multiplying (i) by 5, and (2) by 2, we obtain 
>o ,35 ..A ___ 47 


- + ~ 

.r j 


= 145 ] 

IO 12 | 

4 J 


Subtracting, ^ = 141 ; 
141/=47, and 


Substitute y in (1),-+21=29; .. =8; 

x x 

269 . When the coefficients of x and y are interchanged in the 
two equations, it is advantageous to employ the method of addition 
and subtraction. 


Ex. Solve 11 ^+ 13^=118 1 . ( 1 ) 

13^+11/= 122 j.(2) 

Adding (1) and (2), 24^r + 24y=24o. 

. Dividing by 24, ^+^=10...(3) 
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Subtracting (j) from (2), 
Dividing by 2, .r- 

Adding (3) and (4), 

Subtracting (4J from (3), 


2,r- 21'= 4. 
- y — 2. 

2.x = 12, and 

2r= 8, and 


. * 

i /: 


•a; 

= 6. 

4- 


Exercise C. 

r 

Solve the following equations 


1 .r + 


3 » 7 1 

v 2 I 

- 3 J 


V 

* 

•> 

v 


1 

2. 3 - 

4=5 1 

3. '• + 

1 

«. \ 

l_ 

r 

7 I 

X 

r 

'> 1 


4_ 

r 1 

W, 

3 + 

4 __ 

5 1 


„r 

y ) 

y 

X 

j 


8 . 


10 . 


12 


1 + * 
5-i- 9 

1 + - y 
3- r 2 


= 14 


(C. K. 1870) 


" + J = 2 

.r 7 

5 ,o 5 r 


(C. b ' j . 1887) 


I 

3 * 

1 

2.r 


1 

iy 

1 

XY 


•> 

J 


X 2 y 

2 J 4- 3 ? _ 

2.r ^ 


j 

i 

= 6 

4 J 

35 


(c. K 1890). 


73 

70 


(1!. M. 1893). 


v._!;(»-!) I 

•f jr 3 V -*/ I 


14 . 

13#+ 217=79 


2 I^+I 3.)/=23 

16 . 

49.V-577=172 


57.1:-497=252 


5 4 + '° 


1 

j 


r 


2 10 

+ — 

•r y 20 


• ((* k. 1879;. 


„ 6 4 

7. - + -=3 

.r 7 


9 _ l 

•r y 


-t 

2 -? 

I 


9 --- 1893 


9 . 


o 

J 

2.r 


4- = 


J 


i' 


(m. v. 1881 


11 . 


. 4 - -=15 
-r v 


I5 - r = 4 - 
.1 y 2 

9 ■ 2 ~ . 

i“ - - 4 

.r v 


( 1 L M. l88<>). 


13 - 5 ;r 4 -i M'-= 146! 

nr + t.-uof ( c, - ,86 ‘ l 


f 

15 . 7.r-9v=i7l 
9 - r ~ 77 = 3 * J 


(M. M. 1891). 


17 . n,r + i3y = 2j| 

13x4-1 jjk = 25 ! 




KQUATIONS INVOLVING TWO UNKNOWNS. 2 I 3 

18 . 3 -v + 2o = 47 -)o 1 19 . i.v + iLv -43 \ 

4(-v-iJ-3U-3) J ( ' ,893) - U+i.v-42 I 

20. ^ + 7^ = 65, -*+7J--yg4. 21. ?? + 37=31, ^ + 3.1 = 24 

' ' JO 

270 - In Simultaneous Equations the known quantities may he 
. lenoted by letters. 

Ex. Solve = w ) .(r) 

ex ydy — n J.(2) 

Multiply (1) by r, 4 -for = cm .(3) 

„ (2) by a, acx-Vady—an .(4) 

Subtract (4) from (3), (fo - ad)y = cm — an, 

... ■ . 1 • - i Ml — ilTl 

Divide by coenicienl ot v, r — -,. 

be -ad 

To find the value of x proceed thus : - 

M ultiply ' v 1) by d\ adx + bdy = dm .(5) 

„ (2) by b , bex + bdy — bn . (6) 

Subtract (6) from (3), (ad - fo).r = dm - bn, 

. - dm-bn 

Divide by coefficient of .t, .r= - , , . 

J ad-bt 

Otherwise thus : Substitute the value of y in (1), 

burn - an) 
ax + \ -- =//*, 

be - ad 

, b[cm — an) a(bn-dm) 

. . ax = m -t——- p = —7--» . 

fo - « fo - 

— dm dm — bn , _ 

. . r= —7— r , as before. 

be — ad ad—be 

Exercise Cl. 

Solve the following equations :— 

1. x+y — a 1 2 . ax+y=b 1 3 - = A 1 

a.r + ij/-^ 2 J -r+^=a J ax-by—a J * 

$ 

ax=b y ) t • 5 - «*+tr+‘-° j (c. k. 1867). 

■v +.r =c J a x x+b x y+c\ = o J 


4. 
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6 . 


/ 


9. 


ax+by=c 

a'x+b*y=c* 

ax + by = c 1 
bx-ay—d J 


i 88 k.) 


7. nx + my^c \ ,8. x+y~a + b 
px+qy 


v-c 1 J&. x+y^a + b 1 
=d J bx+ay—2ab) 




10 . 


x y \ 
-7 = m 
a b | 

=« j 


it 


12. 


=I \ 
+' J 


X + J ! 

a b 


13 


c d 


x v 

- -4-' rs 'l 
l / — ~ 

a b 


H 1 

ix by I 

-- =0 

c a J 


w 

ax 


x jy 

b a 
m n 

14.- -a 

x y 

y>x=qy 


ax - by — a 1 — b 2 


) 


[ (M. M. 1884). 


(C. K. 1885). 


15. 1 + =S m ) 

a b —a j 

x y 

,+ ‘ ~ 7 m 

b a — b 


(M. M. 1891). 


16. 


, f b a 

ax + bv= 1 =b\ -H ay — - 

a ' b 

(m. m. 1883). 


„ „„ (J 

17. r +- = o, fix + qy = r. 


(H. M. 1885). 


18. 


.r j' 
a — c ^b 
x \ 


= m j 

y ) 


19. 


(M. M. 1887.) 


a + b _ 

x 5 ^ 

/r b ’ 

— 2a = — 3/) 
.1 j/ ^ 


"1 


(A. k. (894). 


20. (a - 0)# + (<a + = 2(rt 2 - A a ) 


} ( p. 


F.. 1889). 


21. (a, E. ,8,1). 

22 . «.v + 

« _ jS J- (h. m. 1879). 
b + y a+x 


23. 


*r_5V 

f — a 



(a.e. 1893). 


24. • a + ^ = m 

x y 

b a 

' + ^—n 
x y 


25 . 


[ (c. K. 1869). 


?n ft 

x + v 

* 

n+tn 
x y 


=a 1 
-* 


(m.m. 1885 and 
A. E. 1892). 
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XV X 

' 27. 

a 0 c 

y -+ x „^+ y 

a b c 


2 . 3 

+ r =5 
ax by 

5 _ 2 

by “ ^ 


+ „ E , 88 , 

(rt + £)y-(« — <$);(: = J 

(« — £).r 4- (a += 2«(a 2 - £*)1 
2«^(.r+ v) — (a' + ^Xx-y) j 

a(2.r-v)+b{2x +y) = c{ 2.x —y) + d{ zx +_y) = 1. 


(m. m. 1893). 


II. EQUATIONS INVOLVING THREE UNKNOWNS 


271. Simultaneous Equations of three unknown quantities are 
solved by eliminating one of them by means of any pair of the 
equations, and then the same one by means of another pair ; we shall 
thus ha\e two equations involving the same two unknown quantities, 
which may nbw be solved by the preceding Rules. 


Ex. 1 . Solve 2x^y + 2^— 5 'j .(1) 

x -t-2/ —3^=4 .(2) 

3 *4- y- 4^=7 I.(3) 


Take any two of the equations, say (1) and (2) 

Bring down (1)1 2X “ 3^ + 2.?= 5.(4) 

Multiply (2) by 2, 2jr + 4r-6g»8.(5) 

Subtract (4) from (5), ?y - 8s=3.(6) 

Again, take any pair, say (2) and (3), 

Multiply (2) by 3, yr + Gv-gs^ 12.(7) 

Bring down (3), $x+ y- 42' = 7.(8) 

Subtract (8) from (7), 5^7 5 *= 5 . ( 9 ) 

Divide by 5, y—\ Z — 1 . (10) f 

Now, the equations (6) and (10) contain only_y and s. 

7y- &r=3 \ . (a) 

y- z = i J . (/3) 

Multiply (0) by 7 and subtract it from [a) ; thus 

7 j/ — 8 j =3 1 

7 y~7*=7 f 

~z= -4 and ,*, - = 4. 
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From (io) y = z + i = 5 and by substituting these values for v and 
z in any one of the given equations, x = 6. 

Ex. 2 . Solve x +y — a ] ••• (0 

v+z=b J-.(2) 

s + x=c ) .(3) 

In this case it would be convenient to add the three given 
equations, and thus deduce the value of x+y + s. 

Thus, adding, we have 2r + 2y + 2z ~a + b +c 

Dividing by 2, r+y+s = \{a + b + c) .(4) 

Subtracting (2) from (4), x — \(a + b + c) — b-\(a-b + c}. 

Similarly, y*=*{tr + b — c) and 7 = A(^ + 6 


Sol ve .1 4 - y — rtuy | .... 

.(0 

v + z — lyz . .... 

.(=) 

- +x~ c:x 1 .... 

.( 3 ) 


Here, dividing (1) by .1 y, ^ + J = rr, 

Si 1111 lariv. from (2) and (3). 1 4- - = and 1 4- 1 —(. 

J ys z x 


1 1 


1 


Now, solving these equations in and ___ as in the last exam 

^ple, we obtain the values of .r, y and z. 

2 2 2 
Thus, r= , y- — and.; — -r ~ z — . 

’ tt-b + i - a + b-t b + c-a 


Exercise Oil. 


Solve the following equations . 

1. .i*-2y + 3- = 2 | 

2.1'-31/ +.7= 1 
3X-y + 2z — g I 

3 . x +' 5_y - 42 = 5 I 

3r-2y + 2^ = i4 . (c. E. 1867). 

— iar+8y+s = 6 j 

4 . x-y-s =-15 | 

^+X + 25 ' = 40 > (c. E. 1886) 

42 — 5^ — 6_y = - J 50 j 


2. 2.r +3^ + 42 = 20 
3-r + 4j+ 52 = 26 
3 v + SL) / +6s = 3 i 


/ 5 . 5 x+3 ?=65 

2 J — 2* = 11 

3 . 1 + 4 " =57 


< 
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3-t F +—y —. — 20 | 

7 . r -j' +~ = 1 | 

2.V + 3 v + 6- - 70 . 

x - 2_v 4 - 4«c = 8 > (W. M. 1890) 

r ->+65 = 4i | 

t- 3 v 4 - 9 - = 27 I 

3v + .v-2 = o | 


3- - Ay -.1 + 15 , 

2 X + 7- = 7 ) 

•V. K. 1883). 

2 x--$)’+;+ 1 =0 | 

10. + - *=- 5 j 

5 -r - 3^ = 6 

v M. M. 1888). i* 4 -j /= =- cr — 7 

3x + 2j' = 4s J 

.r- > = r+^ J 

.V + 2 V = 7 | 

12. j.ir + 4 j/ — I 1 — 0 j 

»' + 2 Z = 2 

5>' — 674- 8=0 (< K. 1877). 

3r + 2j>'=--r-i 1 

7', ~8r- 13^-0 J 

x ~V ’-5 j 

14 . 2(.r —_v) = 3; - 2 j 

3 r + 4 r=j 6 - (M 

M ,lS,s< /' i' 4 -i = 3 ( y 4 -~) 

5: 4- far =21 1 

2 r 4 - - 4( 1 - y) ' 

s* + b’~ | 

Lv 4 - 4 - — 1 r— ,8 - 

<.* r " ° 1 

(C. K. 1S68) 


\x 4- ,4 cr == IO 


] 


1 I I 
+ - + - 

.t v : 


= 6 


x 

o 


.i 

.r 


r _ 1_ $ 


(|{. M. l<S<p). 


-^+ 5 
i y r 


=■ 10 


- w r r 

17 . - 4- c —7 

- 3 

V z 

x 4 - 4 - - — 11 

2 3 

- -H' - = S 

j *■ 


a b 1 
-+ + 

,1* 


~~ J 


a b c 

_i_ . — 

x y z 


- 1 


2a 

.r 


£ 

v 




rr 


19 - 1 +r - 3"-- - a 

- + .V-- 3 y-=-b l ( M . M . )881). 
y + ~ — 3 -i' = -6 


x+y 4^=1 
ax+by+cz=o 
ah 4 - b]y 4 * C'z = abc. 


(y\. m. 1883). 


21. .rj'^.r + y 'j 
.r^----2(.r + s) r 
^~ = 3( r + s) I 
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32. 

x+y 

7 + 3 ’_ Z + X _ 

2 

• 

(P. E. 1887). 


xy ~ 

yz zx 

3 

33. 

a b 

1 a c 1 

b 

C I 

- 4 - = - , ~ 4 - - = 


4 - - = . 


* y 

r x z q 

y 

s p 


24. y + lz=z- r + 5 1 v 25. x-ay+cPs—cP \ 

i(x- ])-s(r-2) = T , ff (ff + 3) f .r - by + Itz=P 

-r ~ \(V - 5) - i J - T Vc j x - o'+ A = ^ 


III. EASY PROBLEMS. 

% 

272 . We shall now solve some problems which lead to Simul¬ 
taneous Equations of one dimension with more than one unknown 
quantity. 

Ex. 1 . The sum of two numbers is 50, and their diffeience is 
one-third part of the greater number. Find them. 

Let .1 = the greater number and y- the less. 

By question. .14-7 = 50 |.(1) 

and x —7 = \x J. (2) 

From (2), we obtain 3^-3 v=-v ; 2x — 37.(3) 

Substitute (3) in (1) ; thus J7+7 = 50, 

/. 3r + 2y— too ; /. 5 y = too and /, 7 = 2 o 

Then, from (3) x=? r — 30. 

Hence the numbers are 30 and ?o. 

V 

Ex. 2 . A farmer sold to one person 9 horses and 7 cows foi 
A*.?. 3000, and to another, at the same prices, 6 horses and 13 cows 
for the same sum. What was the price of each ? (n.M. 1871). * 

Let ;r=the number of rupees in the price of a horse, 
and 7 =.-.a cow. 

Then 9 horses cost c>r Rs. and 7 cows cost 77 Rs. 

v Hence, 9.1*4- 77=3000 1 .(1) 

Similarly, 6„r+137=3000 J.(2) 

Multiply (1) by 2 and (2) by 3 ; thus 

i8;r +14^=6000 
18^4-39^ = 9000 

Subtract (3) from (4), 257 = 3000, 7= 120. 



(3) 

(4) 
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Substituting in (1), 9*4-840=3000, 

9*=2160, and # \ *=240. 

Hence a horse costs Us. 240 and a cow fis. r2o. 

Ex. 3 . Find the fraction which becomes equal to i when the 
numerator is increased by 4, and equal to £ when the denominator 
is increased by 7. 


Let * = the numerator and y- the denominator. 


Then 


.■r 

*- = the fraction. 

y 


By question, 


*±4.11 „ 


* 


= .t and 
y y + 7 


Clear the equations of fractions ; thus we obtain 


2x 4 * 8 —y 
5 .r =y+7 


} 


•(T) 

‘( 2 ) 


Subtract (1) from (2), 3*-8 = 7 ; /. 3*= 15 and .1 = 5. 
Substitute the value of x in (1) : 
thus, 10 + 8= y, or v=i8. 

Hence the required fraction is r V 


273 - To represent algebraically numbers of more than one 
digit, we must remember that 45 means 4 x 10 + 5 , and not 4 x 5 . 
Hence the number, whose tens’ digit is x and units’ digit y, is 
lOx+y, and not xy, for xy denotes X xy. 

Ex. 4 . When a number consisting of two digits is divided b> 
the sum of its digits the quotient is 4, and if 27 is added to the 
number the number is inverted. Find the number. 


Let .v=the digit in the tens’ place, 

and y = .units 5 . .. 

Then io.r*fy=the number required, and 

iqy + .r=the number with the same digits inverted. 

• 10 x + y ] . x 

By question, —4 | ••••. '0 

and io.r+^ + 27= 1074 a J .(2) 

From (1), io*+ - y=4.r + 4y, or 6.1=37 ; 2X=y . 

From (2), -27, or x-y=* -3.(4) 

Substitute (3) in (4), * —2*= — 3 ; *=3. 

From (3) y=2x~ 6. 
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Hence, the required number— 10x3 + 6*= 36. 

Verification. The sum of the digits is 3 + 601* 9 

Thus, \r -4 and 36 + 27 = 63. o. k. d. 

Ex. 5 . Ten years ago a father was seven times as old as his 
son, two >ears hence twice his age will be equal to five times his 
son’s. What are their present ages ? 

Let ,r = the present age of the father in years, 

and v "-..t. son in years. 

Ten years ago, the father’s age was (,r- 10I \ cars and the soil's 
age was ( y — 10) years. 

Hy question, .x* — io = 7( v - to).(1) 

Again, two yeais hence, the father’s age will be i.r + 2) years and 


the son’s ( k + 2) years. 

I>v question, 2< r + 2) = 51 y + 2) ... (2) 

From (1), we obtain .r — jv— -60I .(3) 

From (2), 2r-5 v— 6J.^ 

Subtract twice 3) from (4), <)y= 126, and ' r— 14. 
From (3) x=jy - 60 - 98 - 60 = 38. 


Hence, fathers present age is 38, and son's 14 \eurs. 

Verification. T en years ago, the father was 28 and son 4 
years ; and 28 = 7 x 4. 

• Again, two yeais hence, the father will be 40 and son f6 years ; 
and 2x40 = 80=5x16. (). L. 1). 

Ex. 6. A person spent 9 s. in buying apples at the rate pf jd. 
per dozen, and oranges at 20 a shilling. If he had bought two-thirds 
-as many apples and twice as many oranges, he would have had to pay 
13.?. 4 d. How many of each did he buy ? 

Let .r = the number of apples, f 

and/=.oranges. 

The cost of each apple is T V/., and the tost of each orange is 
Yid. or Zd. Also 99 . - 108^. and 135-. 4</.= 1 hod. 

..(1) 

..(2) 

Multiply (f) by 2 and subtract (2) from it; we thus get 
xj*-J}. vs2 x 108- 160®56 ; /, .1=72. 

Substituting x in (1), we have 

42 +108 ; /, £y=66and .\ y=no. 

Hence, he bought 72 apples and 110 oranges. 


By question, v V v + \y = 108 

and tV x § r+ } x zy — 160 


} 
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Ex. 7 . A sum of money was divided equally among <t certain 
number of persons, had there been six more, each would ha\e 
received a shilling less, and had there been four fewer, each would 
have received a shilling more than he did ; find the sum of money 
and the number of men. 

Let :r=*the number of persons, 

and y— .shillings which each received. 

Then a*r = the number of shillings in the‘sum of money which 
was divided. * 

liy question, (a +6)( v— i )=*xy 1 .(i J 


and (.r — 4)(y +1) — xy j . (2) 

From (i), we ha\e xy + Oy — i — f> = .i y ; 

(\y-x~~- 6 .(3* 

From (2), we have .rv-41'4- 1 — 4—-.rr ; 

/. -4J'^a-4. (4» 


f rom (3) and (4), by addition, 2r= 10 ; /. y- 5. 

Substitute the \alue of y in (3) ; thus 30 —a =6 ; /, r-24. 

Hence, theie were 24 men, 

and sum divided was (24 x 5) shillings — jQ(\ 

Ex. 8 Two passengers have together 5 cut. of luggage, and aie 
< harged for the excess above the weight allowed 5-\. 2d. and c;.\. 1 od. 
lesptrtuely ; if die luggage had all belonged to one of them, he 
would have been charged 19s. 2d. How much luggage is each 
passenger allowed to tarry free of charge? And how much luggage 
had each passenger? (c. K. 1877). 

Let x— the no. of c:wt. of luggage the first passenger had : 

then 5 — .1 = ... .second . 

Also let y = no. of cwt of luggage each passengei is allowed to 

cany free of charge; 

and let 2^the charge per cwt. for excess luggage (in shillings). 

Then, the excess luggage carried by the first pa«sen^er is (x -y) 
c wt., for which he has to pay (.1 '-jr) 7 shillings. 

The excess luggage carried by the second passenger is (5— a*— y) 
cwt., for which he has to pay (5—X — y)z shillings. 

If the luggage had all belonged to one passenger, the excess 
l ll £TR a £ e carried by him would have been (5 —y) cwt., for which he 
would have had to pay (5 —y)z shillings. 

Hy question, (x-y)z~ 5^. (1), for 5^. 2d. = 5J.J. 

(S -.r -y)z = cj 2 > . (2), for 9s. iorf. = o;.f. 

and (5 -r)~= 19-’ J ... . (3), for 19.V. 2 d .= 19/; 9. 
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Dividing (2) by ( 0 , | ; 

3 >(5 ~- r —y)— 59(- r -y) . ( 4 ) 

Again, dividing (3) by (t), * , v = 1 ^ = Ui ; 

5 « 

3 1 (5 —y)— 1 1 si x —y) .( 5 ) 

Subtracting (4) from (5), 31.tr = 56(2* — y), 

2 5.1--567=0.(6) 

From (4), ()ox - 28^ =155; 

Multiplying by 2, 180.1 -56^ = 310.(7) 

Subtract (6) ftom (7); 155^ = 310, and /. *=2. 


Therefore from (6), y = \ lx = ? J! = £§• 

Hence, the first passenger had 2 cvvt. and the second 3 cwt. ; 
and each passenger is allowed to carry free of charge cwt. or 
100 lbs. 


Exercise GUI. 

1 . The sum of two numbers is 124, and their difference 20. 
Find them. 

2 . The sum of two numbers is 100, and twice the less exceeds 
the greater by 5. Find the numbers. 

3 . If 7 yards of stuff and 17 yards of silk together cost /fa. 133. 
8a. and 12 yards of stuff ancl 7 yards of silk cost Afa.96, what are the 
prices per yard ? 

4. What fraction is that, to the numerator of which if 7 bp 
added, its value is f ; but if 7 be taken from the denominator, its 
value is £ ? 

5 . A bill of 25 guineas was paid with crowns and half-guineas ; 
and twice the number of half-guineas exceeded three times that of 
the crowns by 17 ; how many were there of each? 

6. Find a fraction such that if 1 be subtracted from its 
numerator, the value will be *] and if 6 be added to the denominator, 
the value will be (c. K. 1858). 

* 

7 . A person has two horses and a saddle worth /fa.75 ; if the 

saddle be put on the first horse, his value becomes double that of the 
second ; but if the saddle be put on the second horse, his value will 
not amount to that of the first horse by Rs 350. What is the value 
of each ? (C. E. 1859). , 







EASY PROBLEMS. 


223 


8. /fa.i 100 are so divided among A, B and C, that if A were to 
give B /fa.200, B would then have twice as much as A, and three 
times as much as C. How many rupees did A, B and C each receive 
originally ? (c. E. 1872). 

9 . A says to B : Two-fifths of my salary is of yours, and the 
difference between our salaries is AV.600. What is A’s salary ? 
(a. e. 1894). 

10 . What fraction is that which, if 1 be added to # the numerator, 
becomes 1, and if 1 be added to the denominator, becomes [ ? 
it’. K. 1862). 

11 . A and B received £5. 17.V. for their wages, A having been 
employed 15, and B 14 days ; and A received for working four days 
1 is. more than B did for three days : what were their daily wages? 

12 . A draper bought two pieces of cloth for /fa. 126. 8■<*., one 
being /fa.4 and the other /fa.4. 8 a. per yard. He sold them each at 
an advanced price of Re. 1 per yard, and gained by the whole /fa.30. 
What were the lengths of the pieces t 

13 . Find three numbers A, B, C, such that A with half of B, B 
with a third of C, and C with a fourth of A, may each be 1000. 

14 . A rectangular bowling-gieen having been measured, it was 
observed that, if it weie 5 feci broader and 4 feet longer, it would 
contain 116 squaie feel more ; but, if it were 4 feet broader and 5 
feet longer, it would contain 113 square feel more. Find its present 
area. 

15 . I be sum of three numbers is 24. The gieatest exceeds the 
least by 4, and the other number is half the sum of the greatest and 
least. Find the numbers. 

16 . A certain resolution was carried in a debating society by a 

majority which was equal to one-third of the number of votes given 
<fn the losing side ; but if with the same number of votes, jo more 
votes had been given to the losing side, the resolution would only 
have been carried by a majority of one ; find the number of votes 
given on each side. in. M. 1889). » 

17 . A shop keeper sold to one person 30 maunds of nee and 
40 maunds of oats for /fa. 135 ; to another person he sold 50 maunds 
of rice and 30 maunds of oats for /fa. 170 ; find the price of lice and 
oats per maund. 

18 . Seven years ago A was three times old as B was, and 
seven years hence A will be twice as old as B will be : find their 
present ages. 

19 . Four times A’s age exceeds B’s age by 16, and one-fifth of 
A’s age is equal to one-sixteenth of B’s age. Find their ages. 
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20 . A s age is twice Bs. Four years hence B’s will be twice C’s r 
and 12 years after that A’s will be twice C’s. Kind their present ages. 

2 ^. Divide the numbers So and 90 each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30. 

22 . T he sum of the two digits of a certain number is six times 
their diffeicnce, and the number itself exceeds six times their sum v 
by 3 : find it. 

«/ 

23 . T here is a number of two digits, which, when divided b> 
their sum, gives the quotient 4 ; but if the digits be inverted, and 
the number thus formed be increased by 12, and then divided b\ 
then* sum, the quotient is 8. Kind the number. (M. \i. 1858). 

24 . The united ages of a man and his wife are six times the 
united ages of their children. Two years ago, their united ages were 
terv times the united ages of the children, and six yea is hence their 
united ages will be three times the united ages of the children. Mow 
many children Wave they ? (h. m. 1891). 

25 . The dimensions of a rectangular court arc such that if the 
length were increased by 3 yards, and the breadth diminished by the 
same, its area would be diminished by 18 square yards, and if its 
length were increased by 3 yards, and its bicadth increased by the 
same, its area would be increased by bo square yards ; find the 
dimensions, (c. K. i888\ 

26 . A person spent A’s.ig in buying mangoes at A\y.6 pei 
hundred and apples at Re. 1. 8 a. per do/en : if he had bought three 
times as many mangoes and a quarter of the number of apples, lie 
would have spent Rs. 29. Str. How many of each did he buy? 

27 . There is a number, the sum of whose digits is 5, and if* 10 
times the digit in the place of tens be added to four times the digit in 
the place of units, the number will be inverted. What is the 
number? (t. it. 1868'. 

28 . A certain number consisting of two digits becomes j 10 
when the number obtained by reversing the digits is added to it ; 
also the first number exceeds unity by five times the excess of the 
second number over unity. What is the number? (n. m. 1884). 

29 . A number consists of two digits. When the number is 
divided b\ the sum of the digits, the quotient is 7. The sum of the 
reciprocals of the digits is nine times the reciprocal of the product 
of the digits. Kind the number, (m. m. 1887). 

30 . Reverse the digits of a number and it will become five- 
sixths of what it was before ; also the difference between the two 
digits is one. Find the number, (c. K. 1883). 

31 . There are three numbers, such that the sum of the first and 
second divided by their ftoduct is l ; the sum of the second and 
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third divided by their product is J ; and the sum of the first and third 
divided by their product is Find the numbers. (C. E. 1859). 

32 . A certain company in a tavern found, when they came to 
pay their bill, that if there had been three more persons to pay the 
same bill, they would have paid one shilling each less than they did ; 
and if there had been two fewer persons they would have paid one 
shilling each more than they did; find the number of persons and 
the number of shillings each paid. 

33 . A grocer bought tea at io.r. per lb. and coffjfe at 2 s. 6 d. per 
lb., to the amount altogether of ^31. 5 s. : he sold the tea at Ss per lb. 
and the coffee at 4.s\ 6 ft. per ib., and gained £1 by the bargain : how 
many lbs. of each did he buy ? 

34 . A train left Calcutta for Allahabad with a certain number 

of passengers, 40 more second-class than first-class ; and 7 of the 
former would pay together Re.i less than 4 of the latter. The fare 
of the whole was /fr.550. But they took up, half way, 35 tjiore 
second-class and 5 first-class passengers, and the whole fare now 
received was \ as much again as before. Whatas the first-class 
fare, and the jvholc number of passengers at fiist ? 1 

35 . A number consists of three digits whose sum is 10. The 
middle digit is equal to the sum of the other two ; and the number 
will be increased by 99, if its digits be reversed. Kind the number. 
(H. M. 1888 ). 

36 Find that number of three digits whicli is the same when 
reversed, and the sum of whose digits is 16 and the difference 2. 
(C. h. 1883). 

37 . Two men start from two places 48 miles apart. When they 
travel in opposite directions they meet in 4 hrs. 48 min. ; when they 
travel in the same direction, one overtakes the other in 9 hrs. 36 min. 
Find their rates of travelling. 

38 . If £2 . 11 s. 6 d. is paid in florins and half-crowns, the number 
of coins being 24, how many are there of each ? 

39 . What fraction is that which becomes equal to one-half or 

one-third, according as its numerator and denominator are both 
increased by 2 or both diminished by 2 ? t 

40 . A sum of £\i. i 8 j\ might be distributed to the poor of a 
parish by giving \ a crown to each man and is. to each woman and 
each child, or ^ a crown to each woman and 15. to each man and 
each child, or a crown to each child and is. to each man and each 
woman ; how many were there in all ? 

41 . A person spends Re. 1. 14a. in apples and pears, buying 
the apples at four, and the pears at five an anna ; and afterwards 
accommodates a friend with half his apples and a third of his pears 
for 13 annas. How many of each did he buy ? 
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42 . A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was observe^ 
that there were left just half as many men again as women : they 
came back, however, with their husbands, and now there were only 
a third as many men again as women. What were the original 
numbers of each ? 

43 . Having Rs. 45 to give away among a certain number of 
persons, I find that if I give Ns. 3 to each man and Re. 1 to each 
woman, I shall have Re. 1 too little, but that, by giving Rs. 2. 8a. to 
each man and Re. 1. 8 a. to each woman, I may distribute the sum 
exactly. How many were there of men and women ? 

44 . A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman , but, a man and his 
wife having gone off without paying their share, iOd?., the rest had 
each to pay 2 d. more. What was the reckoning ? 

45 . A and B lay a wager of Rs.\o ; if A loses he will have as 
much as B will then have , if B loses he will have half of what A 
will then have : find the money of each. 

46 . A man receives Re. 1. 12a. for every day that he works, but 
is fined 8<2. for every day that he is absent. After 20 days he receives 
the same wages that he would have earned by steadily working for 
1 1 days. How many days was he absent from work ? 

47 . A traveller walks a certain distance. Had he gone halfa- 
mile a/, hour faster, he would have walked it in four-fifths of the 
time ; had he gone half-a-mile an hour slower, he would have been 
2\ hours longer on the road. Find the distance, and his rate of 
walking. 

48 . In going the shortest way from A to B, a man had to go 
back one mile to pick up something he had dropped, and took 
3 * hours over the walk. He went back by a route which was half-a- 
mile longer and took 3 hours over the return walk. Find his rate 
of walking, and the shortest distance from A to B. 

49 . The sum of the digits of a certain number, less than ioo, 
is 11 and if the digits are reversed, the number is diminished by 9. 
Find the number. 

50 . 4V man does a journey in a motor car at a uniform speed 
in 6 hours. On his return he is delayed at half-way for half-an- 
hour, but quickening his pace by 3 miles an hour does the journey 
in the §ame time. Find his original speed and the length of the 
journey. 



CHAPTER X. 

CO-ORDINATES AND GRAPHS. 

I. AXES OP CO-ORDINATES. 

* 

274 . Let XOX', YOY' be two straight lines cutting at right 
angles to each other in O, thus dividing the plane in which they 
are into four spaces XOY, YOX f , X'OY', Y'OX, which are called 
the first, second, third and fourth quadrants respectively. Take 
a point P in their plane, and draw PN, PM perpendicular to XOX' 
and YOY' respectively. 

Let PM or ON=„r, and PN or OM»j/. 

Then, for this point P, x and y are definitely fixed; and 
« conversely . when x and y are given, the position of the point P is 
definitely determined as the point of intersection of the perpendiculars 
iNP and MP. 



The numbers x and y are called the co-ordinates of the 
point P. The lines XOX', YOY' are the axes of co-ordinates, 
or more briefly, the axes • they are taken as lines of reference and 
are called the axis of x and y respectively. The point O is 
-called the origin, and is the point (o, o). 

x is called the abscissa, and y the ordinate of the point P, 
and P is briefly described as “the point (jr, y ).” In thus describing 
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the position of a point the first co-ordinate is the abscissa and the 
second the ordinate. 

275 . The values of „r are measured from O along the axis 
of x y according to some convenient scale of measurement These 
values are positive when drawn to the right of O along OX and 
negative when drawn to the left of O along OX'. The values of 
y are positive when drawn above XX' and negative when drawn 
below XX'. 

Thus, if the co-ordinates of a point be given by = 6, and 
y—4 ; mark off ON = 6 units of length along OX, and OM=4 units 
of length along OY and draw through N and M straight lines 
parallel to the axes meeting at a point P. Then PM =ON =6 and 
PN =OM = 4, and therefore the position of the point P is determined 
Similarly, any pair of corresponding values of x and y will detennine 
a point relatively to the axes. 

276 . The process of marking the position of a point on the 
diagram by means of its co-ordinates is called plotting th© point. 
This process is made very easy by using squared paper^ as shewn m 
the following Examples. 

Ex. 1 . Plot the points 

(i) A (5,4); (ii) B (-5.5;; (m) C (-5,-3); (iv) D (3,-5;.'"^ 

(i) To plot A move 5 units to the right , then up 4 ; the resulting 
point is in the first quadrant. 



Fig. 1. 


(ii) To plot B move 5 units to the left , then up 5 ; the resulting 
point is in the second quadrant. 

(iii) To plot C move 5 units to the left , then down 3 ; the 
resulting point is in the third quadrant. 
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(iv) To plot D move 3 units to the rights then down 5 > the 
resulting point is in the fourth quadrant. 

Ex. 2 . Plot the points P (8, 9), Q (-4,4); and find the 
distance between them. [Fig- i- 

Beginning from O move 8 units to the right, then up 9 ; this \h 
the point P. 

Move 4 units to the left , then up 4 ; this is the point Q. 

With centre P and radius PQ describe a circle cutting the 
horizontal line through P at the point R. 

The length reqd. = F*Q = PR = 13 units, from the diagram. 

Or we may proceed thus :— 

Draw through Q a line parallel to XX' to meet the ordinate of 
P at S. Then PSQ is a right-angled a, in which QS=I2, and 
PS“ 5 - 

Now PQ*==PS a + QS*~5 2 +J2- lFig- 1. 

* —2^ 4-144—169 ; # \ PQ- 13 - 


Ex. 3 . Plot the points A (8, J2), B(~7, 12), C( —7,-6 ), D 
(8,-6) ; find lengths of the sides and the area of the quadrilateral 
ABCD. 

After plotting the points as in the diagram below, we dearly see 
that ABCD is a rec tangle. BA, CD are each 15 units and DA, CB 
are each 18 units. 
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The rectangle is divided by the horizontal lines into 18 strips, 
and each strip contains 15 small squares ; the area of ABCD is 
therefore 18 x 15 or 270 times the area of a small square. 

In the diagram, since one division in the paper is one-tenth of 
an inch, therefore, the number 15, which gives the length of BA or 
CD, represents 15 tenths of an inch; BA, CD are therefore 1*5". 

^Similarly, DA, CB are i’8". 

The area of a small square is one-hundredth of a square inch ; 
therefore the area of ABCD is 270 hundredths of a square inch, 
that is, 27 square inches. 

Ex. 4 . Plot the points A (4, 8), B (9, — 5), C (-7,-5); find 
the area of the triangle formed by joining these points. 

Plotting the points as shewn in the diagram below, we find that 
BC=i 6 units, and AD, the perpendicular from A on BC = i3 units- 
Hence, 



Area of the A ABC = £ BC x AD = £ x 16 x 13 square units 

= 104 square units = 1*04 square inches. 

Ex. 5 . Plot the points A (17, o-6), B (- 0*9, 1 *6), C (- 1 • 5, - 0^4); 
D (o’8, — 0*9) and find the area of the quadrilateral ABCD. (Scale 

Plotting the points as directed and drawing lines parallel to the 
axes (as shewn in the diagram below by dotted lines), the quadrilateral 
ABCD is divided into four right-angled triangles f and a rectangle. 
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^ ABE = 4 AExBE = Ax2 - 6x 1 = 1-3 square inches. 

A BFC = £ CF xBF = i x - 6x 2 = -6 „ 

£ CDG = £ CG xDG = £ x2’3 x -5— -575 „ „ 

^ DAH = J AHxDH = Jx -9x1-5= -675 „ „ 

rect. EFGH= EFxEH = ixi7 * = 17 „ , 


the area of ABCD 


*4-85 square inches. 


Fi ff . 4. 
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Exercise CIV. 

1 . Plot the following points on squared paper :— 

( 7 , 8), (o, 9), (-8, 9), (3,-8), (-5,-3), (-5, 5). 

2 Plot the following pairs of points and draw the line which 
joins them :— 

(0 ( 7 , 6),<3,-8). (2) (-3, 5 ), (- 5 . 3 ). 

(3) (-6,7), (3,-8)- (4) (6,8), (-2,-4). 

(5) (-2, o), (0,-8). (6) (o, o), (-8,-10). 

3 . Plot the points (5, 2), (5, 1), (5, - 2), (5, - 4), (5, - 3) and shew 
that they all lie on a straight line parallel to the axis of Y. 

4 . Plot the points (8, ] 2), (— 7, 1 2), (- 7, — 6', (8, - 6) and find the 
sides and area of the figure formed by joining the points in succession. 

5 . Plot the points (3, 4)1 ( 3 i“ 4 ), (- 3 > 4 ), (- 3 i -4)- Determine 
the number of square units in the area of the figure formed by 
joining them. 

6. Plot the following pairs of points, and determine the co¬ 
ordinates of the mid. points of the lines joining each pair :— 

(0 ( 3 , 4 ), ( 3 ,- 4 ). (2) ( 4 , 3 ), (12, 7). 

(3) (~ 8, o), (o, - 10). (4) (- 3, 5). (“ 5, 3)- 

7 . Plot the following points, and calculate their distances from 
the origin :— 

(1) (6, 8). (2) (-15, -8). (3) (-7, 24). (4) C3, -8). 

8 - Plot the following pairs of points, and in each case find the, 
distance between them : — 

(0 (9, 8), (-10, 19). (2\ (15, o), (o, 8). 

(3) (15,-12), (-15, 4). (4) (to, 4), (-5, 12). 

(5) (o, o), (15, 20). (6) (20, 8), (- 15, o). 

Verify your results by measurement. 

9 - Find the perimeter of the triangle formed by joining the 
points (7, 9), (- 11, 20), (- 17, - 5)- 

10 . Draw the figure whose angular points are given by 

(13, o), (-13,-15), (15,-IS). ( i S» o). 

Find the lengths of its sides and the area of the figure. 
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11 . Plot the three points in each of the following examples and 
find in each case the area of the triangle of which the three points 
are the vertices : — 

(*) ( —15. — *5). (*S. — ^5), (0,10). (2) (12, 14), (-14, 4), (12,-8). 

( 3 ) ( IO > 5 ). (-<S 5 )> ( 6 , 17 )- (4) (13, o), (o, 8 ), (13, 8 ). 

12 . Plot the following points :—(scale t"=i). 

(I'S, 2-5) ; (— 3*2, — 1*3); (-2-3, 1*4); (27,-r6). 

13 . Plot the following four points in each case and find the 
Mdes and area of each quadrilateral. 

(0 (27, 3), (°*4i 3), (0*4,- T’2), (27,- i-3). 

(2) (1*8, i“ 3 ). (-2*4, 1*3), ( — 2*4,— 07), (r8,-07). 

14 . Plot the two following series of points : — 

(i) ( 5 > o), (5, 2), (5, 5), (5,- 1), ( 5 , “ 4 )- 

(ii) (-4, 8), (-1,8), (0,8), (3, 8), (6,8). 

Shew that they lie on two lines respectively parallel to the axis 
of and the axis of x. Find the co-ordinates of the point in which 
they intersect. 

15 . Plot the following five points and shew experimentally th l 
they lie on a straight line. 

(o, io), (r, 12), (3, 16), (-2, 6), (-5, o). 

16 . Plot the points (15, o), (19, 6), (10, 14), (-14, 8) and find the 
area of the quadrilateral formed by joining them. 

17 . Find the area (in squares of your paper) of the figures 
formed by joining the following points :— 

(0 (o, O), (17, o), (o, 12). (2) (13, o), (o, 8), (13. 8). 

18 . Plot the points (3, 4), (4, 8). Join them, and write down 
the abscissa? of the points on this line whose ordinates t are respec¬ 
tively o and 12. Write down also the ordinates of the points whose 
abscissa? are respectively 1*5 and 3*5. 


II. GRAPHS OP STRAIGHT LINES. 

* 

« ‘ 277 . Any expression involving x is called a function of x and 
is usually denoted by f{x). If y represent its value, then, from 
the equation y—f(x) } by giving to x a series of numerical values 
(generally increasing by small differences) we may obtain a corres- 
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ponding series of values for y . Now, if these values of x and y 
be marked off as abscissae and ordinates respectively, we can plot 
a series of points in succession- By joining all these points in 
succession we shall obtain a line, either straight or curved, which 
is called the graph of the function f (;tr), or the graph (properly 
locus) of the equation y—fix). Thus, the graph of the function 
3*+ 4 is the same as the graph or locus of the equation y=*$x+ 4. 

278 . It is worth while to notice here that all graphs of linear 
functions , i.e., graphs obtai?ied from equations of the first degree , are 
straight lines . The following points, as regards graphs of straight 
lines/are very important and should be committed to memory. 

(i) The co-ordinates of the origin are (©, ©). 

(ii) If a point lies on the axis of x, its ordinate is o. 

(iii) If a point lies on the axis of y, its abscissa is ©. 

Thus, the graph of jc = o is the axis of y ; and the graph of 
y=© is the axis of jc. < 

(iv) The graph of x=tt, where a is constant, is a straight line 
parallel to the axis of y and at a distance a from the axis of y. 

(v) The graph of // = />, where b is constant, is a straight line 
parallel to the axis of x and at a distance b from the axis of x. 

y 

The student should illustrate (iv) and (v) by drawing graphs 
of ,r=5, *=—8 and so on ; and also by drawing graphs of ^ = 3, 
j/= -7 and so on. 

9 

Ex. 1 . Draw the graph of y=x. 

When x =0, jy = o ; thus the origin is one point on the graph . 

Also, when x=i, 2, 3, .- 1,-2, —3, .. 

J /=S i? 2 > 3 1 .“3? .. 

Thus the graph passes through O, and represents a series of 
points each of which has its ordinate equal to its abscissa, and 
is clearly represented by the straight line POP' in Fig. 6. 

Ex. 2 } Draw the graph of y~3X. 

Tabulate the values of x and y as follows :— 


,r = 

3 

2 

I 

0 

-I 

-2 

V — 

* 

9 

6 

0 

0 

-3 

-6 
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On joining the points thus found, the required graph will be a 
straight line of an unlimited length through O the origin, as shown 
in Fig. 5. 

Ex. 3 . Plot the graph of y — .r — 4. 

Tabulate the values of x and v as follows :— 


x= 

*; ! 4 

« 

3 

2 

1 

0 

- T 


r ; 0 

- 

— 2 

3 

-4 

-5 



Fig. 6. 
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Joining these points, we obtain the line MN, parallel to that in 
Ex. 1. as shown in Fig. 6. The distances ON, OM (usually called 
the intercepts on the axes) are obtained by separately putting #=0, 
y—o in the equation of the graph. The value of y obtained by 
putting x = o gives the intercept cutoff from the straight line OY, 
while the value of x obtained by putting y = o gives the intercept 
cut off from the straight line OX. 

Note • —The student should notice that he could have saved the trouble 
<>f plotting the positions of several points If he could find the positions of 
-only two particuiaf points (which it is generally easier to find) namely the 
points where the graph cuts the axes. Because as it is known that the graph 
of a linear equation is a straight line, only two points in it will suffice to 
determine the whole straight line, since all that he will then have to do is 
to join these two points and to produce the join indefinitely both ways. 
(An. 2S1). 

Ex. 4. Draw the graph of the expression 2V + 3. 

Let y = 2.r-f 3. 

'When 
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Fig. 7 . 


Now plotting the points, we notice that they lie in a straight line* 
This straight line, produced indefinitely both ways, is the required 
graph, as shown in Fig. 7. 
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Ex, 5 , Draw the graphs represented by the equations :— 

(i) 3 J = 4 *- (ii) 3 .V — 4 - r + 6- (iii) 4 J + 3 -r = 8. 

Putting the equations in equivalent forms, we have 



(iitt j/s=s 2 — 


J : 1 

4 


In (i) and (ii) find values of y corresponding to 

x** I, o, I, 2, 3, 

and in (iii) find values of y corresponding to 
*= -2,-], o, 1, 2, 3. 

"Thus, we have the following values of y :— 


In 

(i) y= 

“ 4) ~ 2 TO ~ 


O, 

U, 2fl, 4- 

In 

(ii) y= 

-2,- =, 

•j 

•b 

2, 

3.i) 45* 6. 

In (iii) — 

3 i. 2 f. 

'j 

1.1, 

i, -l 


In plotting the corresponding points it will be found convenient 
to take three divisions of the paper as our unit in (i)and (ii) and four 
divisions as our unit in (iii). 

The graphs are given in Pig. 8 below. 



Fig. 8. 
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Exercise CV. 

1 . Trace the graphs corresponding to the follovviiig equations :— 

(i).y=2*. \/{2) y=*2x+A. (3) - 4 - (4 )y=-‘ix- 

(5) y~x+6. (6) y-x= 5. (7) y+x=o. (8) ^=-2^ + 3. 

^■( 9 ) 5 y — 9 *' (10) y=2X + \. (n) lx- 3^-0. (12)^= -2*-3. 

(13) 3V^6ur+S- v (14 ) x- 3^=6. v-A(fi5) 3^+4 J'=»o. 

k (l6) 3*4-4,)/= 12. (17) 3*- 2y -4. /18) 4X-2J/ + 5 

9) 4 * 4 -/ = 9 ‘ *>^((20) 2>/ = 6+^t. S/\2l) 6y = 3*- 5. 

2 . Draw the graphs of 3^-4/ =5 and 4.1*+ 3^=7 and shew 
that they intersect at right angles. 

3 - Find the area included by the graphs of 

y**x + 4> y=x- 4 ,y= -.r + 4 , j/ = -*-4. 
taking one-tenth of an inch as the unit of length. 
j 4 . What is the locus of a point in the following cases :— 

/ (i) when its x is always —4? (ii) when its y is always—4? 

5 . Draw the graphs of the following equations :~ 

x +y = 5, 2x —y— 10, 2Jr + 3,y=-30, 3y-x= 15. 

If the paper is ruled to tenths of an inch, find the area of the 
space enclosed by these lines. 

* 

279 . Equation of a Straight Line. Kvery equation of the 
first degree involving x and y only represents a straight line . Its 
most general form is ax + by + c—o, and is said to be a linear 
equation. 

280 . As the equation ax+by -\-c-o can be reduced to either of 
the forms y — ax or y = ax + b, it follows that 

(i) for all numerical values of a the equation y=*ax represents 
a straight line passing through the origin ; 

(ii) for all numerical values of a and b the equation y=*ax + b 
represents a straight line parallel to that given by y*=ax. As the 
latter passes through the origin, the former lies b units above it 
(the distance between the lines being measured along the axis of y) 
when b is positive, but below it when b is negative. 

|n either case, a is called the gradient or slope of the line. 

281 . As a linear equation always represents a straight line , and 
as only one straight line can be drawn through two given points, we 
need only determine any two convenient points and the graph is 
th$ straight line joining them. Moreover, the student should care¬ 
fully notice the fact that a point does or does not lie on a graph 
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according as its co-ordinates do or do dot satisfy the equation of the 
graph. 

* 

/Bx. 1. Shew that the points (- 2, 10k ( ~ 1,5), (2,- 10) lie on 
^ straight line, and find its equatipn. 

/ Let y~ax^b be the required equation. As it passes through 
the firsTtwo given points,their co-ordinates satisfy the above equation. 


Substituting x =* - 2, y = 10, we have 

10 — -2 a + b . 

am . Wk 

v ^ 

Again, substituting x— - 1, = 5, we have 

5= £... (ii) 


Now, solving equations (i) and (ii), we get 

a~ - 5, b~o. 

Hence y=* - 5* or y 4 - 5a ~o, V' 

is the equation of the line passirig through the first two points. 

» 

Since x = 2,/*= — 10 satisfies this equation, the line also passes 
through (2, — jo). 

282 . Since a straight line can be drawn when any two points 
on it are given, sometimes we can conveniently draw a linear graph 
from the equation of a line by marking its intercepts on the axes, 
which may readily be found by putting x— o, y=*Q, successively in 
the equation. 


Ex. 2. Draw the graph of 3.y — .r = 6. 

•r 

For the intercepts on the axes, we have 
when ^=0, x— -6 (intercept on the .r-axis), 

• and when x=o,y = 2 (intercept on the^-axis). 

Hence, the graph can now be drawn by joining the points 
P( — 6, o), Q (o, 2), as shown in Fig. 5. 

283. Measurement on Different Seales. We have hither¬ 
to measured abscissae and ordinates on the same scale, buff 
points have often to be plotted whose co-ordinates differ considerably 
in magnitude. In such cases the plotting of points on the 
same scale requires either a very small unit length or a very 
large diagram. To obviate these, it will be found convenient to 
measure the variables namely x zndy on different scales, but before 
making our choice we should find out as far as possible the greatest 
numbers that have to be represented. 
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Ex. 3 . Draw the graph of 13*+ 6. 

When x has the values — 1, o, 1, 2, 3, 

the corresponding values of y are -7. 6, 19, 32, 45. 
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T hus, we see that some of the ordinates are much laigei 
than the abscissa;, and rapidly increase as x increases. Here, 
equal horizontal and vertical units would give an inconvenient 
representation. To obviate this difficulty, take 1 inch along OX iis 
the jr-unit but let 1 inch along OY count as 20 r-units. T he required 
graph is shown in Fig. 9 above, where the line has been drawn 
by joining the points (o, 6), (2, 32). 

284 . Interpolation. If one co-ordinate of an intermediate 
point on a graph accurately drawn from its plotted points be given, 
we can determine (without calculation) its other co-ordinate by 
measurement; but, in some cases, the results so obtained will onh 

be approximate. 

* 

t _ 

Ex. 1 . . From the graph of the function 13#+6, find its value 
tKvhen .x'=i*4; also find for what value of x the function becomes 

equal to 14. * 

• 

Put y= 13#+ 6, then the required graph is that given in Fig. 9. 
Now we see that x**l'4 at the point P and here ^=-24, nearly. 
Again, 14 at the point Q ; and *=OR *0*61 approximately- 
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Exercise CVI. 


l.r Find the equations of the straight lines through the following 
pairs of points :— 

(0 (5, 6), (- 5, - 3). (2) (3, 4) ( - 2, 6). (3) (6, 7), (- 3, 7). 

(4) (8, —1-5), (10,-3). (5) (-4, o), (-2, 3). vjl) ('5,-4), (3'2, 1 - 4 ) 

(7) (-2, 11), (6,-5). (8) (6,-4), (-7,-3)- 

* 2 . Shew that the three points (3,-1), ( — 2, 4), f 5 ,- 3 ) are in a 
straight line, and find the equation of the line. 

3 . Find the equation of the graph which passes through the 
points (o, 4), (- 1, i), (-3, 4 9), (2, 10), (-8, 6-4). 


4 . Find, without drawing the line, which, if any, of the points 
(3,2), (4, 3), (-2,-3), (8, 6), (5,-4), lie on the line given by the 
equation 4.r— 5y«=2. 1 * 


26 -2X 

5 . Draw the graph of the function ~—- . From the graph 

find the value of the function when also find for what value 

of x the function becomes equal to 8. 



Draw the graph of 


M-7 

6 


From the graph find the value 


of the function when ^—3*5 ; also find for what value of x the 
function becomes equal to 1*1. 


7 - Find, without drawing the line, which of the given points 
(o, 2), (- 4,-4), (4, 3), (2, 5), (4, 8) lie on the straight line represented 
by the equation 3V — 2ji' + 4 = 0. 

8 . Find the equation of the graph which passes through the 
points (o, -5), (*5, -4), (i, -3), (3, 1), (3*2, 1-4), (3’6, 2*2). 


9 - What arc the equations of the lines forming the sides of the 
triangle whose angles are at the points (1, 3), (2, - 1), (-3, 4) ? 

10 . By careful plotting and measurement find the length of the 
perpendicular drawn from 

(1) the point (4, 5) upon the straight line $x f 4j/*= 10. 

(2) the origin upon the straight line J.r- ky—i- 


III. APPLICATION TO SIMULTANEOUS 

EQUATIONS. 

285 . If two simultaneous equations between x and y be given, 
draw the graph of each and the co-ordinates of the point at which 
these graphs meet, will give a pair of values which will satisfy both 
equations. 

* M. A. —16" 
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Ex. 1 . Solve graphically the equations 

(i)x + 2y = i2, ($)x~$y=2 

In (i) when x •=o,.v=6 ; when x- 4,_y = 4 - 
Thus the graph is the line joining P (o, 6) and P' (4, 4). 



Fig. 10. 


In (ii) when x— — \ ,y= — \ ; when x = 2, y = o. 

Thus the graph is the line joining Q (— i, — i) and Q' (2, o). 

Now, we see from the diagram that these lines intersect at the 
point R whose co-ordinates are 8, 2. Thus the solution of the given 
-equations is x*= 8,^ = 2. 

Verification. In the first equation, when 

*-8, 8 + 'ly = 12, /. 2^=4, /. y = 2. 

. /. x==8,j/= 2 satisfy the equation. 

In the second equation, when x = 8, 

8 -3y=2, -3S= -6, y = 2. \ 

/• -1 = 8, ^ = 2 satisfy this equation also. 

' Ex. 2 . Draw the graphs of 

(i) 4*=3/, (ii) ( ii; ) SZ^ X + 1 7 ’■ 

"f&nd shew that they represent three straight lines which pass through 
* one poyit. Find its co-ordinates. 

In (i) when ^=o,_y=o ; when .r«6,_)'=:8, and the graph is the 
line joining O (o, o) and P (6, 8). 
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In (ii) when .r*= I, y= -6 ; when x—2,y = - i, and the graph is 
.'lie line joining Q (1,-6) and Q' (2,-1). 



Fig. xi. 

In (iii) \vhen x =*»~2 .>' = 3 ;\vhen .r= -7,j' = 2 and tlie graph is 
y )i^ line joining R(-) 1 , 2) and R^(-2, 3). 

Now, from the diagiam, \\c scS that these three straight lines all 
through the point S whose co ordinates are 3, 4. 

—«*A -II 


Exercise CVII. 

» 

• 1 - Solve the following equations graphically, and venfy your 
!esult by Algebra ' 


1) 3-r- 2^ = 4, 

S.r+ 47 =i 4 , 

4) 3.1-27 = 12, 
5 X ~ 77=20. 

< l 7 ) 5*+ 67 = 60, 
2.r- 7= 7. 

2X + 37-45J 

54 : 4 - 4 ^= 74 . 


J2) 4.7 = 3 *, 

4-v — 3,r= 14 - 

( 5 ) 4*'+>'= 10, 

3 _r- 4 ^=i 7 . 

« 

(8) 37=4*, 

7 +X = 2 I. 

(n) 3 .i-- 4 ^=i 2 , 
5 x + 2 y= 4 t>. 


( 3 ) 

.v — 2y 4-11 =0, 


2X -3^+18 = 0. 

(6) 

2X +y = ~ 1, 


8.r + 6y«3. 

( 9 ) 

3A‘-2V=2, 


20x4-24 = 2 5_y. 

V12) 

4 * 4 ^ 7 * 43 . 


3 *-27= II. 
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/ x X+y 2X-4V 23 

,03) -“=2 + 2 y , —-—= - - y - 

3 5 5 


is) 3*-^-S 


/ , y-2 " .v + io 

( 14 ) *-^-y- = 5> -- =4V-3- 


IT — 2 

4 JJ/+ -— = 12. 


2 . Shew that the straight lines given by the equations * 
15*r+ 2 y=27, 32:4.7^=45* ^ + 3^=19, 
meet in a point Kind its co-ordinates. 


/ 3 . Kind the co-ordinates of the vertices of the triangle whose 
'sides are given by the equations 

x - 2 \y + 4 «o, x + y +1=0, 5.1' - y = 7. 

4 . Show by solution of equations that ,th£ straight lines whose 
eqiiations are • * 

7 *- 3 .V ss 3 i j 9 r - 5 :/ =' 4 f» 3-r+j=n 
. * * 

all pass through one p©int. Verify by drawing Hie lines. 

♦ * . 

X. 5. ^raw the triangle whose sides are represented by tlu* 
eqmrflons :— „ * 

M 

37~.r = c;, x + yy- 1 j, 3.1 +^=*13 ;/ 

and find the co-ordinates of the vertices. 

^ * 

— 6. What must be the value of a in ordef that the three line' 
represented by the equations # 

* 3-1 +jt'-2 = o, ax + 2_y - 3 = o, 2r-r-3 = o, 

may meet in a point ? 4 


IV. APPLICATIONS OP GRAPHS. 

* * 

286 . We shall now give some illustrations of the way in which 
graphs may be used as a ‘‘ready reckoner.” 

Ex. 1 . If £1 is worth 25 francs, construct a graph from 
which* you can read off the value of any number of shillings up to 
^3, in francs. Write down from the diagram the value of 35 shillings 
in franc^and 35 francs in shillings. 

Meagre shillings along OX to a scale of 1" to 20 shillings, and 
measure francs along OY to a scale of 1" to 50 francs. 

, * xv c 

If x sllllling$=7 francs, then orj'=M\ This repre- 

pas&ing through the origin. 


sents a straight line 
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'Fake an abscissa ON =60 units and an ordinate NP = 75 uni 
loin OP. Then OP is the required graph. (Note that different units 
are used to measure lengths along OX and OY). 
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Fig. 12.' 


Since the abscissa at the point Q represents 35 shillings, therefore 
.is ordinate QR represents 35 shillings in francs. * # 

Hence, from the diagram 35 shillings = 44 francs. / . . 

Also from the diagram, 35 francs = 28 shillings. 4 

Ex. 2 . In a Fahrenheit thermometer the freezing 'point sthnds 
.11 32' and the boiling point at 212 '; in a Centigrade, the freezing 
point at o°, and the boiling at iooL Construct a gipph to convert 
A: Heg rees into C. degrees, and vice itersa. Read off ioo°/d in C. 
degrees, and 40° C. in F. degrles. 

Let x degrees in the Fahrenheit scale be the same temperature 
is y degrees in the Centigrade scale. # , » 


Then 


x — 32 x-32 # . * 

— o ■"» whence qv = 54: - 160. 
180 ^ J 


100 212 — 32 

* *> 

When x *=32, y=o ; when 4:= 50, y = 10 ; 
when x = 68, y=zo and so on. 


Since no point to the left of or below the point (68, 20) is required, 
is convenient to measure the co-ordinates along lines drawn 
dirough this point parallel to the co-ordinate axes. Hence the 
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following graph (as shown in Fig. 13', passing through the points 
(68, 20), (122, 50). 



By measurement it be found that? ioo°/ / =37° , 8C, and 40° C - 

w- . , 

Note. —Tht? above device is often useful ; it might be referred t 'as a 
t/iangr of axes to parallel axe \ through the fbiut (68, 20 ). 


t Ex. 3. The expenses of a family when rice is at 20 seers foi a 
rupee are Rs. 50 a* month ; when rice is at 25 seers fora rupee the 
expenses are Rs. 48 a month (other expenses remaining the same) ; 
what will they be when rice is at 3 ° seers for a rupee ? (c.F.A. 1869) 
Also find how much rice can be had for a rupee when the expenses 
are Rs.60+ 


Let the expenses be Rs. y per month when rice sells at AY. .1 
per seer ; then the variable part may be denoted by Rs. ax, and the 
constant part by Rs. b. Hence .rand y satisfy the linear equation 
y=*ax + b % where a and b are constants. Hence the graph is a 
straight line. 
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Fig:- 14. 


To determine a and b we have two pairs of corresponding values 
of x and y , giving 

50 = + b and 48 = f s a + 

whence a = 200, 40, and therefore y~ 200*4-40. 

From this equation, when *\y 1t y= 50 ; and when x=J^y = 48. 
Also, when .r = o, r=4o. Hence, it will be convenient if we begin to 
measure the co-ordinates at the point (o, 40). 

^ lake 30 sides of a square along OX to represent o*i units 
and 10 sides of a square along OY to represent 10 units. Thus we 
find two points P and Q when x~£ z and Vrr respectively. The line 
joining PQ and passing through the point (o, 40) is the required 
graph, (as shewn in Fig. 14). • 

By measurement, we find that when ^=46? ; and that 

when r = 6o,Thus the required answers are 7 ?s. 46. io<z. 8/. 
and 10 seers per rupee. 

Ex. 4 . Given that 1 centimetre = *39 inches, draw a graph to 
convert inches into centimetres. Read off the value of 3*6 in. in 
centimetres and the value of 8'6 cms. in inches, as accurately as 
you can. 
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rr • t , X y IOO 

If x inches =»y centimetres, then — — - , or r — — x. 

39 l oo * ^ 39 

This equation represents a straight line through the origin. 

When * = 39, y=\oo. Hence the graph passes through the 
point (39, joo). 



Take an abscissa ON = 39 units (39 sides of a sq.), 
and an ordinate NP=ioo units (20 sides of a sq.) 
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Join OP ; then OP is the required graph, (as shown in Fig. 15.) 

Take each horizontal side of a square to represent o*i inch 
and two vertical sides of a square to lepresent o*i cms. 

The abscissa of the point Q represents 3*6 inches, therefore its 
ordinate represents 3*6 inches in centimetres. 

Hence, from the diagram, 3*6 inches = 9 23 cms. 

Again, from the diagram 8*6 cms. = 3*35 in. 

■* 

Ex. 5 . 60 oranges sell for six shillings and eight pence. Make 

a graph to shew the cost of any number up to 60, and from it write 
down the cost of 27 oranges, and the number of whole oranges 
you would get for 2 s 3 <i. 

I -el x oranges cost v pence, then. = v, -v. 

‘ 1 60 80 - 3 

When a=o, y = o ; when .1=60, j/*=8o. This shews that the 
giaph passes through the origin and the point (60, 80). 
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Fig. 16. 

1 

Along the abscissa take ON =60 units (30 sides of a sq.), 

and NP parallel to the ordinate = 80 units (20 sides of a sq.) 

Join OP. Then OP is the required graph, (as shewn in Fig. 16). 












250 


MATRICULATION ALGEBRA. 


Thus, when .r** 27^=36 ; that is, 27 oranges cost y. Again, 
when/«= 27, :r«2o ; thus for 2 s. 3 d. one can buy 20 oranges. 


V. STATISTICS AND EASY PROBLEMS. 

287 . We have hitherto considered graphs to be straight lines 
drawn through a number of plotted points obtained by giving 
suitable values Jo x and y which satisfy any linear equation.. The 
method is general and may also be applied when the relation 
between the variables is connected by an equation which is not 
linear\ In such a case, the graph drawn through the plotted points 
will take the form of some curve. But in cases where no algebraical 
relation subsists between the quantities considered, and only a limited 
number of corresponding values is given and therefore only a 
limited number of points can be plotted, we may indicate the form 
of the graph which is most probable, the curve passing through some 
of the plotted points and lying evenly as possible among the others 
on either side of the curve. 4 

In case of statistical results, where no great accuracy of detail 
is required, it is best to join successive points by straight lines. 
When the graph consists of a succession of straight lines each of 
which makes an angle with the two lines adjacent to it, the graph will 
then be represented by an irregular broken line to distinguish it from 
a continuous curve like a circle or a parabola. Problems on prices 
may also be represented graphically by broken lines. 

Ex. 1 . The following table gives statistics of the population 
of England and Wales, where P is the number of millions at the 
beginning of each of the years specified. 


1801 i 

1 

181 1 i 1821 

1831 

1841 

1 1851 1861 j 1871 

1881 

! 8-9 

1 10*2 J 12*0 

! 1 3‘9 

15-9 

; 17-9 20*0 22*7 

26*0 j 


Draw a graph to exhibit the above. Estimate the population in 
1837, and jthc year in which the population was 24 millions. 

Plot the values of P vertically to a scale of 1" to to millions, 
and those of time horizontally to a scale of 1" to 20 years ; also 
it will be convenient to begin measuring abscissa* at 1801 and 
ordinates at 8. 

The graph is given in Fig. 17 on the next page. 





The population in 1837 at the point A will be found to be* 
15*1 millions and the year in which the population at B was 
24 millions is 1875. 
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Ex. 2 . "The average annual premiums [£P) for whole life 
assurance of ^100 for the age at entry (A years) is given as 
follows :— 


20 


2 5 I 3 <J 35 4 o 45 : 50 55 : 60 


2-2 , 2-5 2-8 3-23-8,4655; 6-y 


Estimate lhe«premiuni for £1000 insurance at ages 28 and ^3 to 
the neaicst £. 
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Reckoning ages along the abscissa 1 to the scale of i" to io years, 
and premiums along the ordinates to the scale of 1" to ^2, we plot 
the given points and thus obtain the required graph (as shewn in 

Fig. 18.) 

The premiums of ^100 at ages 28 and 43 at the points A and B 
respectively are ^2*4 and £y$- Thus the required premiums are 
£24 and ^35. 


Ex. 3 . The price, £/\ of certain engines of l*rake-horse powei 
H is given as follows : - 


H 



10 




1051 ifio 1208! 255 


What is the probable price of engines of 4 and of 12 hotse-power ? 

Measi/re hor^e-power along OX to a scale of i' r to 5* anti the 
price along OY to a scale of 1" to ^100. 

Plot the gi\en points and join them sure essively by straight lines. 
The tequired graph is shewn in Fig. 1 <j 
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Fig. 19. 


By measurement, we see that when * = 4, y— 121 ; and ,that when 
x= 12,^ = 229. Thus the prices are £121 and ^229 respectively. 


Ex, 4 . The temperature taken every two hours beginning at 
Noon is 6ro°, 667°, 67*5°, 58*5', 54*6°, 51 ’4°. 
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Draw a curve to shew the variation of tempeiature and estimate 
the temperature at 3 P. M. 

Measure times along abscissa to the scale of 1" to 4 hours, and 
temperatures by ordinates to the scale of 1" to 10 degrees. 

Plot the given points and joining them, we obtain the graph 
represented by broken lines as shewn in Fig. 20. 
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Fig. 20. 

By measurement, we find that the temperature at 3 p. M. is 67 T. 

Ex. 5 . Corresponding values of .1* and y are given in the 
following table :— 


1 

1 

1 


x 



3 

; 6 '5 

12 

*4 

1 

21 j 28*6 

3 i '5 j 

4 

j 4-8 

l 

67 

7 

8‘5 i 11 1 

1 

: 1 r 5 

» 


Draw the most probable graph, and find its equation. Find the 
value of x when y^io, and the value of y, when x^ 36. 

Take 1 inch to represent 10 units along OX and also to units 
-along OY. 

Plotting carefully the given points, we see that a straight line 
can be drawn passing through only two of them and lying evenly 
among the others. The required graph is given in Fig. 21. 
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Assume v==ua: + 6 for its equation. Find the values of a and 
■' b >'. substituting the co-ordinates of the two points through which 
the line passes. 

4 

Thus, putting * = 3, J / = 4> we have 4 = 3 a + b ; 

Again, putting jr« 14^=7, we have 7=14^ + ^ 

Solving these equations, we get a = T \', 

Hence the equation of the graph is y = T \x + ]y or iy/aa 3*4-35. 
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The co-ordinates of any number of points on the line can be 
obtained by trial. 

Thus, when v=io, .1=25 ; and that13, when **=*36. 

Ex. 6- A train travels at a uniform rate for an hour and a 
half, and covers 40 miles in that time. Draw the graph of its 
motion and write clown the time it takes to travel 17 miles and how 
far it has travelled in 12 minutes- (iive the results to the nearest 
mile and minut^ 

Measure distance along OX to the scale of i" to 20 miles, and 
times along OY to the scale of 1" to i hour, so that each side of 
a square represents 6 min. 

Along the abscissa measure OA = 40 miles and draw AB at right 
angles to the abscissa = 1*5 hours. Since the train travels 40 miles in 
1* hours, therefore B is its terminus after (A hours. 

Join OB. Then OB is the graph of the train's motion. 


n 



““ 

■ 

■ 

■ 

■■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 






■ 

■ 

r 




■ 



□ 

E 



■ 

■ 

■ 

■ 


I 

i 

■ 

■ 







1 





■ 









■ 

■ 











- - 


n 




V 






■ 



■ 

■ 













r* 




1.5 

5 



j 

| 



i 

1 











LBI 



L 






1 











MHpMi 

9 

Zt 




















_ 


u 


2 



r 







L _ 1 








H 


. i 




m 


... 

" 


r 





■ 1 

1 



_ 






n 


a 

■ 

— 





■ 

■ 



1 

1 ! 1 

1 

l 


i 1 

j 

/ 



1 

rl 



■ 

■ 

■ 

■ 






1 


. 1 . 






_ 





■ 

■ 

l 

B 





1 


L_ 






r 

J 






■ 

B 

■ 

■ 

■ 

a 


cc 

1 




r 


D V 

z 





1 




1 

E 

■ 

■ 

E 

1 

D 



.... 

... 

r- • 

... 

-*n 

... 


r - - 






1 

I 





m 

■ 

■ 


1 


0 


n 

□ 



Z 

r H 

9 


■■ 


j 


1 

z 



■ 

■ 

■ 

■ 

■ 

E 


1 

1 




Rif 


■ 

• 


■ 

■ 

■ 

■ 

u 


■ 

■ 

■ 

■ 

■ 


■ 

■ 

j 

B 




□ 

5 

■ 

■ 

■ 

• 

• 

a 

1 


■ 

9 

■ 


■ 

■ 

■ 

■ 

■ 

■ 

■ 

S 

■ 

i 

M 

n 


a 


— 

1 


• 

1 

i 

fi 

B 

E 



H 

□ 

E 



■ 



■ 

B 

r 


a 

fl 

■ 




• 


■ 

■ 

i 

■ 



■ 

■ 

m 

■ 


■ 

■ 



3 



m 

n 


□ 

■ 

■ 


a 

I 


S 

■ 

■ 

■ 



s 

■ 

» 

KS 

■ 




E 

5 ] 

M 

a 

■ 

■ 

1 ' ! N 

2 . 

H 


l i 4!0 


_ 

*1 



a 


Fig. 22. 


(j) To find the time it takes to travel 17 miles. 

'Fake ON = 17 miles and draw the corresponding ordinate NP^ 

Then drawing PD parallel to OX, we find the required time to be 
38 minutes nearly, for OD«JJ units. 
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(ii) To find the distance travelled in 12 minutes. 

Take OM along OYs=i2min. f and draw MR parallel to OX 
meeting the graph at R. 

Then drawing the ordinate RQ at R, we find the required distance 
to be 5 miles nearly, for OQ = 2* units. 

Ex. 7 . A starts walking at the rate of 4 miles an hour, and 15 
minutes later B starts at the rate of 8 miles an hour. Find, graphi¬ 
cally, when and where B overtakes A. 4 

Measure distances along OX to the scale of 1" to 4 miles, and 
times along OY to the scale of 1" to one hour. 

Take a point D whose abscissa is 4 miles and ordinate 1 hour. 

Join OD. Then OD is the graph of A J s motion. 

Take a point E at 15 min. point in OY. Then this is B’s starting 
time. Now take a point F, whose abscissa is 8 miles and ordinate 
(reckoned from the level of E) 15 min. more than the time represent¬ 
ed by the ordinate of D. Join EF. Then EF is the graph of B’s 
motion. 



The point H where the graphs OD and EF meet, gives the place 
and time of meeting. Thus, we see that B overtakes A in half-an 
hour from A’s start, A having travelled 2 miles, for HK=J and 
OK«2. 

* Ex. 8. A man starts at noon at the rate of 4 miles an hour to 
walk from A to B, a distance of 29 miles ; a second man bicycles 
from B to A, starting at 2 P. M., and riding at 10 miles an hour. 
Draw a graph to show where and when they meet and determine 
also from it the times when they are 10 miles apart. 

On squared paper, take two points A and B on a vertical line 

M. A. — I . } 
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29 units apart. Take horizontally AP=» 25 units (5 units to an hour) 
and PQ vertically=20 units. 

Join AQ. Then since the first man walks 20 miles in 5 hours 
(25 units), AQ is the graph of his motion, L e. y the ordinate of any 
point on AQ denotes the distance he has walked in the time denoted 
by the abscissa of the point. 

As regards the second man, take the point D in the horizontal 
line through B, 10 units (2 hours) from B, for he starts 2 hours after 
the first man. * 

Take horizontally DF = i2£ units (2i hours) and vertically FE — 
25 units (for the second man travels 25 miles in 2^ hours). 

Join DE. Then DE is the graph of the second man’s motion, 
reading his times along BD and distances travelled vertically 
downwards. 
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Fig. 24. 

Hence, if AQ and DE meet at O, AN denotes the time when 
they meet, and ON the distance travelled by the first man. 
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Thus, from the Fig. we see that they meet at 3-30 p. m. and 
that the first man has walked 14 miles, for AN = 3$. and ON*=14. 

(i) To find the time when they are first 10 miles apart. 

Take a point P' on AQ where it passes through a corner of a 
square, and draw P Q' vertically upwards—10 units. Draw Q'R 
parallel to AQ to meet DE at R, and from R draw RS parallel to 
P'Q' to meet AQ at S. Then RS*P'Q'=io units. 

From the Fig. we see that the required time is £48 P. M., for 
AC (the abscissa of S) = 2i units. 

(ii) To find the time when they are 10 miles apart the second time. 

On OQ take OG = OS and from G draw GH parallel to RS to 
meet DE at H. Then GH= RS = 10 miles. 

From the Fig. we see that the required time is 4-12 P. M., for 
AK (the abscissa of H) = 4 £ units. 

Ex. 9 . A# walks at 4 miles an hour, but takes a rest of half 
.m hour at the end of every 4 miles. B starting at the same time 
and walking at a uniform rate, without any rests, catches A up just 
as he is staiting after his third rest. Find, graphically, B’s rate of 
travelling. 



Fig. 25. 

Reckon times along the abscissa to the scale of 1" to 2 hours, 
and distances along the ordinates to the scale 1" to 10 miles. 
Inferring to Fig. 25, we see that OP is A’s graph for the first hour, 
and PQ is his graph for the next half hour, as he stops for that 

* l me. In the same way QR, RS, ST and TV are his successive 
graphs. 
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Again, since B starting at O f catches A at V, therefore OV is 
his graph, and the ordinate of V=s=i2 and abscissa*® 4*. 

To find B’s travelling rate per hour. 

Take OK«i hour and draw KD at right angles to OK to meet 
OV at D. 

Hence, B’s rate of travelling per hour is denoted by the ordinate 
DK, which®*27 miles nearly. 

1 Ex. 10 . At what times between 4 and 5 o’clock are the two 
hands of a watch (i) together, (ii) 15 minute-spaces apart ? 

Take abscissa? to represent the time in minutes after 4 o’clock 
and ordinates to represent the number of minute-spaces past 
12 o’clock. Along abscissae, take 1" to represent 20 minutes and 
along ordinates, take 1" to represent 20 minute-spaces. 

The graph of the motion of the long hand is a straight line, foi 
it moves at the constant rate of 1 minute-space per minute. 



This line goes through the origin. Draw OA passing through 
O and terminated at (50, 50). 
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At 4 o’clock, the short hand is 20 minute-spaces in advance of 
12 o’clock; and as the abscissa of its position is zero, it is the point 
B(o, 20). Again, since the short-hand moves at the constant rate of 
t minute-space in 12 minutes, another convenient point may be 
denoted by C (48, 24). 

(i) Draw BC cutting OA in D. Then D is the position in which 
the two hands are together; and as the abscissa of D is 21 "8, the 
hands are together at 21*8 min. past 4 o’clock (nearly). 

(ii) To find the time when the hands are 15 minute-spaces apart. 

Along OY take OE = i5 units, and draw EF parallel to OA 
meeting BC in F. Draw FG parallel to OE meeting uA in G. Then 
FG = OE= 15. The abscissa of G represents the time required, which 
— 5-5 min. past 4 (nearly). 

Again, in DA take DH = DG and draw HK parallel to OY meet¬ 
ing BC in K. Then HK = FG = i5 units. The abscissa of the point 
K represents ^he time when the hands are again 15 minutes apart. 
Hence the required time = 38*2 min. after 4 (nearly). 


Exercise CVIII. 

1. Gi\en that 1 kilogramme = 2*2 Tbs., draw a graph which will 
enable you to read off any number of lbs. in kilogrammes (up to 
50 lbs.), and read off the values of 25 and 38 kilogrammes in tbs., 
and of 32*5 and 38 lbs. in kilogrammes. 

2 . If 3*26 in. are equivalent to 8*28 cm., show how to find 
graphically the number of inches corresponding to a given number 
of centimetres. Obtain the number of inches in a metre, and 
the number of centimetres in a yard, f ind the equation of the 
graph. 

3 . If C is the circumference of a circle and D its diameter, 
C = V-Z>. Draw a graph and from it read off the circumferences of 
circles whose diameters are 4 in., nin, 20 in., and the radii of 
circles whose circumferences are 47 in. and 31*4 in. 

4. The highest marks obtained in an examination are 132 and 
the marks are to be reduced so that the highest marks may be 100. 
Show how to do this graphically and state what marks will be 
assigned to papers which obtained (i) 100, (ii) 70 marks, giving the 
marks to the nearest integer. 

5 . The readings on a Centigrade thermometer in degrees and 
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the corresponding readings on a Fahrenheit thermometer in degrees 
are given in the following table :— 


c 

5 

ro 

i. s 

20 

30 

5° 

80 

F 

4 i 

50 

59 

68 

86 

122 

176 


Illustrate graphically the connection between the two scales. 
Express 140 °F. in Centigrade. 


6 . Construct a graph to exhibit the following : - 
Premiums of Life-insurance at various ages (for ^100). 

Age in years I 


20 


35 


40 


45 


Premium 


I 


£2. 8 a. £2. 16 .V. £j>. 6 s. £\. « , »v. 


4 ' v * 


£>7 • V'* 


Estimate the premium to be paid at 27 and 37 years. 


7 . The temperature taken every two hours one day showed: 


Midnight, 4i°*o 

2 A. M., 40°’8 
4 A. M., 4o°7 
6 A. M-, 39 0 -5 
8 A. M-, 40°'8 

10 a. m., 44°-5 
Noon, 48° 


2 P. M., 51 ‘2 

4 I 5 - M., 53 c 
6 P. M., 46 *5 
8 P. M., 46 1 *3 
10 [\ M., 46°*7 
Midnight, 47‘ J, 4 


Draw a graph to show the variation of temperature throughout 
the day, and estimate the temperature at 3 P. M. 


8 . The price (in pence) of an ounce (Troy) of silver on Jan. 1st 
in each of the following years was as follows :— 


1891 ; 1892 

1 

1893! *894 

1895 

30 

1896 

3 * 

1897 

1898 

1899 

1900 

45 ' 

1 

40 

36 

29 

28 

27 

27 

28 


Draw a graph showing these changes in value. 


9 - Given that 1 inch = 2*54 centimetres, construct a graph to 
convert centimetres into inches. Read off the value of 5*6 cms. in 
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inches, and the value of 4*9 inches in centimetres, as accurately as 
you can. 


10. On an examination paper of maximum 69 the marks gained 
by 10 candidates were :— 


Candidates 

1 

2 

3 

4 

5 

6 

7 

8 

9 10 

Marks 

60 

54 

46 

35 

’ 32 

29 

27 

_ ^ 

26 

' • - ' 

25 12 


Draw a graph to raise the maximum to 100, and read off (to the 
nearest integer) the raised marks of the candidates. 


11 . The number of thousands (AO of people who emigrated 
Ireland between 1876 and 1885 is given in the table :— 

Year 1876! 1877 1878 1879 1880 1881 1882 1883)1884 1885 

____I____ _1____!_ __ 

N j 37*5 38-5 4 1'* 47 0 1 95-5 j 78 4 89-1 1087 75-8 62-0 

I 1 1 

Illustrate the above graphically. 

12 . A man spends Rs.y 50 in 64 days. Draw a graph to give 
his expenditure in any number of days. Write down his expenditure 
in f 7* 35 and 49 days, to the nearest rupees. 

13 . The mean temperature on the first day of each month, on an 
average of 50 years, had the following values :— 

Jan. 1, 37° ; May i, 50° ; Sept. 1, 59 0 ; 

Feb. 1, 38°; June 1, 57° ; Oct. 1, 54° ; 

Mar. i, 40° ; July 1, 62° ; Nov. 1, 46° ; 

April 1, 45 0 ; Aug. 1, 62°; Dec. 1, 41 0 . 

1 )raw a graph to represent these variations. 

14 . The first 100 copies of a pamphlet cost 27s. to print, but 
every 100 in excess of the first costs only 35*. ; make a gYaph to show 
the cost of any number up to 800, and read off the cost of 370 copies. 
Write down the number of copies you would get for £2 . 2 s. 6 d. 

15 . The top boy in a form gets 88 marks, and the last boy 33. 
These have to be scaled so that the top boy gets 100 and the last boy 
o. Draw a graph which will effect this, and read off (to the nearest 
integer) the scaled marks of the boys who get 65, 54, 49. Find the 
equation between x the actual marks gained, and_y the corresponding 
scaled marks. 
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16 . I want a ready means of finding approximately 0*866 of any 
number up to 10. Justify the following construction. Join the origin 
to a point P whose co-ordinates are 10 and 8*66 (1 inch being taken 
as unit): then the ordinate of any point on OP is o*866 of the 
corresponding abscissa. Read off from the diagram, 

0*866 of 3, 0*866 of 6*5, 0 866 of 4*8 and of 5. 

17 . If the cost of maintaining a family be Rs. 50 a month, when 

rice is 12 seers 9 rupee, and Ns. 48 when rice is 14 seers a rupee (the 
other expenses remaining the same) ; what will be the, cost when rice 
is 16 seers a rupee ? y 

< 18 . For a dinner at which there are 60 guests a restaurant 
keeper charges 10 s. 6 d. per bead, but if there are 100 guests the 
charge is 8 s. 6 d. per head. What will be the probable charge per 
head for 75 guests ? 

19 . In a Reaumur thermometer the freezing point stands at o° 
and the boiling point at 8o° ; in a Fahrenheit, the freezing point at 
32 0 , and the boiling point at 212 1 '. Construct a graph to convert R. 
degrees into F. degrees and vice versa. Read off 6o° R . in F. 
degrees, and 43°F in Reaumur degrees. 

20. For a certain book it costs a publisher ^100 to prepare 
the type and 2 s. to print each copy. F ind an expression for the 
total cost in pounds of x copies. Also make a diagram on the scale 
of 1 inch to 1000 copies, and 1 inch to ^100 to show the total cost 
of any number of copies up 105000. Read off the cost of 2500 
copies, and the number of copies costing .£525. 

21 . Two men start to meet each other at 9 p. M., from places 
31 miles apart ; if one of them walks 4! miles an hour and the o.ther 
3i miles an hour, when will they meet, and how far will each have 
travelled ? 

22 . A and B walk respectively 5-} and 3J miles an hour. They 
are 25 miles apart and walk to meet one another but B starts 2 hours 
before A. How far will A have to walk ? 

v 23* In a 100 yds. race, A can beat B by 20 yds., and B can 
beat C by 10 yds. How many yards start can A give C that there 
may be a dead heat ? 

21. A man bicycles from A to B at 10 miles an hour, and returns 
from B to A at 15 miles an hour. If he takes 5 hours to go there 
and back, find the distance from A to B. Find also his average 
speed her hour, 

25. A train leaves A for B at 9-15 a.m. and travels at the rate 
of 30 miles per hour. At 9-35 a. m., a second train starts, and 
travels at the rate of 35 miles an hour. If both trains arrive at B 
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at the same time, find the distance from A to B, and the time each 
train takes. 

28 . A starts at 8 a. m. to walk from P to Q, a distance of 
30 miles. At noon he meets B, who started from Q to P at 7-30 a.m. 
If A reaches Q at 6 P. M., when will B reach P ? 

27 . A starts walking at the rate of 100 yds. in 30 secs, and 
B starts from the same spot 6 secs, later at the rate of 100 yds. 
m 12 secs. Draw a graph to find when and where B catches A up. 

28 . At what times between 3 and 4 o’clock art the two hands 
of a watch (i) together, (ii) 10 minute-spaces apart ? 

29 . A monkey, climbing up a greased pole, ascends 2 ft. and 
'.lips down 1 foot in alternate seconds, until he reaches the top of the 
pole. If the pole be 6 feet high, how long will it take him to reach 
the top ? 

30 . A does a journey of 42 miles in 5* hours, and B starting 
an hour later does the reverse journey in 4 hours. Find, graphically, 
as accurately as you can, .how far their meeting place is from A’s 
starting poiilt. In how many minutes after B’s start were they first 
20 miles apart ? 

31 . A starts from Calcutta for Mankar, a distance of 91 miles, 
at 6 a. M., walking 3* miles an hour ; B starts from Mankar 12 hours 
later and reaches Calcutta at the same time as A. What was B’s 
speed per hour ? 

32 . A travelling at 4 miles an hour, walks 4 miles, then rests 
for half-an hour, then walks 8 miles further, and then walks straight 
back at the same rate. He meets B, who walks uniformly and 
without resting, a mile and a half from home. Find B’s rate of 
travelling, if he started at the same time as A. 

33 . At what times between 5 and 6 o’clock are the two hands 
of a clock (i) together, (ii) at right angles, (iii) directly opposite to 
each other ? 

34 . In what proportion must tea at AV.i. 4 n. per seer be mixed 
with tea at Rs. 2 per seer, so that the mixture maybe sold at Re. 1. 12 a. 
per seer ? 

35 . A starts from Calcutta to walk to BurdwanJ a distance of 
68 miles, at 3 miles an hour ; two hours later B starts from Burdwan 
for Calcutta at 5 miles an hour. When will A and B meet? When 
will they be 20 miles apart ? 

36 . A starts from a place X, for a place Y, a distance of 80 miles 
at 6 a. M., walking 3^ miles an hour ; B starts 4 hours later and 
reaches Y at the same time as A. What was B’s speed per hour ? 

37 . A travels at 5 miles an hour, but takes a rest of half-an 
-hour at the end of each hour. B starting 2 hours after A and 
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travelling uniformly, without resting, overtakes A 17* miles from 
home. Find, graphically, B’s rate of travelling per hour. 

* 3 a In a 100 yds. race A beats B by 9 yards, and in 100 yds. 
C beats B by 8 yards. If A’s time for the hundred yards is 10$ secs., 
what are B’s and C’s times ? 

39 . How much tea at Jvs.$ per Hi. must I mix with 12 lbs. at 
Re a. 13a. 4/>. per ft>. to make a mixture worth Rs> 2. 2 a. 8 p. per ft)? 

40 . The salary of a clerk is increased each year by a fixed sum. 
After 6 years’ service his salary is raised to &F.128, and after 15 years 
to Rs.zqo. Draw a graph from which his salary may be read oft 
for any year, and determine from it (i) his initial salary, (ii) the 
salary he should receive for his 21st year. 


CHAPTER XI. 

INDICKS AND SURDS. 

I. THEORY OF INDICES. 

288 . It was noticed in Art. 73, that powers of the same quantity 
were multiplied by adding their indices ; in Art. 105 that one power 
of a quantity is divided by another power of the same quantity 
by subtracting the index of the latter from that of the former ; and 
in Art. 167 that any power of a power of a quantity is obtained by 
multiplying together the indices of the two powers. We shall now 
prove the above rules to be generally true, which were there only 
shewn to be true in particular instances. 

289 . The following are the three fundamental laws for positive 
indices. 

When m and n arc positive integers , then 


a m x a n = a m Hl .I. 

a m + a n = a mm * .II. 

= III. 


The first is called the Index Law, as being the basis of the 
other two laws, for they may be deduced from the first. 

I. If m and n be any positive integers, to pro^e that 

a vi x a* = a m +*. 

Since a m - a x a x a x &c.to m factors, 

and a u = axaxax &c.... to n factors ; 


| Art. 20. 
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a m xa n =axa xa...... to m factors x a X a x a .to n factors,. 

“flxaxa .to (;« + /*) factors, 

= rt m+M , by Art. 20. 

Similarly, ifp is also a positive integer, we have 

a m xa n xa p = a m + H xa p = a w+,,+p , and so on. 

Hence, generally, 

a m x«»x«Px . = a m ' hH+r> * ..IV. 

where m % n y p y .are all positive integers. 

‘ II. if m and n be any positive integers and m > n, then 

a m + a n — a m ~ n . 

r- « „ « m ax ax ax .to m factors 

a n a x a xa x ......to n factors 

^ axa xa .to (m — n) fa ct ors x a x a xa .to n factors 

~~ axaxa .tow factors 

=ax ax ax .to (/// — n) factors 

=rt w ~ u , by Art. 20. 

* III. Tf vi and n be any positive integers, to prove that 

{a m )* =*a mn . 

For, (a m ) n « a m x a m x x.to n factors 

»(axflix a .to m factors) 

x(axa xa .to /// factors) x.to 11 brackets 

= ax ax ax' .to mn factors 

= fl wiu , by Art. 20. 

290 . To prove that II. and III. are deducible from I. 

(1) Since a p xa 1l = a 1>+n y when p and n are any positive integers,. 

/. a v + n -*-a n =a p y by Def of Division. 

Let p + n = so that p=*m-~n. 

/, from the above, we obtain 

a m -t-a n =a m ' n , which is II. 

(2) Again, since, from IV. we have 

a m x a p x a* x.=a w+p ^ + . 

Let m=ps*q = .and let their number be n. 

/, a$x a m xa m x .to n factors 

5=6 # Tn+m +* n+ • • • * to n term 4 '. 

which is III. 
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291 . Hence (a m )" = aP *«( a ") m . 


For (a m )"*=a m .aP.aP 


. . .to n factors =tf m+m+m+ . to n terms 


and (a'*) m =a n .a\a n .to m factors =«*+»+»+.tow ter ; 


since a m,4 =# Hm ? we have (a m ) M =a mM «(a M ) m : 

that is, the nth power of the mth power of a** the m th power of the 
nth power of a , and either of them is found by multiplying the two 
indices. 


292 . Hencte also — 

For, let H fa m « x m , then a m = (jr w ) M = (;r u ) m ; by Art. 290. 
hence « = .r M , and /. ’*/ a=x, and (If a) m = x iH . 


Bui also, by our first supposition, — ; 

hence, we have ’if a m = ('f a) m ; 

that is, nth root of the mth power of u = the mth power of the nth 
root of a . 

293 . These results refer as yet only to positive integral indices, 
which in Art. 20 were first used to express briefly the repetition of the 
same factor in any product. 


Hut now, suppose we write down a quantity, with a positive 

v 

fraction for an index, such as a q , and agree that such a symbol shall 
be treated by the same Index Law as if the index were an integer :— 
what would such a symbol, so treated, denote ? 


Since it follows from the Index Law, in the case of positive 

integers, that (a w *) n = a ,nM , we should have here also \a <l ) = a q —a p ; 

v 

% 

and hence it appears, that a q would denote such a quantity as, 
when raised to the qt/i po?ver , becomes equal to a v . Hut that 

quantity, whose yth power = a p , is the q th root of aP (Art. 31) ; and, 

v ‘ ■ 

therefore, a q ~V<i T \ or ~(%fa) p by Art. 292. 

Hence, when a fractional index is employed with any quantity, 
the ?tumerator denotes a power, and the denominator a root to be 
taken of it. 


Thus, «*=2nd root of 1st power of a*= da, = $a, = fa, &c. 

a 

a 3 =cube root of square of ifa*, 

r ■ 

or = square of cube root of a=( Va)\ 


So a 4 = Ya 3 or ( 4 faf ; a* =a’ = a e =&c., or 4 fa 2 =^Ya 3 =&c. 
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294 . Again, if we write down a quantity with a negative index, 
as a~ p (where f> may now be integral or fractional ), and agree that 
this symbol shall be treated by the same Index Ixiw as if the index 
were positive ,—what would such a symbol, so treated, denote ? 

By this Law, we should have a m + p y.a~ v *=zcC m + p ~ p ~a im ; 

# m+ * > 

but we have also rt TO+p *4-a p ——— ® — r -*<i TO : 

a? a p 

so that, to multiply by a" r> , is the same as to divide by a p : 


and, therefore, 1x^=1^^, or a mp 


a p 


Hence, any quantity with a negative index denotes the reci¬ 
procal of the same with the same positive index. 


-1 1 .3 1 -i 1 1 , .1 fi 

• “ *—*-«•• 0 — 1 " ot “ J* \l a ■ 

a 

a Ip or= a*’ 

a 6 v 


Hence, also any power in the numerator of a quantity may be 
removed into the denominator , and vice versti, by merely changing 
the sign of its index . 


Thus, a m *lfic~ l 



295 . Lastly, if we write down a quantity with zero for an index, 
as a 0 , and agree that this symbol shall be treated as if the index were 
an actual number, —what then would it denote? 

Since, by the Index Law , a 0 xa m =a°+ m =Ba m ; 
dividing both sides by a m , a 0 ™ 1. 

Hence, it follows that a 0 is only equivalent to /, whatever be the 
value of a . 

296 . In actual practice, such a quantity as a {) would only occur 
in certain cases, where we wish to keep in mind from what a certain 
number may have arisen. 

Thus, (a s + 2a*+ 3a + 4 a {) 4 *&c.) efi =» a 4 - 2 4 - 3a" 1 4- 4a"*+&c., 

where the 2 has lost all sign of its having been originally a coefficient 
of some power of a ; if, however, we write the quotient a + 2a° + $a~ l 
+4a’*+&c., we preserve an indication of this, and have, as it were, 
a connecting link between the positive and negative powers of a . 
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t p 

297 . The quantity a q is still called a to the power of - , and 

similarly in the case of a* H , a {] ; but the word power has here lost 
its original meaning, and denotes merely a quantity with an index , 
whatever that index may be, subject, in all cases, to the Index Law. 

298 . To prove that (a m b }l ) p ~a' np b np . 

Let m and n have any value whatever . 

{i) Let p be a positive integer. 

(a m b n ) p *={a m b») x{a m b n ) x .to p brackets 

*= (a m xa m x .to p factors) x(b n xb n x _to p factors) 

^a mV b nP , by Art. 289 III. 

{2) Let p be a positive fraction . 

r 

Let p =- , where r and s are positive integers, so that r—ps. 
s 

r 4 

( a m^)p = (^T>»^n)H = y(^/,n)r s y( a mr/; , .r) i by (l) 

s /(a mp *b nP8 ) 9 for r=ps, 

= y (a mp b HP ) s by (1) 

s 

** f J{a mP b n1) )* = a mp b np . 

.{3) Let p be any negative quantity. 

Let p= -r, where r is a positive integer 01 fraction. 

= {a ,! d , r = » b y (0 and (=) 

— a~ mr b " nr =»writing p for — r. 

Hence ( a m b n ) p =a ,np b HV % for all values of ///, n and p. 

299 - To prove that = <z”* u . 

= if p^m"" 1 
= a mp , by Art. 289 III. 

But, mp =/# x m" m 1 = m l¥n ~ \ by Index Law 

— m*. 

Here, note carefully the distinction between a" 1 ’ 1 ’ 1 and (a w / \ 
•The last — a miH ~ v — a mu ~ m . 
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Exercise CIX. 

Express, with fractional indices, 

1. Jx'+W + isJxf + i V.r)*. 

2. $T(aW)+ ViaW) + ITiaP) 4- 5T(a^ 3 ). 

3 . a ^ fi + ( Ja)«+ V{a n 6)+<>f(aW). 

4 . V(«W) + J( W)" + 6 /(«** u ') + ^ 0*** 4 ). 

Express, with negative indices, so as to remove all powers, 
(i) into the numerators, and (ii) into the denominators, 


5 . 


<Z + P + C* + 


3 , 4* t 5b 




d a 3 yi 1 yi 4 b 2 b’ 1 

6 ' b % + T + + + - s ' 


a- 


a' 


t 3 - 

3 a^b * a 
Express; with the sign of Evolution , 


a 0 4 c* 2 be 1 

. 4. T.. 4. -l- 

>» ?> a bc * 


a* , 2*'f’ 3 . 

2 «r f + 3 v««‘ + 4 »(«**») *?«* 


12 3 1 a /z* 

9 . + 2tf 3 +3« 4 +4<l & +rt 4 . 10 . —31+ - r + 


i S ) J .» il St 


3 1 3 . cl 

:< + + 

3^ 4 #* 

Express, with positive indices, and with the sign of Evolution, 


2a 1 e 4 b' c z b i; c 1 ' 
a' + l'H-ar 

4 a z r ~ 4 


2 


9 2 


11. 

a~ 

l dc+ab~ 2 i + a~ 1 b' 

’V' 2 +^' 

12 

13 . 

a' 


5 2d! 3 


1 


V 1 ' 

+ . . .+ J 
b’ k r L 

■ « + 
a 5 

a’ J £“ 2 <r 3 * 

14 . 

a 

-2 

• 7 ; i 

6 s b * 

1 



n + 

> + ;.+ 

A-2 ' 



b' 


a ^ 

t/ 



300 . It follows, then, that, whatever be the indices, 

a m xa n =a m+n , a m +a"=a m - n , ; 

so that (i) to nultiply any powers of the same quantity, we must add 
the indices, (ii) to divide any one power of a quantity by another 
power of the same quantity, we must subtract the index of the divisor 
from that of the dividend, and (iii' to obtain any power of a power 
of a quantity, we must multiply together the two indices. 


i 


a***; a~ J + a °=a 


9 1.9 


Thus,fl 3 Xfl' a =fl 5 " 2 =sfl; a*+a 

»a T0 ; (a*) m2 —a~ Q ; 


1 2 
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. 1 . 


3 ^ 


cr*b~* xa*6~* xa*y~* —a * x£ 3 ~*“ * 


,2 


b 13 


Ex. 2. a*b ^c s --a' B b~ 4 c* j=« s + r 


x c® '® = a8/5Tf c -irV 


Ex. 3. { '{ab~W^b\ i ={a i 6- 1 x ah^^iah'h^^b-'. 


Exercise CX.~ 


Find the value of 


1. 16 


■i 


2. 27 


*> 

-5 


:j 

3 . l6<" 


4. 32 


5 . 625*. 


6. (273 - V i )^- 7. (t'^ 12 !" 8 )^ 8. (1024' i )-. 9. 343' \ 


Simplify the following :— 

t 

4 

10 . 11 - VaW^ 1 . 


12 . sj a- 1 >/«’’ s /a\ 


is. {tra -&*\« 


14. 


2 

in 


15. 

17. 

19. 


V(x^ s/y )) 3 . 

a”*-" 


^-m+2H^>3ni-8>i 

"—=6i--ar - ( C - E - i8 74)- 


16. 1 *r{xy 5fx, 

18 . ’’V(<z 2m *"£ Sm+ V ,p ) x m r(a n 6 m ~ l c m ' 3p ). 

■yOtft jy W* 2d 


20 . 


.r 


c-o 


. (c. E. 1870). 


21. {(.*■“+&-* x* a -' ,+e ) t, } c . (M. m. 1889). 

22. (« + £)* x (« - b) m x (a 2 + 


( *«\ a+A / r a \ b 

x „) + (^TTi) • (M. M. 1890). 


24 . 





P+fl 


\x^y ’ E - r902) - 
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, k »;>• 

# 

/ 
pi 

f 

.* 

r 






('♦>)>>) 

Mvii 

»■ {VW5}“ 


(B. M. 1889). 


. (B. M. 1891). 


x.r a '-. (m. M. 1894). 


28. 


( r w\ w+n y^w\ »»+/ / r* \ ^ +1M 

w x b) x b*) ■ (c - K - ,yoo) - 


29. 

'30. 


32. 


{x /+ ‘ 1 ' n f x (x m+a ’*)'-’ x (.r" v 4 | 2 
" { x lx™x"f ^ 


« *, 


<(a m ) r (rt 4 )"}" r 


_ _ * 31 2 " x 4 M+ J 

S" w x 2 5 a,t 2 
5 3m “ 2 x 10 


-i * 


% 

■ **$ 


i»i+i 


iM+l 


2 u ) n 1 fou+3 i»-l * 


( 2 ,|+J / 


34. If 7>i = a x y n^a v and a 1 ^{?n ,, n x )^ shew that xyz-=\. (u. M. 1890). 




35- 


( x \ v - -1 * w * 

~x ,J ; arn^if x = 2i', prove that jo** 2 . - 

II. ALGEBRAICAL OPEIJ^TIONS I&lf GIVING 
FRACTIONAL AND^NEGATIVE INDICES, ^'h 

301. The ordinary metfatfds of operation employed in Multipli¬ 
cation, 'Division,'»&c., of positive integral indices are applicable to 
expressions involving fractional and negative indices. We now give 
some illustrative Efcajftples. 

Ex. 1. MWt^ly a* + a 2 i 3 +a*b' A + arb x +6* by u‘ l — dK 


! 4 


a i + +a^+ a‘ z £ ’ +£* 

a* - ^ 


+a % lP+a*b +ai^+a*6* . 




- — a* £ - 


3 H 4 1 A 


fT 
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Here in the first line 


1 1 




— a", ^xa^ = a ? and 


so on. 


. 2. Divide a* 7 — a 1 x 1 — 4 *i.r 1 +6a*x — 2 a 2 Ar* by a 1 

i *i 

— 4 *w 2 4 -2a*. . 


.n 

JT*- 


4 a. 1 V 2 + 2a l >jx 5 - a* a 2 - 4rtA'‘ x + 6 a*r- - a*A 1 


A 


a 

2 


4 «A 4- 2 a A 


f> V 

a ' a 


JT •> 

— a a ** 


4- 4 a *A' — 2 a z A 


2.-2 




a 2 a: — 2 a* r ‘ 2 


Ex. 3. Find the square roo 

3 


« i 

5 


3 


3 




- 12 . 1 4 +25 - 24 X ■’ + 1 ().r 


3 

4** - 

3 

1-*2" 


* *3 * 


3 


4A 

X \ ^3 

4 — T\ — I ^l' 4 


4r 4 - 3 \- I 2 V 4 +25 

t 7 


12 ^ 4-25 - 24 . 1*' 4 4- 1 6 a- -^ 2 -r 1 — 3 + 4 A* 1 

% 


3 

A 


* ~ \2X 


3 3 3 _3 

4 x 1 — 6 4 - 4-*^) 16 — 24A' 4 4 -1 6a'~ " 


% 3 _ M 

' 16 — 24 A 4 4- 1 6 lt * 


i' 


* J 1 3 •»» 


3 •*» 


Ex. 4- Simplify 


a*-,,’ 1 


■*T 

5" 

a 1 - a 


and - 


--- (c. f. a: 1861 ) 

' 4 %. 

_ * 

V« 4 + SfaVs- — 


sr« 4 + y«i a - *<»**- 


(l) Let a T »Ar and aT^ *=y. 

Then the Exp.-^= . * * + ™ 

A'-^y AT-J ^ 

v‘ 

= a M 4-1 + a~ M , for A;y = a°= 1 . 
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( 2 ) Let 2fa=x and %6—y. 


x i +x 2 y 3 ~x ! 'j 


x' J (x- +y- - xy) 


Then the Exd = a 

P ' x*+xf-x*y-jfi x{x*+y»)-y(x*+y') 

— X ^ X>1 + - yS ~ *- v ) _ - jtf 4-J' 2 ) 

~ (•*■ -V) (* 3 + r s ) ~ (* ~ F)(-Y +J ; )(r- - xy + y*) 
x* _ *« v - 

x J -f ~ !fa*- n*- 

Ex. 5 . Divide x 8 " -y jW by -r 2 ’*" ' 4 - J' 3 **'. (c. h. 1879 ^. 
Since r 2 W -y- n = (^ M ‘ l ) 2 -(/ w * 1 ) 3 , Art. 289 . 

=*(** +y* )(*- ~j'- ). Art. 124. 


0 . « * ^ o n • J oIf - 1 

. . the quotient = .r 2 — 


Exercis# CXI. 


Multiply 


1. x — x*y* 4 -j' by x- —y*~, (c. K. 1861). * 

_ 3 11 _i ?; 11 

2. <z)+a 8 d*+<rM+d 8 by a' -i«. 

» 

3 . .r 1 v + r ,< by jt 3 —(c. E. 1863). 

4 . yx' 1 — 3 v ;i -f- 2 x :} y* by 6 x A — 2y :) 4 - yx : *y/\ (C. e. 1858). 

5 - ax x 4-30*** +4 * 4 by a — 3 <*‘ 2 .r T 4 - 4 r s \ (c. K. 1890). 

ii ti 

6. x + 2y* + 32* by x —2y-+35r ;l . 

7 - a - 4- 2a 2 ^ ;i + 4 a-£^ 4 - $ab + i6a*A a 4-32^* by a - — 2 ^ ; \ (tt. M. 1859). 

8. x+y+z - '/(xy) - K \yz)- J(zx) by */* 4 - + Js. (C. k/ 1864). 

9 . by —yK (c. E. 1866). 

10. x~^+x ^ +1 by 1. 

11. aP—ar+a <2 5 by < 2 ’ 2 4-tf** — a a *. 

12. j^+jV ~^+x*y m ^+x^y m * +x*y m *+y ^ 

by x* — x 4 y~^ + x^y ^—y 
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Divide 

13 . i6.r — y 2 by 2X 4 —y 2 . 


11. x ml -y~ l by x 


15 . a -3 — 64^ 2 by /** T 4-20 . 16 . x — 2x*+i by .r 3 

17 . x*+x^y* 4 -y by x*—x^y^ + y*. (c. K. i860). 

18 . (jt^ — a*){x^+cfi) by .r^+a 7 . (c. E. 1859). 

19 - x*+a?x^ + a* by x^+a^x^+a^. (c. F. A. 1861). 


4 4 

3 -jy 3 , 


^ __ v*^ 


v° -hi. 


1 * 


* a 


a s 


4 1 


20 . .r+6^t 5 « 5 A' Tr + 7 ^ ?; ^'" by x*+a*. (C. K. 1891). 

21. 8 a?+b *—r+6 arb by 2 a*+& ~- 

* 22 . x*y m *+x" 2 y 2 + 2 by x^y~^ +x~\v* * 1. (M. F. a. 1894). 

Find the square of 

23 . a z — (C. E. 1862). 24 . — 2tr* +3 — 2a ^+a 


Find the cube of 
^ » 

25 . ab~ l + a'h. 


26 . %x*y 


V 


27. <z :i — 2^^ r> 4-3^. 


Find the fourth tand fifth powers of 

28 . 29. «**"*-a" *$*. 

Find the square roots of 


30. a 1 — a 2 


31 . + + 0- m. 1S86). 


• a 3 1 ^ 

^ —3«* 5 -r 5 +2^ 7 -r^+a \r ?> — 2n s x' t +a r \ fc. E. 1880). 

1 +^X- 3 ~ 3 - V•.r+*•. (P. E. ] 888. j 

2 

a 2 ^' 2 + 2<z£' 7 + 3 + 2a~ l £ -FoT 2 £ 2 . 

a* -7 3^*4- - 2ia A 4-45 -63a** +9oa' 5 - ioB^* 1 ^ 8i«’ ;T . 

a 4- 2 y/(2ad) + 2H4V (2# c) 4- 8 (fo) 4- 8c. (m. m. 1881). 

fe±Z£ _*.*/*(* - frV + _y). (M. F. A. 1889). 


4 4 


0 1 4 

• ~ -3 ' 

5 ii 


33. 

34. 

35. 

36 . 

37 . 


38 . 
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41. 

42. 

43. 

44 . 

45. 

46. 

47. 



49. 

50. 


I . 1 . r, 

3 X ( 3 X + 4) + 2 X ~\ 2 X * + i)-2^2.r tt (3^+2). (m. f. a. 1895). 

x*y\y^+x *y *)*+y — 2x~^y~^) 2 —x^y m ^(x^y^+4). 

(at. f. a. 1896). 


Find the cube root of 


a *x~ — $a ml x+6a **--74-6 a$x~ 


$ax~ l + a' 1 x 



Find the fourth roots of 

•» * _1 *> . 1 *4 8 

.r 4 v 3 -4*^ * 4 -6.ry J — 4* *y 9 +x m *y*. 

11 2 :> >» 

16,r u — 96.tr 5 4- 2 16.r\y- — 21 (\x*y* 4- 8 iy*. 


Find the H. C. F. of 

3 4 -£ 23C — at 3 — 1 and F J - r .’ ' 4 - 2e*x* — 2c x 4 -;r 2 - 2<f x — 1. 

4 - V x J{ v 4-1) - x - 1 and x- - \x - 

Find the L. C. M. of 

yix 2 — 3a 2 .r, ,t 2 — cz-, .r 2 4 -^-t‘, J{?> aX ) and *Jx—*]&• (C. E. 1873)- 
Multiply ' -tf w jr u 4 - v 2 " by a H +x*. (c. K. 1879). 

Divide <z r,m by rz™4- 6 n . (c. K. 190F). 

Simplify { s/(a" 4 - ?faV> 0 +\Z(£ 2 + 


Shew that 





= (* T y)(x* + y*)(x* +/).(-r 2 "" * 



III. ELEMENTARY SURDS. 

302 . It was stated in Art. 177, that, when any root of a quantity 
cannot be exactly obtained, it is expressed by the use of the si^n of 
Involution, and called an Irrational or Surd quantity. 

Thus, J2, 5T(3 ab) and 5 f(n , + ^’) are Surds . 

303. The order of a surd is denoted by the root-symbol or 

surd-index. * 

Thus, If a and n /a are surds of the third and nth orders respec¬ 
tively. 

304. Surds of the second order are called Quadratic surds 
tnd of the third order are called Cubic surds. 
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Thus tj2 y J{a + £) are Quadratic surds , and if a, if 5 are called 
Cubic surds. 

305. Since every fractional index indicates by its denominator 
a root to be extracted, all quantities haviny such indices are expressed 

as surds. 


I. Reduction of Surds. 


306. In the ease of a numerical surd, expressed with a frac¬ 
tional index, should the numerator be any other than unity , we may 
take at once the required power, and so have unity only for the 
numerator, and a simple root to be extracted. 


Thus, 2 5 = (2 s )Wor SfA ; 3'* = ( 3 “*> 4 =*(iV) 4 or 


307. Quantities are often expressed in the form of surds, 
which are not really so, i. c., when we can, if we please, extiact the 
roots indicated. 

1 , 

Thus, s/a, if 7, (a 2 +«£ + £-)* ar it actually surds, whose roots we 

1 

cannot obtain; but Va”, if 27, (4a 2 + $ab + b l )' i are apparently so, 
and arc respectively equivalent to a, 3, 2 a + b. 


308. Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power indicated by the 
denominator of the surd-index. 


Thus, 2 = 4 2 — ; a= if a* ; = 


a + b = (a- -i- -f 5 . 


309. In like manner, a mixed surd, i. c., a product partly 
rational and partly surd, may be expressed as an entire surd, by 
raising the rational factor to the power indicated by*the denominator 
of the surd-index, and placing beneath the sign of Evolution the 
product of this power and the surd-factor. 

Thus, 2 V3= N 4 x 73=^12; 3.2" = 3 ^4= 2 f(27) x ^4= 2 f(io 8 ). 

zajl>= J(4a*d) ; 4 a ^j\l (^^) = 

310. Conversely, a surd may often be reduced to a mixed form 
by separating the quantity beneath ihe sign of Evolution into factors, 
of one of which the root required may be obtained, and set outside 
the sign. 

Thus, s /(2o)= s/(4X 5) = 2 V5 ; #(24)= tf(8 x 3 ) = 2 s ./3 ; 
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311 . A surd is reduced to its simplest form, when the quantity 
!>eneath the root, or surd-factor, is made as small as possible, but 
so as still to remain integral. 

Hence, if the surd-factor be a fruition , its numerator and deno¬ 
minator should both be multiplied by such a number, as will allow 
us to take the latter from under the root. 


. 

= *( 76 ). 


These latter forms allow of our calculating more easily the 
numerical values of the surd quantities. Thus, to find that of V 
we should have had to extract both v/2 and and then to divide 
the one by the other, a tedious process, since each would be ex- 
piesscd by decimals that do not terminate; whereas, in ? J6 y we 
have only to find s/6, and divide this by the integer 3. 


Ex. (men J 3—173205., find the value of - - . 

v 3 

_5 x 17 3205... _ 8 66025..._ 


_ * 


5 v ; 3 


^3 >/3 x 


v3 


3 VJ 


n 

J 


2 - 88675 , 


312 . Studs which are not of the same order can be transformed 
into equivalent surds which are of the same order. 

Ex. 1 . Express V(i 1) and V( 13) as surds of the same order. 
Here, the L. C. M. of the root figures 4 and 6 is 12. 

1 herefoi e, V (11) - 11' = 11 “ = ls /( ii ? )= (133 r), 

and Y (13) = 13*’ = 13 1 * = v if (1 3 ? )= l V (169). 


313 - To compare surds with one another in magnitude, 
express them entire surds, and then reduce their indices, if neces¬ 
sary, to a common denominator, simplifying as in Art. 306 : their 
relative values will be now apparent. 


Ex. 2. Which is the greater 3 J2 or 2 > 1 3 ? 

Now 3 \'2 = n /i8«i8-, and 2 ^3= ^24 = 24^. • 

Also 18 4 = i8 7, =°/i8 3 = !jf5832, and 24^ = 24* * 6 f24 s = b /576. 

T he former is therefore the greater, since 5832 is greater than 576. 


314. Similar sards are those which have, or may be made to 
have, the same surd-factors. 

Thus, 3 Ju and Ja, 2 a $fjtr and $b 2 f. r, are pairs of similar surds ; 
and v/8, ^(50) and */(i8) are also similar , because they may be 
written 2 v /2, 5 v ; 2 and 3 J 2. 
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Exercise CXII. 


Express the following with indices, whose numerator is unity. 


1 . 

d 

4 4 . 2. 

9*. 3. 3 “^ 

£ - - -- 1 

\ 4. 2 4 . 

5. 

■ .1. * 

1 

4*J_i 

• 

6 . (I)' 3 . 


Express as surds of the 

; second and 

third orders. 


7. 

5 . 8 . 

2 9. 5 a. 

10 . %a*. 


11 . 

,V(a + 4>. 


Express wjth indices l 

and — ]. 




12 . 

3‘ s - 

13. (331)* 

14. a ? . 

15. 



Reduce to entire surds 

■ _ 

• 




16. 

5^5- 

17. s N / : ( ’. 

18. rj.3'1 

19. 

U/iH. 

20 . 

21 . 

2SdI)' :j . 

22 . 3 % 2 . 

23. 

24. 

4.'* 4 

25. 3 . 3 ' 4 ’. 

26. 

>> 

*/ 

- (’J. \ “ :i 

27. S(7)' S - 

28. 2 s/a. 

29. 

7 « */( 2 .r). 

30. rf(«4)* 1 . 

31. 

(«+<>:<■’ 

-4 2 )'l 

32. (a - b)(d' ■ 

-4 s )- 1 . 

33. .f/J/j). 

34. 


35. 4 i 

f2a . 36. 

2 vJ 

3^ q» ’ / 9 

Of* ~ 4 / »>• 


V < i 


3- r 

3 1> V 

2 rt 

3 >/ 4'*' 

38. 

?</(&■ 

1873). 39. 

(a+x] 


) 

40 

-:v<^ 


41 rt + r 

x-) 

42. 

:</(«=)■ 


Reduce to their simplest forms 




4?. 

V45- 

44. n/i 25. 

45- 3v/432- 

46 

!. * 135 . 

47 . 3 y 432. 

48. 

Vij. 

49. 2 Sfii. 

50. 3Vv 

51 

* 1 

■ 4 

52. 8'. 

53. 

•I 

j 3 • 

• ■ 

• 1 

54. 72 "*. 

55. 

56 

( 20 ’)'5. 

57. ( 3 o|{f -\ 

58. 

e v /J r- 

59. 5 *4aV 

60. § V93. 

61. V(o s 4 3 ). 

62. V(aW) 


Express as fractions wi 

th the surd part integral 


63. 

a/?. 

64. */jj. 

65. J*. 

66 . 


67. 


Express as surds of the same order :— 

68. Js and Vii. 69 . ST7 and V9. 70 . V4 and'VS- 

Which is the greater? 

71 . 6 >^3 or 4 ^7. 

73 . ^5 or 3 fu. 


72 . 3 ^3 or 2 y 10. 
74 . 5 J2 or IV27. 



MULTIPLICATION AND DIVISION OF SURDS. 



Which is the greatest ? 

75 . 2 ifi 5, 4 #2 or 3 ^5. 76 . 2 V 3 or or 3(4^) ^- 

77 - Shew that v /i 2 , 3^/75, W l 47 , a s/fk YA and ( 144 V 4 are 
similar surds. 


78 . 

79 . 

80 . 


Given = 2*236068 . 

Given J6 
Given v 7 


3 

, find the value of . 


2-449489... 

2-645751... 


find the value of v /!v 
. , find the value of V?. 


II. Addition and Subtraction of Surds. 

315 . To add or subtract surds, reduce them, when similar, 
to the same surd factor, and add or subtract their rational factors. 

Ex. 1 . s /8+ v'50- v /f 8= ^(4x2)+ J(2$ X2)~ ^(9x2) 

' =2^2 + 5 n /2-3 ■/2 = (2 + 5-3)n / 2 = 4‘^2. 

Ex. 2 . 4/1 ?T(aW) + b *r(&a°b)- V( 125^) 

-4 a $(ti*b' xb) + b Sf(2'a e xb)- V( 5 W x b) 

— XiPb $b + 2 a-b $fb - 5 a-b ^b — (4 a‘ l b + 2 a r b - ja*b) %b 
= W. 

Dissimilar surds can only be connected by their signs. 

Ex. 3 . J32+ 5fi6-Yb4= ^(16x2)4- iT(8 x 2) - V(i6 x 41 

=^4^/2+ 2 ST2 - 2 n '2 = (4 -2) s/2 + 2 3/2 

= 2 n '2 + 2 2 . 

-* __ 

III. Multiplication and Division of Surds, 

316 . To multiply surds, reduce them by Art. 312 to the same 
surd-index, and multiply separately the rational and surd-factors, 
retaining the same surd-index for the product of the latter. 

Ex. 1 . x ^8 x 3 s /2 = 3 x /i6= 3 x 4= 12. 

Ex. 2 . 2 n /3 x 3 J\o x 4 ^6 = 24 ^180=24 ^(36 x 5) 

= 24x6^5=144^5. 

Ex. 3 . 2 V3 X3 ^2 = 2^27 X3V4 = 6Vio8. 

317 . Compound surd quantities are multiplied according 
to the method of rational quantities. 
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EX. 1. (2+ v ' 3 )'3- s /2) = 6 + 3 n ' 3 - 3 V 2 - ^b. 

Ex. 2 . (2+ */3)(2- v /3) = 4-3=i. 

Ex. 3 . (2± ^ 3 ) v = 4 ± 4 s / 3 + 3 = 7 ± 4 v / 3 - 

EX. 4 . (l + -/2) 4 =I+4^2 + I2 + 8 v r 2 + 4=I7+I2 v / 2. 

318 . Division of surds is performed, when the divisor is a 
•simple quantity, by a process similar to that for Multiplication. 


Ex. 1 . 
Ex. 2 . 

Ex. 3. 


(,8 x /2 - 1 2 J3 + 3 Y6 - 4) -f- 2 s /6 = 4 V; - 6 Jl + S - 


*/6 


-4 Jit-bJi + i = 4 n/3-3 J 2 + ] ~ r \'f>- 
(2 >y 3-6 V2)^6 = 2 x 'I-6V./ n = 2 N /!-6y 5 \ 

= ^2-^864. 


1. 

3 . 

5. 


7 - 

10 . 

12 . 


14 . 

16 . 

17 . 


18 . 

21 . 


23. 

24. 


Exercise CXIII. 


Simplify 

•J 128-2 v/5°+ \/ 72 - n/iS. 2. Sf4o-i 3 f320 4 * Sf 135- 
Sn/ 2-4 Vi = + 4 n/ 27-2 v'to- ^72-3^ + 6^214. 


jl8+ 




s /2 4 

3 J 3 ' 



Multiply 

3 •/ 8 by 2 ^'6. 8 . 3\/i 5 by 4-/ao. 9 . 2 ^4 by 3 ^54. 

3 J3 + 2 J 2 by J3-J2. 11 . 2J13- v '6 by v /5 + 2-/2. 

^ 2 +Y 3 + by */ 6 -V 2 . 13 . ^3 + x /2 by *„ + J 

Find the continued product of 

3 J8, 2 $T6 and 3 V54- 15 2 ^24, 3 Y18 and 4Y24. 

4 + 2 J2, 1 - ^3, 4 - 2 v/2, </2 + ^3, 1 + J 3 and ^2 - V3. 

-V- 1 + V2, .1- 1 - J 2 , .V + 2+ n / 3 and .r + 2- N / 3 . 

* 

Divide 

6,^/7 by 5-/3 19 . 3 v/5 by 7^:12. 20 . 5§f6by3'/io. 

3 n /3 + 3k/ 2+ v'30 by 3 s/6. 22 . 2 x / 3 + 3 V2 + Y 3 o by 3 J2. 

.r 9 + 2xy +y 3 + 4*r + \y +16 by .r +y - 2 v '(.r +>>) +4- 

Prove that (J5+ >/ 3 + >/2 + U 2 + (Vs- J 3 ~ v'2 + O 2 

+ U'5 W 3 - ^2-i) a +(Ys- n / 3 + J2 - i) s = 44 . 
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319 . But, if the divisor be compound, the division is not 
easily performed. The form, however, in which compound surds 
usually occur, is that of a binomial quadratic surd\ i. c., a binomial, 
one or both of whose terms are surds, in which the square root is 
lobe taken, such as 3 + 2^5, 2V r 3~3>/5, or, generally, Ja± % /6, 
where one or both terms may be irrational • and it will be easy, 
in such a case, to convert the operation of division into one of 
multiplication, by putting the dividend and divisor in the form of a 
fraction, and multiplying both numerator and denominator by that 
quantity, which is obtained by changing the sign between the two 
terms of the denominator. By this means the denominator will be 
made rational : thus, if it be originally of the form Ja± Jb, it will 
become a rational quantity, a-ft, when both numerator and deno¬ 
minator are multiplied by >/« + Jb 'This process is called ration¬ 
alizing the denominator of a fraction. 


Ex 1 2+ (3 + ^3)(3~ v'3) 64-3^3-3^3-3 

3+ v'3 < 3 + v '3)(3- s f 3) 9-3 


Ex. 2 . 


_ 3+ s/3 
~ 6 ' 

l 2 \^ 2 + V 3 _2y/2+J$ 

2 V2 -\; 3 ^ 12 s'2 - J3)(2 8-3 ~ 

_ 2 v /2 + v '3 
_ • 

5 

if, however, we had required the value of-- to three 

- v 2 ~ ^'3 

places of dei irnals, \\o. take the form " , 

5 


the answer = 


2 X r4!42 1... -M 73205 


2*82842... -f 1 ‘73205... 4*56047... 

= - = —--— = ‘91209... 


5 5 


320 . When two quadratic surds differ only in the sign between 
their two terms, they are said to be conjugate. 

Thus, 2 > /3 + 3 v 2 and 2J3 — 3J2 are conjugate. 

In general Ja ! Jb and y/a- sjb are conjugate. 


321 . If there be three terms in the denominator ii will be 
necessary, in general, to perform two such multiplications as above. 
We always multiply in such a case by a quantity which differs from 
the denominator in the sign of one of its terms. 
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Find the value of 


2 + J2 - n /3 

If we multiply numerator and denominator by 2+ J2+ ^3, 

the expression - (2 + JjTT V3X2 + J2 + J3) “ (2 + v'2) 2 - 3 "3+4/2 
3-4 3-4 s/2 4^2-3 


(3+4x'2)(3~'U/2) 9-32 


23 


Exercise CXIV. 

Divide 

1- 2+4 s/7 by 2^7-1. 2. 3 + 2 v/5 by 2^5-1. 

3 . 5-2 / by 6-2 J6. 


Rationalize the denominators of :— 


4 ' 2 s.'2 + s/3‘ 

« J^3 + s /2 

2n/'3+\/2 - 


5 . . 4 . 6. v- 3 - - 7 . 8 *-- 5 -y 2 . 

n/5 ~ 1 s 7 5+V2 3-2 s/2 

Q 3+/S 1 0 s /3 + 3 V 7 n 4\Z7 + 3v ; 2 

3-n/5 7^7-5^3 5^2 + 2^ 



Find the value correct to four places of decimals of:— 

4 13 . 2 + *f. 14 . 15 . - r 7 - 7 . 

3 - 2 V 2 2 v'7 + I 5 S./2 - 2 s^7 5^3-- s'2 


Find the value of:— 


IB / '° + 0 s/5\ g 17 .5 _ ■ -.0 3(i+ s/3)_. 

\ 9 + 2 s/5 / ’ ’ Vi5 + s/6 V60- v '24’ ’ 1 - s/2+ V3' 

IQ / S 7 5+ V3\ 2 ( V 5 - v / 3 \ 2 on 1 -s/a + s/3 I-Vi- s/3 

V s/5- V 3 / " V s/ 5 + s/3/ ’ 1 +V* + V3 i + s ; 2 - V3 * 


21 . 


23 . 


24 . 


25 . 


s/ (rt +*) + s/(« -£) 22 

s '(<* +x) - s /(a - x )' 

-V+ \!(x* - 1) .r - s/(-t 2 - 1) 
x- s/(^*-l) .r + V (;r 2 — 1) ’ 


a - s/(rt 2 - -V-) « + J{a t - x*) 

(l>. M. 1863 ). 


s/C* s + i> + V(.r~~ 1) , V(;r 2 + i)- V(.f 2 - 1) 
VU* + 1 ) - J(x* ~ 1 ) s/(* 3 + 0 + 1 )' 


c*f{a b) — cu¬ 
be— c s /{nb)' 


_1_ 1 _1 

m 4 ( 1 +s'.v; + 4 ( 1 - v'x) + 2(1+x)' 




HARDER FORMULAE. 


28$ 


27 . Prove that .(c. f. a. 1877). 

v 6 + v 7 


28 - Simplify 


29. 




" 7 T + 


I 


1+ x /2+^3 i+v' 2 - 1/3 1- v 3 

___I 

+ V 2 +V 3 -I - 

Kind the value of + “■*'*’* 3 _ 2 w j ien r 

.r- - 3 r + 2 2.i - + 5_r + 3 


= J + V $. 


30. Find the value of " 7 / ~ ? when r=^Ar. 


CHAPTER XU. 

HARDER FOKMUL.K AND TRANSFORMATIONS. 

I. HARDER FORMULAE. 

332 . There are other results in Multiplication which are not 
quite so important as the Formulae (general results expressed in 
symbols) given in Arts. 102 and 170, 172, 173, hut which are deserving 
of notice. We give them here in order that the student may be able 
to refer to them when they are required ; they can be easily verified 
by actual multiplication. 

1. (/t +■ fo )- + («. - b ) 2 =2<t s + 2b 3 . 

2. (a + b) 3 ~(a-b) ? =iab. 

3. (a + b)° + (a - fo) 3 = 2 a" + 6 afo 2 . 

4. {a + bf - (a - bf «6a 2 ft + 2b\ 

5. (fo-e) + (c-a) + (a-fo) = 0. 

6. a(fo-e) + fo(c-a) + e(«-fo) = 0. 

7. (fo - e) 3 + (c - a) 2 + (a - ft) 3 =2(« 3 +fo 2 + c 3 - for - ea - afo). 

8. (a+fo+c)(«“+fo 2 +c 3 - foe - ca - ab) - a s +6 3 + r‘ - 3«for. 

9. (foe + ca+afo) 2 = fo 3 c 3 +;cV 2 + a 3 fo*+2«foc(« + fo + «). 
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10 . 


(a 4-ft 4- c)(bc 4 * ea 4- ah) 

= (b + c){c 4- a)(a 4- ft) 4- abc .(i) 

= bc{b 4* c) 4- ca(c 4- a) 4- ah(a 4- ft) 4- 3 a be.. ..( 2 ) 

= a 2 (ft 4- c) 4- b 2 (c 4- a) 4- ©*(a 4- b)+ 3 abc .(3) 

= a(ft 2 4- r 2 ) 4- ft(r- 4 -a 2 ) 4- c(a 2 4 -ft 2 ) 4-3aftr...(4)J 


11 


(ft 4-tf)( r + «)(« + *) 

= a(ft 2 4- c v ) 4- ft(c 3 4- a-) 4- c»;a 2 4- ft*) 4- 2afte*. (1) 

=a 2 (ft + 0 + ft 2 > <' + a) 4- c 2 (a 4- b) 4- 2aftr.(2) ]- 

**bc(b+c) + ca{e+a)+ab(a+b) +2abc .(3? 

= (a 4- ft 4* e)(br 4- ca 4- ah) — abc .(4) J 

12. - (ft - c)(c - a)(a - ft) = a\b - e) 4- b\e - a) 4- « 3 (a - ft).(1 J'j 

= ftr (ft - r) 4- m(r - a) 4* aft (a - ft). (2) r 

= - |a(ft* - * 2 ) 4- ft(c 2 - a 2 ) 4-<?(a 3 - ft*)»...(3^ i 

Ex 1. Simplify (a + b + c'p + lf + c— ay 1 +{c + a — £) 2 4-(tf 4-^-f) 2 - 

'['he Exp. = {(£ 4-^)4- «}* 4- {(/; 4- r) — «l 3 4 - {a - (0 - c)}‘ 4 - \<i 4- (b - c W‘ J 
= 2(6 4- c) 2 4-2fl 2 4- 2^ 2 4- 2{b - ci\ (K. I) 

* 4ei~ 4- 2\(b + r'f 4 -(If- cf\ = 4a 2 4- 4b 2 4-4^* 

-=4(^4-^ 4-c 3 ). 

y Ex. 2. Simplify 

/ (« - A)( r - a)(x -b) + (b- <*)(* - £)(-* - <“) 4- (£ - a)(.r - c)(.r - rt). 

The Exp. = (a — ^){,r 2 (a 4- b)x 4- ab\ 4* (b — ^)<.r 2 — (b 4- r).v 4- 4- 

(c — - (c 4* a)x 4- ca) 

= x 2 {(a- b) + (b-c) + c-a)\-x{(a + b)(a - b) 4- (b 4-£)(£ - <*)4* 
(r - a)(c 4 - a)) 4- — £) 4- — c) 4- ca(c -) 

-.r 2 xo4--r{(a 2 - V) 4- (b*- c'~) 4- (c 2 - a 2 )J 4-ai(a - *) 4- 
* — *:) 4- ca{c — #) 

=* dr£(a — b) 4- £r(0 — r) 4- ca(c — rt). 

— — {b - <;)(c — a)a — b). 

3. Simplify 

(a + b+c){a+b+a)+{a+c + (f)(b+c+d)-(a+b + r4-rf) 2 . 
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Let a + b + c+ d—x, then 

'['he Exp — fx- d)(x -c) + (x~b)(x - a) ~.\- 

— x l - [c + d)x 4- cd + x* - (. a 4- b )x + ab - x 2 
■= x 2 - (a 4- b + c 4- d)x 4 - ab 4 - cd 

—ab + cd, for a 4- b +1 + d= x. 

Ex. 4 . Multiply x s + (3'r + 4i$).r + 12 ab by .v" - ( 3a + 4 b)x 4- j 2 ab. 

We have a* + ($a+4b)x + i2ab=>(x+yr)(x+4b). 
and x 1 — (3a 4- 4b)x + 12 ab=(x - 3a)(x - 4//). 

Product = (.v 4- 3a){x - yi)(x + jb)(x - 4/I) 

= (.r a -9« a )(r 3 -i6 b s ) 

= .r 4 - (9« 3 + 16b- )x- + 1 44 a-b -. 

Ex. 5 . Find the value of 

(.r 4- 2y + c)(.r 2 4 - 4y 2 + c- - 2 yz - s.a - zxy). 

The Exp. = {{x 4- 2y) 4 - :r}[{(.r 4 - 2//- - z(.i + 2y) 4- z 2 } - 6.19'] 

= (x + 2 .) 9 s + — 6x_y(x + 2y 4- z) 

= -t " 4- 4- 6t9'(.f 4- 2y) 4 - z* - bvy(x + 2y) - (xryz 

- x ' 4- Sj' - ’ 4- ~ :1 - 6.rj'r 

Exercise CXV. 

Simplify 

4 . (a + bf+(b+c)“ +(r+a) 2 -(a+ b + c) 2 - 
, 2. (a+b + c) 2 + (a + b - c) 2 -(c+a-b) 2 -(b + c-a) 2 . 

3 . (ab + c•¥d4-(u —• b -\~c — d) 2 •{■(a b — c — d)- -t (a ~ b — c + d)~. 

4 . (a-b)(x + a)(x + b) + {b- c)(x + b)(x + c) 4 - (c - a){.x 4 - c){x 4 -a). 

5 . {a- + b 2 +c 2 ) 2 +(a+b+cYb+c—a)[a+c—b){a 4- b — r). 

6. (a- 4- b- 4- c 2 ) 2 - (a + b 4- c)(b 4- c - n)(a 4- c - b){a 4- b - c). 

7 . (d+b + cY-{b+c-af -(c+a-bf-(a + b-cf. , 

8 . ( 3 a + zb + 5 c? - ( 3 « 4 - 2 b - sc)' - 3o<r{(3« 4- 2 b)- - 2 sc 2 }. 

9 . (b + c)(c+a)(a + b) - (a + b+c)(bc+ca +ab) + 2abc. 

10 . (16.v R - 20*"’ 4 * 5x ) 2 4 - (1 — x*){i6(i -.r 3 ) 3 - 20(1 - x 2 ) 4 - 5}-. 

(c. K. 1889). 

11 (a 4- b+c f 1 4- (a+b — c)* 4 - (« - b 4- c) 3 4- (c 4- a — b) s . 

12. (a+b + c'f-(b+cy-(c+ a)' — {a+bf+a* +b* + c'. 

13 . (a 4- b 4 - c j s - a* - b 2 - c s - 3(b 4- c)(c 4- a)(a + b). 
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14. (a+b + 2 c)(a + 2 b+c)( 2 a+b + c)-(b+c){c+<i){a+b). 

15. (a+b + c){x +y+s) + {a + b- c){x +y - z) •+• {b + c- a)(y+a - x) 

+(c+a-b)(z+x-y). 

16 . ( a-b + 2 )(a > +b ‘ 1 + 4 + ab- 2 a+ 2 b). 

17 - (x-2y- 3)(z 2 +y *+9 - 6y + $x + 2xy). 

18. (b — c)(b + c — a) + (c — ct)(c + a - b) + (a — b)(a +b — c). 

19 - (b-c){ i +ab)(i + ca) + (c~a)(i +bc){ r +ba)+(a-b)(i +ca)( l +cb ) 

20- (i - « s )( i 1 - C-) + (« - bc){b - ca){c - ab). 

21 . (x -y)* + (x +j') s + 3(.r -y)\x + r) + 3(.r -y){x +y)‘ 2 . (c. K. 1876). 

I 

-Ut TRANSFORMATIONS. 

323 . The following Transformations (changes of form) of 
algebraical expressions are deserving of attention. They can easily 
be verified by actual multiplication. 

1- (0 a 2 + b* = (a + b) 2 - 2 ab or — (a- ft)-+ 2ttfr. 

(li) (a + b)*s*[a — by* + 4 tab 9 
(iii) (a-&y 2 =(a+J>) 2 - 4 a&. 

Ex. 1 . Find the value of x*+ when x +/=8 and xy~ 15. 
x s +j' a »(-r+ y) s -2ay/=8--2 x 15 = 64-30 = 34. 

Ex. 2 . Find the value of (<z — b/ 2 ^ when */+£*= 9 and ab—20. 

(a -bf = (a 4-/')“ -^nb = c ; 2 - 4 x 20=81 - So -= 1. 

Ex. 3 . Find the value of a 2 + // 2 , when a-/; =5 and ab — r4. 
rt a + i s *(fl-i) a + 2^*5 8 + 2 x 14 — 25 + 28 = 53. 

Ex. 4 . Express (a - ^)- + 4(a — c)[b - r) as a square. 

The Exp. = (a - £; 2 + qfrri - [a + b)c + t-} 

= {(a - Iff* + 4 ab) - 4 {a 4 - b)c 4 - 4r 2 

= {a + bf - 4 {a + b)c 4 - 4 c 1 =, {(a 4 - b ) - 2c = (a + 0 - 2c)-. 

'» 

2 (i )(a+b){a-b)**a 2 -b-. 

(a+h\- la-b\- 

(") ^‘rr) - v 2 ) • 

If 

^x. 5 . Express (.r + 7<r)(.r+9^i) as the difference of two squares. 
Here, .r + 70 = (jr4-8a)-a and # 4 -90:= (#4-8a) + a. 

Hence the Exp. = {[x 4- 8 a) - a\{(x 4 - 8 a) 4 - a) = (x + 3 a) 2 - a\ 



TRANSFORMATIONS. 


289 


Ex. 6. Express (x 2 + 4^+^(jr 2 -6.tr— j} as the difference of two 
squares. \ ' 

~ Let a=x 2 -^ 4.V + 3 and b=x' A — tx — t> then 


(i + b 


2 

a — b 


" = 1 {(* 3 + \x + 3) 4 - (x 1 - 6.r - 1)} =*#* + 1, 


and —- - = 1{(a' 2 4*4* 4 -3) - (*‘ J - 6* - 1)} = 5*4-2 : 

2 - 

Hence the Exp. = (x*-x 4-1) 2 -(5.1* 4- 2)^J^yjsiibst&trtwn. 


Exercise CXVI. 

1 . Kind the value of a* + i 2 , having given 

(i) + 12, rt^ = 35- (ii) a + b= 13, ab — 50. (iii) ^ ^ = 5, ^Z> = 36. 

2 . Find the value of (ji* + j') 2 , having given 

(i) x-_y = <), .r 1/= T5. (ii) *~^ = 5, ary = 4. (iii) x-r = 8 , ry—i 2. 

3 . Find the value of (a —£) 2 , having given 

(i) u + b — 7, ab~c). (ii) a*+0* -37, fib—12. (iii) <* + £= 18, trb^yz. 

4 . Find the value of a 1 4 - b 2 , having given 

(i) a — b = 14, ab — 25. (ii) a + b= io, ab—47. (iii) a — b—17, <rb -23 

.-Express the following as squares;— 

5 . (a — &b)' A +4(2(1 — 3^)(« 4 * 5 ^). 6. (3« + 2^) 2 — 4 (a + 3^)(2^- />). 

Express the following as the difference of two squares 

7. ^{x 4-1 )(,rj- 2 )(jr-p 3 )(.r +j ). * 8. (.r + 7 .^ + 9)C* 3 + 3- r + 5>- 

9. ( 6 *^ 5 * + 3 )( 2 -r iJ + a* - 5 ). v 10. (* 4- 3 «)(x 4- 5«)(r 4- 7 «)(.r 4- 9 ^;. 

>: x (c. k. 1887). 

* 

3 . (i) +//>=(« + by - 3 ab(a + b). 

(ii) a s - ft* = (« - ft)* + 3 «ft(« - ft). 

Ex. 1 . Find the value of ^ 3 +_y", when ,f + ;' = 5 and .tv=9. 

.r s 4 -y=(jr+j) s - 3 jry(.r+^)= 5’'-3 * 9 * 5 = 125 - 135= - to. 
Ex. 2 . Find the value of x' — y*, when x-y — 3 and xy = $. 

-C - = U - r)’ + 3 *iy(' r -^) = 3 ” + 3 ^ 5 x 3 == 27 + 4 5 = 72. 
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^Ex, 3 . If<3 + 1 = io, find the value of + 

a a 6 



4. (i) a 2 4- ft 2 4- c 2 ®(« 4- ft 4 * c) 2 - 2 (ftc 4- ca 4- fib). 

(ii) a ?+ft 3 !■ c* = (a + 6 4- e) 5 *-3 (b 4- c)(c + a)(a + ft). 

Ex. 1 . Find the value of a* + b*+c*, when a+b+c=\o and 
bc+ca+ab — 27. 

a 2 4 - £ 2 + c 2 = (a 4- b + c )' 2 — 2(be + ca + ab) = io 2 — 2 x 27 = 46. 

1 

, Ex. 2 . Find the value of a* + lP+(?, when ^4-6 = 7, t+tf = 5 
and rf + £=6. #*>•* V.* * T . 


Here, < 1 +b 4-6’=4- f) 4- (£4-#) 4*(<® 4-^)} — ■*(7 + 5 + 6) ~ 
Hence cf + + 6‘ 3 *= (a 4 - b 4 - cf - $(b + c)(c + a)(a 4 * b ) 

j. — c/ — 3 X7 x 5 x6=729~63o=99. 


Exercise CXVII. 

1. Kind the value of (X s 4- b ? \ when 

(i) rt 4 -^ = 7, ab=*3. (ii) a + b^ 12, a£ = 15. (lii) 10, 13 

2. Find the value of a*-b\ when 

(i) a-b=), ab = (). (ii) a — b = j, ab = ^. (iii) a-b= 12, Vi/> = 75 

3. If a* — 1 = 7 , tind the value of x*— * . 

.v x 3 

4. If rt 4 --= 6 , find the value of 0^4- \ • 

a a 

5 . Find the value of <z 2 4 -£ 2 4 -£ 2 > having given 

(i) rt + ^+£T=7, ^r-fV/r4F^=20. (ii) a 4 -/> 4 -£*» 15, fc+r«+«^a* 125. 

A 

‘ 6 . Find the value of aP+P + i?, having given 

(i) b+c**3, <; 4-0 = 5, a+b=6. (ii) b+c- 10, £+0= 1 5, a + b = i 7 

7 . Find the value of a tJ + b 2 +c 2 + 2bc + 2ca+2ab, 

when a=x+jy, b=z+x and c=> -(y+z). 

8. Find the value of (b + c~a) 3 + (c+a-by + (a + b-c)* + 24abc. 

(B. M. 1859)' 



• CHAPTER XIII. 

HARDER FACTORS AND IDENTITIES. 

I. HARDEE FACTORS. 


324 . We have in Art. 124 restricted to the consideration of 
iartois, which are free from terms involving square or other roots, 
winch cannot be exactly obtained. Here we propose to extend the 
formula, to resolve into factors such expressions for which no factors 
could be found with the restrictions. The following Examples will 
illustrate the subject in question. 


Ex. 1. a - b — ( Jaf - ( Jbf = («/A 4- \b){ J a - Jfr). 

Ex. 2. ,v a - 5 J 4 =ar 2 -( V5<i)-=(r+ for 

Ex. 3 . ’ r 4 + a 4 =(.r 4 + 2crv 2 + (J 4 j- 2nxr 4 = (.r 2 + a 2 ) 2 - ( K '2ax)' 2 

— (,r s +a 2 + v'laxyx-+ u 3 - Jia »). 


325 - Any expression containing the second power of x is 
.died a quadratic expression in x. The general form of a 
, n a dr a tic expression is <IX~ + bx + c. 


326 . To resolve ax* + bjn + r into factors, by expressing it as 
• he* difference of two squares. 


We have ax 1 + bx + c — a l.i 2 + - „r + £ \ 

\ '* 


**($y+px + q' n if =p and 

iZ (l 

= a{ x- +px + ]p- - \p 1 + g) 

“•*{(* +(A 2 ~ 4 ?)} Art. 123. 

P 




HH'TTi 


_ (I | ^ + zASj jf r v r (^ -4y) j 


= tt |js 


ft + Jib- - 4 «c) \ | ft - J( ft* - 4 ae) 


2 a 


1 


x+ -- 


2 n 


} 
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Ex. 1 . Resolve x 3 + 7x~44 into factors. 

+ 7 * ~ 44 =x 2 + 7x + (l f - (I ) 2 - 44= x 2 + ?x + (\ f - - * a 
= (x+ :.)*-(i *)S = (x + ‘ + \P)(x + *. - V’) 

= (x + 11 )(.r - 4). 

Ex. 2 . Resolve 6x 2 + 17x4 -12 into factors. 

6.r- +17x +12 = 6(x 2 +y.r + 2) ='6{x 2 + \'x + (1i) B - (} £) a + 2}, 

= 6{x 2 + \‘x + ({i)--,^} = 6{(.r + } 4 ) 2 - (/, )-‘| 

— 6{.v + ] 4 + ,1, \{x + {4 - ^} 

= 6 (- r + jjX- r +.;') = ( 2X + 3 )( 3 *+ 4 )- 
Ex 3 - Resolve 2i.r 2 +-iy — icy 2 into factors. 

21 .y~ -f ;rr - J oy L = 21 (.r~ 4 - .rr - A \ } y 2 ) 

= 21 {x- + -rr + (- ( 4 V)' - -1 v y j > 

= 2 i{x 2 +xy + ( ?.,y? - y T V 4 /'I 
= 2i{(x + .,^) 2 -(j!! r ) 2 } 

- 21 {x + y + i 2 y) {X + V, y - T 2 y) 

= 21 (x + 5 y){x - S y) = (7x + 5 y)( 3.v - 2 y). 


Exercise CXVIII. 


Resolve into factors, by the method of Art. 326, expressing as the 
difference of two squares 


1 . X--12X + 32. 

4. x~ + 1 ox + 21. 

7 . 2ix 2 -13*-84. 

10 . 7x 2 + 32X — 15. 

13 . 2 X 1 + ycy - 5 y ". 

16 - 24a 2 4 - 37 ax — 72X-. 

18 - 4X 4 + 4X 2 /- - 3y*. 


2. x 2 +3X - 40. 

5 . x 8 - 12x4-27. 

8 - 2 5X 2 - 7x - 86. 
11 . 3QX 2 + 23X — 143. 
14 . x 2 - 9<?x - 190a-. 


3 . x s - 103x4-102 
6. 6x-+x- 22. 

9 . 1 ox 2 — 13X —9. 
12. 63x a : l 5 i32x-35 


15 . 8 x 2 +6xj'- 27/'. 
17 - 2 (x+y)' 1 - 9(x 4 -y){a + b) + 4(a + bf. 

19 . 6 x* — x 2 y--y*. 20 . x'^d-xr + 272. 


Resolve into factors - 

21 . x-'-a. 2 a. x s -2a-. 23 - a*-<M 2 +/>*. 24 . x 4 -** 1 



To prove that 

«.*+& 8 + e 8 - 3 abv =(« +1> + c){a i + b % + c 2 - be - c« - ah) 

= K a + b + r;)((& - cf + (c - a) 3 + (« - ft) 1 }. 
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Since a ? - + b z — {a + 6f - yib{a+b), we have 

a 3 + b 3 + <? - yibc*= (« + b?-\-c*- 3 at {a + b)- $abc 
= («+^+f){frt + ^) a — (a+by+^-sabia+b+c). Art. 132 

— {n + b + c)[(a + b)' 1 - (a + b)c 4- r~ -3 nb\ 

— {a + b+c)\a 1 + zab + lr - nc - be + c- - $ab) 

*=(a + b + c)(a 2 + b' 1 + c~ — be — eu — ab ) 

— } s {a + b + c){2 a 2 + 2b' 1 + 2f 2 - 2bc - 2 cn — 2ab) 

= i(rt + i + c)^~ tf )*+(t-‘ | ) 3 + (rt- by*\. Art* 322 (7) 

Ex. 1 . I'actorize_a 3 + ^ - c 3 3 - yihe. 

The Exp. ■= a" + + (-1) 3 - 3 ab{ - c) 

= [a +b + f - c)\W +b 2 -h{- c)~ — b( — l)—{ — c)a - ab\ 

— (ti + b- + b % + c 2 + be 4 - cu -/ib). 

Ex. 2 . Factorize ,r 3 ~y~ - $xy - i. 

•’he E>;p.=.r 3 +(-j') 3 +(- r) 3 -3v.( -y).(- 1) 

={i+(-y) + (-i)|(r 2 + (-j) s +i- 1 ? - -r( -y) 
- X (-j)-(-y)(-0> 

~(x-y - 1 )(x- +y i + i + xy + x - y) 

= (,r ~y~ 1 )(.r' + xy +y* + x ~y + 1). 

4 , *. 1 V 

Ex. 3 . Factorize a {] 4- — 1. * ' • ‘A- ' ? ' J 

The Exp. —a h 4 -<z 3 — 1 ±$a'— {a 1 )'' 4 -rr 4- ( — 0 " — — 1) 

- \a* + « 4- (- “i ))|(fl 2 ] 2 4- * s 4- (- 1 ) 2 - a\a -<**.(- 1 ) - 

= (rt 2 4-— J )(rt 4 4- 4- i - rr 1 4- a 1 4 - a) 

= (a 2 + a - 1 )(« 4 - a" + 2a 2 +^ + 1). . 

Exercise CXIX. 


1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 


Factorize 


a' -b'+c' + ^abc. 

2. a — i 1 — tr 1 *- 3a^;. 

x' —y'' 4- 2> x y + i* 

4. .1^4-^ —3^4-1. 

x 1 — 8 y 7, -1- 27s 3 4-18 xyz. 

6. - 21 IP - 1 - i8a£. 

a 7, - 4* 8 + 6a 

8. 8a 3 4- b* — r 4- 6ab. 

a s + 8£ 3 4- 27<; 3 - t Sa^tr. 

10. 2.r 3 +y* - y^y* 

^ + 8y* — 27-S' 3 4* 18xy*. 

12. 14a' 3 - 4j/ 3 4- yPy. 

<^4-27-5^(2 si 2 -9<*)- 

14. a G 4-32a 3 -64. 

(« - bf - (i - cf + (c~ af 4- 3(i - c)(c 

_ _• 

t 

1 
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338 . To prove that 

* * (a + b + c)(hc + ca + ab)-abc=(b+c){c+a)(a + h). 

Putting x for a + b + c 9 we have 

(a + b -t- c){bc+ea+ab) - abc^x{bc + ca + ab) - abc 

= x*~x 2 (a + b + c)+x(bc+ca + a6)-adc, for ** —**=0 
= (.r — a)(x- b)(x — c), Art. 98. 

= (a + b+c- a)(a + b + c- b)(a + b + c-c\ f writing a + b+r 
4 " f)(^* 4~ #)(# 4*/>)• f for a. 


329 . If the expression + fl/;* + fl 2 ^+«r a +^V+^, which may 

be written in any one of the equivalent forms 

a?(i> + e)+b i (c+a) + t*{a+b) .(i)V 

bc(b + r) + ca(c+a) + ah(a. + b) . .(2) [ 

+ r 2 ) + b( c 2 + «- 2 ) + c( a 2 + b‘ l ).( 3 ) J 

be denoted by P, then 

1 . P+ 2 a&c=(ft + < , )(«? + a)(a + *). 

\ 

2. P+Zabc = (a + b + c){hc + ca 4- ab). 

^ 1 . Taking the first value of P, we have 
(i\b + c) 4 - b\c + a) + c 2 (a + b) + 2abc 

= a\b -f c) 4 - a(b 2 + c 2 + 2 be) 4 - b 2 c 4 - be* f multiplying and 

= a\b 4-^)4- a(b 4- cf 4- bc(b + c) t rearranging 

- (£ 4 * f ){# 2 4 - a{b + c) + bc } 

=* 4 - ^)(0 4 - 4 - c) = (0 4 * r)(* 4 - a)(a 4 - b). 



Taking the second value of P, we have 
bc(b + c) + ca(c 4 - a) + ab{a 4 - b) 4 - 3 abc 

= bc(b + c) + ra(c 4 - a) 4 - ab[a 4 - b ) 4 - abc 4 - abc 4 - abc 
— bc{b 4 - c) 4 - abc 4 - ca{c -I- a) 4 - abc 4 - ab[a 4 - b) 4 - abc 
= bc{b 4 -£ 4 -#) •\ m ca{c -\*a 4 * b) ab(a -i* b+c) 

= {a 4 - b 4 - c)(bc 4 - ca 4 - ab ). 


(a) Since (a + 6 + c)(bc + ca + ab) = + $abc 

and (b + c)(c+a)(a + b) = P4-2 abc 

/, by subtraction, 

{a+b + c)(bc+ca+ab) — (b + c)(c+a)(a + b) 

= (P 4- — (P 4 - 20^) = abc . 

- ■ /' 

r ;* by transposition, we have 

(a 4- b 4- c)(ftc 4- ca 4- ab) - abc * (ft 4- c)(r 4-a)(a 4- ft), 
which is the Formula of Art. 328., 
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/ 330. To prove that 

i (a-+ft + c) 3 - a* - 6 s - c 8 =3 (b + r)(c + a)(a + 6). 

Since (a + b^cY—a s + b B +c s ^3a\b^c) + ^ 2 ( c + a ) + 3^( a ^ m ^) 

+ 6 abc, Art. 172 
=a 8 + ^+c 8 + 3 (P 4- 20 £c) 

= rt 3 4- 4- 4- 3 (<& 4- c)(t' 4- a)[a 4* £), 

/, by transposition, we have 7 

{a 4- b 4- cf — a 3 - 5 s - c 9 = 3(0 4- c){ c + ci){a 4 fi). 

^ 331. To prove that 

* 'a 26 s c J + 2c-a* + 2 aW - a* -b*- <;* 

\ = (a + ft -h r)(a + ft - c)(a + c- ft)(ft + c - a). 

Left side= 4 b*c 2 - (« 4 + £ 4 + r 4 - 2 a 2 /; 3 - 2 i? 2 f 2 + 20 V) 

-( 2 be)*-(»*-!>*-€*?, Art. 128 

■= { 20 t + (a 2 — c 2 )){26c - (a 2 - H l - r 4 )}, Art. 124 

= {a 2 - ( 0 3 + 1 ;2 - 2 bc)\\(P + r 3 + 2 ic)~ 

= ia*-(6-,)*){(/>+ c) 3 ~a*\ Art. 12.3 
= {<i+(b-c))[a-(b-c)){(b + c)+a){(b+c)~a\, Art. 124 
= {a + b - c)[n - b + f )(0 + c + a)(b + c- a) 

— (a +• b + c){a + b — c)(u + c — b)(b+c — a). 

// 

Exercise CXX. 

► 

Resolve into factors t 

\^1. (1 -x—y)(xy—x-y)-xy. -2. (a 1 + «" 1 +« -5, }(ci*+a+a* 8 ) — I. 

3. (a 4 - b 4- c - d){ab 4 -ac - #rf4- be — — rt/>(c - d ). 

4. rt 2 (0 *f c) + 0 2 (<: + a) -f c z {a 4- b) 4- 3 abc. 

5. bc{b 4 -^) 4 - ca(c + a) 4- ab(a + b) + 2 abc. 

6 . b\a — c) 4- c\a ~b) — a?(b 4- c) 4- 3 abc. 

X 7. a(b 2 4- £ 2 ) - 0(c 2 4- a 2 ) - c(# 2 4- b 2 ; + 

8 . a 2 (0 4- 3 ^) 4- b\y 4- a) 4- 9 £ s (a 4- 0) + 6a0c. 

9. «(0 2 4- c 2 ) 4- 0(c 2 4- cr y 4 c(a? 4- &) 4- ybc. 

10. x[y 4- sY 4 -y(s+x ) 3 4- .?(* 4 -/) 8 - 4 xys. 

11. a(0 - c) 2 + 0(c - a ) 2 + c{a - i)» 4- qabc. 

^' 12. «(0 4- cY 4- b[c 4- a) 2 4- c(a 4- b ) 2 — 3 ^. 

13- a(b*+c 2 )+b{c*+ a 3 ) 4- +p)+J+p+c m 
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14 . bc[b + c) + caic + n) + ab{a + b)- ci s -b z -c z - zabc. 

15 . 8(a + b + r) s - (b + cf - (c+a)* ~(a + b)\ 

16 . a 4 - (b* -i*f + **-(**- a*)* + <* - (a 3 - P f. 

332 . If the expression d l b — ab i}j + b 6 c — bc i +c l fi-coP< l which may 
be written in any one of the equivalent forms 

a 2 (b - c) - a) + c 2 (a -b) .(i)'j 

bc(b - c) + ca(c a) + ab(a - h) . (2)? 

- \a[b 2 - c 2 ) + b(e 2 - a 2 ) + c(a- - b 2 )} .(3); 

be denoted by Q, then we have 

Q= - {b - r)(c- a){a - b). 

Taking the first form of Q, we have 
a\b - c) + b*(c - a) + r* (/«- b) 

— a 2 (b — c)-<ib 2 + ai 2 +b 2 c — be-, ( multiplying 

= a V6-c)-u(b n --c^) + bc(b-c) ' and ^‘arranging 

— {b - c){d z — a(b + e) + be) 

~(b-e)(a-b)(a-c) 

-={/> —c){a-b)y. —(c—a)= - (b — c)(c — a)(a — b). 

JEx. 1 . Factori/e a\b-c) + h*(c — a) + t*(a-b). (c-E. 1898). 

The Exp. = a\b — e) - aF + ac 2 4 - b 2 e - be 2 
: =a\b-c) a(b*-e*) + bc(b 2 -e 2 ) 

= (b - c){a‘- a(b 2 + be + c 2 ) + bc(b Arts. 124 & 132 . 

= (£ — < 0 {(<r — db 2 ) — abc 4 - b 2 c — ac 2 4 - be 2 ) j multiplying and 
= {b - r){a{a 2 - #*) — bc(a -b) — e 2 [a - /;)} ^ 1 ^-arranging. 

— c)(a — £){/je(/7 4 -^) — be — e 2 \, Art. 124. 

= (b c)(a - b){(d 2 — c*) + ab — be} / multiplying and 
~(b — e)\a — b){[a 2 — c 2 )+b(a — c) J ^ le-arranging. 

= (£ - c)(tf - £)(<* - e)(a + c + b) 

=*- (rc + ft +r)(6 - #?)(c - a)(a - 6). 

* 

Ex. 2 . Factorize a\b 2 - r 2 ) 4- b\c 2 - a 2 ) + **(a* - #•). 

In the Formula for Q, writing a 2 , b 2 f t* 2 for rt, c respectively, 
we have 

the Exp. = — ( b 2 - c 2 )(r‘~ - d 2 ){a 2 - £ 2 ) 

, =5= - (b - r)(^r - a)(a - £)(£ 4 - c)(c + a ){a +b). 
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1 

5 x. 3. Resolve the following into factors :— 
(6-c)(x*+ur+(i 2 ) + (L-a)(x* + 6x+6*)+(a ~.. . 

Here, (b - c)(x l 4 ax 4 a 2 ) = (b - c)x 2 + {6- c)ax 4 d^b - c), 

(c - 4 Ar +b 2 ) - (c - </)* 2 4 (c - a)bx 4 b\c - a ), 

(a — b){x 2 4 <:.i' 4 £ 2 ) == (a - £).r- 4 (tf - £ )£r4- /'). 

Adding vertically the columns containing .r 2 and ,r, 

1st column = x‘ 2 {(b -c) 4 - (c — a) + (a-b)\ =0. ^ 

2nd column = x[a{b - c) 4 b{c — a) + t{a~b)) — o. 

Hence, the given expression — 6*) + i 3 (t‘ —£i) + r 2 (rt — 

= -(b- c)(c-a)(a-b). Art. 332. 

Exercise CXXI. 

Resolve into factors :— 

1. bc(b—c) + ca(c — a) + ab{a — b). (p. k. 1893). 

2. a(S 2 - r 2 ) 4 <5(c 2 - rt s ) 4 c{a 2 ~ £ 2 ). 

3. bc[b 2 - **) 4 *r(c 2 - a 2 ) 4- - <* 2 ). 

4. a[b K — r 3 ) 4 3 — a 3 ) 4 - b' K ). 

5. £V-(/> - c) 4 Ai*(* - .1)+- 4). 

6. b 2 c\b' 1 - r 2 ) + rV(, * - a 8 ) 4 *V(<r - **). 

7 . **(*» - c 2 ) 4 AV 2 - « s ) 4 c V ~ b\ (m m. 1899). 

8 W - O 4* ^ - a 3 ) + <ib{(v' ~ i s j. 

9- —«;) 4 - «) 4* — ^)- 

10. a\b — c) 4* £ 4 (c - a) 4- t^ K a - b). 

11 . a*(b' 1 — c 2 ) 4 £ 4 (r 2 -t* 2 ) 4- c 4 (/2 Vv — A 2 ). 

12. d\P - c 4 ) 4 £ 2 (r 4 ~ * 4 ) 4* r-V - ^■*). 

13. a(b' - **) 4- /i-) 4ifa * - b*). 

14 -04 b\c-a) 4*'(*- b). 

15. a[b - 0 s 4 b(c - a) 4 4 <*(a - i) 5 . 

16. a\b — 0 3 + ^ s (£ — <*)* 4c 2 (« — £) 3 . 

17. (3-O 6 +^-*) 5 +(«-0) 6 . (*• E - i8 93)* 

18. (a- 41 )(£ - c) 4 (b 2 41 ){c - <i) 4 [c 1 41 )(<* - b). 

19. (a 41 )\b - c) 4 {b 4 1 )V ~ a) 4 (c 4 J )\a -b). 

20 . (a 41 ) s (£ - c) 4 (b 4 X ) a (c-a)4(r4i ) 3 (tf - ^). 

21. (a 8 +a+ i)(^-0 + (^ 2 4i + i)(^-a) + (^ 2 4^+ i)(«-^). 

22 . (^r 8 - bc){b -c) 4 (^r 2 - cd){c-a) 4(at 2 - ab){a -^). 
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33. (a -1 )(«*+a + i)(b-c) + [b-j )(6 2 + b +1 ){c - a) + 
[c~ l)(<r 2 + r+i)(a-^). 

24. bdjb — c)(x - a ) 2 + nra(c - a)(x - £)* + ab(a - £)(,r - c)*. 

25. (6 -c){b+■c?+(c-a){c+ a) 3 + (a - b)(a + b ) s . 


* 

333. Any expression containing integral powers of x arranged 
in order of the powers of x , has x±l for a factor, when the sum of 
the coefficients hi the odd places, is equal to that of the coefficients 
in the even places irrespective of the signs, like, when the factor is 
x + 1 , and unlike , when the factor is sr- 1 . Also, if the sum of all 
the coefficients be equal to zero, the expression is divisible by X — 1. 

Note. If both a?+ 1 and x-l measure the given expression, 
the sum of the coefficients in each case will be zero. 



1 . Resolve 2i A +x :i — gx 2 - 13_r“ — 5 into factors. 

Here 2-9-5—-12) Hence „r+i is a factor, 
and 1 - 13 = -12 j 


< 


The Exp. = 2x*(x + 1J — x 2 {x + 1) — Sx(x +1) — 5(a* + 1) 

= i)(2.r 3 — x 2 - 8 x— 5). 

Again, by a similar process 2* 3 — x 2 — 8.r — 5 may be resolved into 
(x + i)(2;t 2 -3*-5), and 2x‘ J -3-v-5 into (x+ i){ 2 x- 5). 

Hence, the given expression = (x + i) r (2.r- 5). 


Ex. 2 . Resolve 3 x 3 — 8.r 2 4 - yx — 2 into factors. 

Here 3 + 7 = 10 ^ 

and -8-2— - 10 V Hence a -1 is a factor, 
or 3 — 8 + 7 — 2 = 0 J 

The Exp. = 3-r 2 (^- 1)- S x ( x ~ i)4 -2 (a'- i) = (jr- i)(3**- 5 * 4 - 2 ). 
Again, by a similar process 3.r 2 - 5^r + 2 = (.r- 1 )(3^ — 2). 
Hence, the given expression = Or — i)-( $x -2). 


Ex. 3- Resolve 2 r* - 7r ? 4* 4r 2 -f-7*-6 into factors. 

and^ 7 + 7~^ = o } ^ ence - r + 1 anc * x ~ 1 are factors. 

The* Exp. = 2r 2 (r 3 - 1)- yx(x 2 - i)4-6(r 3 - i)=s(r 2 - i)^* 2 —7*4-6). 

Again, 2 * 2 - 7 r 4-6 = (2r-3)(r-2). 

Hence, the given expression —(at- - i)(jt — 2 )( 32 ir — 3) 

= (-*■+1 )(* - 1 )(* - 2)(» - 3)- 

334. To resolve a homogeneous expression of two dimensions 
into factors, proceed as in the following Example. 
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Ex. Resolve 2a a - ai>- 6fi‘ i +ac + v)6c- 15c 2 into factors. 
0 


If c=o, the expression reduces to 

2 a* — ab — 6P, which = (2#+ 30)(tf-2#).(r) 

If b= o, the expression reduces to 

2cP+ac-\^c l , which =(2a-$c){a + y) ..(2) 

If o, the expression reduces to 

— 66 2 + K)bc- 15c 2 , which ■= (36 - 5f)( - 2b -t*3c).(3) 


Mow, comparing (1) and (2) and testing the result by (3), 
we have the given Exp. = (2# + — $c){a - 2b + 3c). 

335. To resolve a reciprocal or recurring expression into 
factors, proceed as in the following Examples. 

Def. When an algebraical expression has the coefficients of its 
terms equidistant from the beginning and end the same, it is called 
a reciprocal or recurring expression. 

Ex. 1 . Resolve 2,r 4 — 5-r^ -5^ + 2 into factors. 


The given Exp. =x 2 ^2x 2 - 5.^ + 6— 

= x‘ i {2{ y' - 2) - 5.V + 6}, if x + 

= x\2 - 5 y + 2) = .r-( 2_v - i)(v - 2) 

= x' J ^2x + “ - 1^ + * - 2), restoring y 

= ( 2 X - + 2 ~ X )( X 2 + I - 2 X ) 

= ( 2.r 2 -x + 2 )(x 2 - 2.v + i) = (2.r 2 -.r t +2)C.r- 1)-. 

Ex. 2 . Resolve .r 8 - 4** - 1+13-r 2 + 4.1' - 1 into factors. 

Here, 1-4- 13 + 134-4- 1 =0 ; x- 1 is a factor. 

The given Exp. = **(*- i)-3* a (r- 1)- i 6 x\x- 1) 

-3x(x-i) + (x-j) 

= {x - I )(.i' 4 - 3-r 3 - 1 6 x* - j.r + I). 

Now, to resolve 3^ 3 -i6;r s -3v +1 into factors. 
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The Exp. = x 1 (x 2 - yr - 16 — ^ 

«»{(.r» + J i )- 3 ( a;+ ;.)-. 6 } 

*=r*((y- - 2) - 3 v - 16}, if .r + - y 

X 

- V a ( y' J - 3J/ - 18) = x\y -6)(y + 3) 

+ ■: “ 6 ) ( v + ‘ r + s), restoring y 

= (.r 2 -r 1 - 6x)(x- + 1 + 3.r) = (.t* - 6x + i )(x~ 4 - 3.4- 4 -1). 
Hence the given Exp. = (x — i)(.r 2 — 6.r 4- i )(.r~ 4 - $x4 - i). 


1. 

3. 

5. 

7. 

9. 


10 . 

11 . 

12 . 

14. 

16. 

18- 



22 . 

24. 


Exorcise CXXII. 


Resolve into factors : 

x 4 - 9' 1 ' 3 + 3* 2 + 37 x + 24. 

3- v 5 + 2x* — 28.1^ -H 42 ^-*- 23 r-f 4 - 

4- 1* 4 - 23.1^ 4 - 30A 2 - jx - 4. 

X s - 8x* -f 6;r 2 4- 7x - 6. 

6a 3 4- 7 (ib 4- ili 1 4 -11 ac 4“ 7 be 4- y 2 . 
2a 2 4- 6a i 4-5^4- 4^‘ J + 6£r 4- 2c: 2 . 
2 a 2 4 - 9 ar— io^ 4 - 46 ' 2 4 - 2 ^ 6 ‘~ 12 Ir. 
a 2 — 3«/> 4- 2<V' - ibi — 4r 2 . 

<i l — 1 — i tfic 4" 21 ft 1 4- 5 ac. 

t 4 4 -a ^ — i ar 2 +x 4-1. 

.v 4 - 4* a - Gx 1 -4X + 1. 
x*+yfl - 8.r 4 4- 3 X~ 4- 1 . 
x h 4 -3-f 4 4 - 2x' - 2jtr 2 — $x — I. 

.r 6 — ax A 4 - (fix"' — ax 1 4 - a*x — a h . 


2. .v 4 - 7a- 2 5jr a 4- 6?-» - 36. 
4. 3at'* ~ 1 o.r'’’ 4- 1 5-v 4- 8. 

6 . 2.u 4 4- 5 - 2.1'- -11.1- 6. 

8. .r 4 - ax' 4- [b - 1 )r 2 4-«.t - />. 


13. 2 <r 4- db - 3A 2 — 'W — 4&' — £ 2 
15. 4a 2 - - 3^ 2 4-12^6 - 9c 2 . 

17* .r 4 - 5.r - - 1 o.r 2 - io.r4-4 
19. x li - 5.x 4 - 5.v- 4-1. 

21. r* - 5A t; - 12.r 4 - 5^ 4-1. 

23. 1 2 X x - 5.r s - 2 &x* 4" $x 4-12. 


336 . ‘ Sometimes by suitable arrangement and grouping of 
terms, algebraical expressions may be resolved into factors, as shewn 
in the following Examples. 

Ex. 1 . Resolve x' +4* s - 5 into factors. 

The Exp.*»(x 3 — 2 T 2 ) + 5.v* — 5 = .r 2 (.r ~ i)4-5(*4*i)(x- 1 ) 

= (* - 1 ){* 3 4- $(x 4-1)} =* (.r - 1 )(*® 4- 5* 4- 5). 
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Ex. 2 . Resolve a 8 4-§v 2 + 34 x + 2 J into factors. 

The Exp. = (.r 3 4 - 27) 4 - (8a 2 4- 24A) = (a 8 4 - 3 s ) + Sx(x 4 * 3) 

— (* + 3 X-* 3 ~ 3 * + 9 ) + M* + 3 ) 

= (-V+ 3 ){(-f a - 3 *+ 9 ) + 8*} = (x + 3)^ + 5* + 9). 

I 

< *_ 

Ex. 3 . Resolve 8 a 3 4-4a— 3 into factors. 

The Exp. = (8 a 3 — 1) + (4a - 2) = (2a — 0(4*t 2 + 2a+ i) + 2(zt — 1) 

= ( 2 X - i )\Ux* 4 - 2 .V 4- 1 ) 4 - 2 } = ( 2 -r - i )( 4 .r- 4 - 2 a + 3). 

Ex. 4 . Resolve a 4 — 6 a 3 4-7 a 2 4- 6a — 8 into factors. 

The Exp. = (a 4 — 6.r 3 4 - 9A 2 ) - 2a 2 4- 6a — 8 
= (.r- - 3-tr) s - 2(.v- - 3_r; - 8 

— a" — 2a — 8, putting # for x- - 3.1* 

= (« - 4 )(« + 2) = (4T- - 3* - 4 )(x- - 3-v + 2 ) 

= (- 1 " + I )(* - 4 )(-l- - I )(-*■ - 2 

Ex. 5 . Resolve 2,t 3 4-5.V-—4A —3 into factors. 

The Kxp. =a(2a 2 4- 5.1'4-2)- 3(2 a 4 -1 ) = .r( 2 r 4 i)(.r 4 2) — 3(2.1 4-1) 
= ( 2X + I){ f(A- + 2 ) - 3 } = ( 2 X + I )(x* + 2X - 3 ) 

~ ( 2x + i)(.r— l)(-r + 3). 

Ex. 6 . Resolve (a 4 -00 4 - 3 )(a 4 - 5 )(a 4 - 7)+15 into factors. 

Here, (a 4-00 4 - 7 ) = -r‘ J + 8 .v 4-7 and 0 ‘ + 3 ) 0 '+ 5) = a 2 4 - 8 a 4 - 15. 

Hence the Exp. = (.v 2 4 - 8 a 4-7)0* 4-8a4 15)4-15 

= (a + 7)(rt 4-15)4-15, putting a for x 1 4 * 8a 
= cfi 4 - 22a 4 -105 4 -1 5 = u 1 4 - 22a 4 -120 
= (a4-io)(a-Hl2) 

= (a 2 4 * 8 a 4 - io)(a 2 4 - 8 a' 4 - 12). 

Ex. 7 . Resolve (a 4 - d)* 4 - o' — 9P into factors. * 

The Exp. = {(a + dy-M 9 \ 4 -(a 3 - P) = {(a + df- (2 bf) 4(a 3 - P) 

= O 4 - £ — 2^){(a 4- < 0 * 4 - 2^(a 4 - £) 4 - 40 2 } 

4 - (a — 4 - ab 4 - P) 

«* (a — £)(<** 4 - 4<*b 4 - 7b 2 ) 4 - (a - ^)(a 2 4 - ^ 4 - P) 

= (a — £ j(a 2 4- 4^ 4 - 7^ 2 4 - *r 4 * 4 - 0 *) 

— (a- b)( 2 a* 4 - S a & + 8£ 2 ). 
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Ex. 8. Resolve — 15 into factors. 

The Exp. -(<*’ - 27) - (a 2 - 9) - (0 - 3) = (a 9 - 3 s ) - (a 2 - 3 s ) - (a - 3) 

- (« ~ 3)(« 2 + 3«+9) ~ (« + 3)(« ~ 3) - (<* “ 3) 

= («*- 3){(^ 2 + 3 « + 9 )-(« + 3 >~ i } 

= (tf — 3)(<* s + 2a + 5). 

Ex. 9 . Resolve (a* — P]* — zpyi*+P) + P into factors. 

'1’he Exp.*={{« a 4- Py — 4a-A-} - 2c-(tr 4- P) 4- c* 

= {(«-' + P f - 2 c\a~ 4 - P) + 6-n- 
= [{a 1 + 3 2 ) - 6“ } 2 - (2 ai)* 

= (a 2 4- 3 2 — P + 2 ub)(a~ + P — c~ — 2 ab ) 

^{{a + bT-PHia-bf.-c 1 ) 

= (a+b+c)(a + b - c)(a -b + c)(a-b-c). 

Ex. 10 . Resolve z{a+b+cf + (b+i)(c + ,i)(a+b) + 2abc in;o factors. 

Assume x=a + b + r, then b+c — t -a, c + a=x - b, a + b~x — t . 

Hence, the Exp. = 2 a' 4 -(a — u)(x — b){x — r) + 2abc 

— 2 .P 4- X 9 — {a 4- b + c)x- 4- {db ac + bc)x — abc + 2 a bi 
= 2 (u 4- b 4- c)x" 4" X' — (i*4"34- c)x- 4- (<tb 4- xc 4* be)x 4 -<ibi 
{for 2 a" = 2 x 2 .x = 2 x\a 4-34- c)\ 

— a 3 4- (« 4- b 4- c), t 2 4- (rib 4- ac 4- bc)x + a be 
= (x + a){x + b){x + c) 

“ (2 a 4- b 4- c){a 4-234- c){a 4- b 4- 2c). 


Exercise CXXIII. 


Resohe into factors :— 

1. ,r r — 3-r - 4. 2. x -a 2 -4. & * s -3A + 2. 

4 . 1^-19*4-30. 5 . *" 4 - 2* 2 — 3. 6. a 9 -7*-6. 


7 - .v 9 - 7x~ - 80* 4- 5 76. 

9- .v 1 — vax* — yPx —12 a". 

11 . 3.r’- 172T- 4 -1 gx 4 -11. 

13 . x* - 1 ox ' 3 4 - 35-v / - 5o.r 4-24. 

15 . .v* - 6* 3 4 - 6* 2 4 - 9.T - 4 

17 . .r 4 — i6a 9 4 - 35A 2 4 - 232.1' 4 -180. 

19. (.r 4-1 ){x 4- 3)(* - 4)(.v - 6) 4 - 2 4. 


8 . a 9 '— 8a 2 - 12a 4-144. 

10. 2 a 3 4-9 a s + 4 a — 15. 

13 . 4a" 4- 8a* 4- 3A+20. 

14 . A 1 - 2A 9 4 -A — 1 32. 

16 . a‘4-I2a , +4a s -192A-320. 
18 . A 4 — 9A 2 4 - 3QA — 2 5. 

20 . (a 4 - 2)(a+3)(a+4)(a + 5) — 35. 
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21. jt(2^+i)(^-2)(2^-3)-48. 22. 4X* - 20^ 4- 24^ + 6x - 9. 

23 - x *+(« + £- 2c)jt+( 2a - £ - c)(2/$ - a - c). 

24 . a 3 -9£(2a + 3£ s )-8. 25 . o'+a 2 +<1-84. 

26 . («£ 4 -1 )* - 4ai(ab +1 ) 3 - (a 2 - £ 8 ) 2 . (M. M. 1899). 

27 . (t^+c^-a^+b^c* 4-« 2 -£ 2 ). (m. m. 1865). 

28 . a 2 (^-<r 2 ) + 4a^-^ + tr*. 

29 . ^.r 3 - (at — i 8 )* 2 — 2abx+a s . 30 . ,r 8 +jr 1 +i. 

Miscellaneous Factors. (Harder). 

Resolve into factors :— 

1 . (;r 2 4 - a - 1 ) a - a*t s . 

2 . (2« + 26 - a<$) ! - {lr - 4a)(a s - 4b). (M. M. 1877). 

3 . 4a" 4 - 17 ab 4 - 5ar + $bc 4 - 4 h' 1 «- c 2 . 

4 . (1 +^-2(1 )-*-'“ + ( 1 (m. m. 1893). 

b. (x- i)(.r — 2) — 2[y— i)(.t' — 2 ) + (jf- i)(.r — 2). (m. m. 1896). 

6. (a 2 4 - ^ 2 )" — (a 8 ~ b' 1 ) 2 — (a 2 4 - b' L — c % f. (M. M. 1898). 

7 . aX« + !) + ^X^+ i)~^(‘*-^) 2 - (M. M. 1898). 

8 x l + (a - 1) ry — aj/ 2 + (a - 1 ).r 4- (a 5, + 1 }j' - a. 

9 . (a** — ^‘-)(a + 3 ) + (// 2 — c 2 )(b + c) + {e? — a l )(c+a). (M. M. 1899). 

10 . (a 3 - ^) 2 + (c 2 - <f-Y -- (a + b)\c - df - (a - ^) 2 (<;+rf) s . (M. M. 1876). 

11. (^+r) 2 - 2{b- +c i )(i‘--\-{b - c) 2 a\ (m. m. 1899). 

12 . x- - ^a+^* 4 -1. (C. E. J885). 

13 . A 1 — (p. E. 1889). 

14 . ^ 3 -2at 3 -23v+6o. (h. m. 1887). 

15 . jr 6 4 - 7 .r' , - 5 .r 2 - 3 S. (B. M. 1889). 

16 . (x-+ 4 xY - 2(x-+ 4 x) - 1 s- (B. M. 1889). 

17 - 8.r :i - 5* 4-3. (a m. 1894). 

18 . a(b — cY-\-b{c- a) 2 + c(a — b) L + 8 abc. (U. M. 1890). 

19 . [2b — ay 4 - (2a — b)" — (a 4 - by. (is. M. i960). 

20 . (a 4 - b 4 - c)* - o' - b' - c*. 21 . x*-$ x* + 9x i - 7_r 4- 2. f H. M. 1901). 

22. x*~sx s +x , ‘‘ + 2jx— 18. (t>. m. 1902). 

23 - orb + b’'c+c : 'a-{ab*-\-bc* + ca?). (M. M. 1892). 

24 . (a4*£4-c) s -3(a4-£4-£)4-2. 25 . (a 4-3)* 4 -(a 4 - 2 )“ - 1. 
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II. HARDER IDENTITIES. 

337. We shall in this Section consider some important Iden¬ 
tities of a somewhat harder type than those considered in Section 
III. of Chap. IV., and establish their truth with the help of the 
preceding Formulae. The following are illustrative Examples. 

Ex. 1. Prove that a(b + c) 2 + b(c+a) 2 + c(a + b)~ — (£40( rt ~ b)x 
(a-c)-(c + a)(b - a){b - c) — {a 4 b)(c — a)(c — b) = i labc . 

We have, &(b 4 c) 9 4* b(c + a)- 4 c(a 4 b ) 2 

= a(<£ 2 4 2&r 4 c 8 ) 4 £(< 2 4 4 <* 2 ) 4 c[<i l 4 2 ab 4 b~) 

= + c 2 ) 4 £(c 2 4 fl 2 ) 4 c{d 2 4 b' 1 ) 4 6 abt 

= P46 abc. (Art. 329). 

Again, (b + r)(a - b)(a - c)=(b+c){er -(b + c)a+bc\ 

= a\b + c') — a(b + c ) 3 4 bc(b 4 c). 

Similarly, (c+a)(b-a)(b -c) = i"((4«)- b(c + a) 2 + ca(i + «), 

and (a 4 - a )(r - £) = < 2 (a 4 - r(« 4 i) 2 4 tf£(a 4 <£)* 

/, their sum (adding vertical columns) 

= P — (P 4 babe ) 4 P = P - babe. (Art. 329). 

Hence, the Exp =(P46^c)-(P- 6abc)= \ 2 abc. 

* 

Ex. 2. Prove that cr 4 d 4 c 4 24 abc 

= (a 4 b 4 c) n ' — 3! — c)~ 4 b[c — a ) 2 4 

Since ^(£ — c) 2 4 b[c — <*)'- 4 c\a - £)" 

= a{Jr — ibc 4 ) 4 £.V 2 — 2^ra 4 «*) 4 c(<2 2 — 2 ab 4 b 2 ) 

—a(b 2 4 c s ) 4 0(r 2 4 #‘ 2 ) 4 c(a z 4 b % ) — 6 abi 
= lP — 6abc. (Art. 329). 

and (a 4 b 4 cp = a? 4 b 2 4 r 3 4 3 <r(b 4 c) + 3 b*(c 4 a) 4 3^(0 4 £) 4 

= a’ + £ 3 + f*43P46tffo. (Art. 329). 

/. Second side=^ s 4^4^4 3P46a^r— 3(P — babe) 

= d 4 b° 4 c* 4 24 abc, 

Ex. t 3. Prove that (b + c) 2 (ia + b + c) + (c+a) 2 (yb + £+ii)+(a + W* 
x (2c + a + b) + 2 (b + ( :)(c+a)(a + b)=;( 2 (i + b + c)( 2 b + c-+a)( 2 c-\-a + b). 

Putting x for ^4c ,y for r4 a and ,7 for a4i, 

The first side reduces to 

;r 2 ( 4*) 4 y\z 4*) 4 ~ 2 (* 4j)4 2 xyz 
— T? + 2X'ys**(j'+z)(a+x)(x+ m y). Art. 329. 

= (2rt4^ + c)( 2 b + c + a)( 2 c + a + b). 
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Ex. 4 . Prove that (a 4- b 4- c)* - 27 abc ■» £ { [p+c + 7*1) (£ ~ c ) 2 + 
'J+0 + 7^)(^ - aY 4- (a 4- £ + 7c){a - 0) 3 }. 

Second side - } T [{(b+( +a) + 6 a}{b - c) s + {(c + a + b) 4- 64K* ~ «) 2 } 

4 *{(*+ b + c )+6 c\(a - £) s ] 

* A-(<2 + b 4* £){(^ — c) 1 4- (c — a) 3 + (# — $) s } 4“ 

3{<b - r) 3 + * (* - *) 2 4- <r(a - b )*\ 

=a 8 4- b 3 4- c s - 3<2&: + 3( P - 6tf£c). 

Arts. 327 and 329. 

=5 (a** 4- b‘* 4* ^ + 3P 4- babe) - 27abc 
=*(a + b + cY — 27abc. Art. 172. 

Ex. 5. Prove that (2«4-£ 4t0 2 (£ — c) + (2.b + c + a)\c — a) + 

(2 c 4* a 4- b)\a — b) = -~(b — c)(c~ a){a — b ). 

Putting .r for a + b + c \ the expression reduces to 

(x 4- a)\b -c) 4- (x+b)\c —*) 4- (x 4- c)\a - b) 

= (.v? 4- 2tu 4- a 2 )(b — c) 4- (.r 2 4- 2 A.v 4- i a )(c - <r) 4- (* 2 4- 2 cr 4* £*)(« - £) 
=.r ? |(i - r) 4* (r — a) 4- (a - b)) 4- 2.r{rt(£ - t) 4-) 4- ~ ^ 

4- <*-(£ - r) 4- - a) 4- r*(a - *) 

-ii\b~c) + b'\r-ti) + c\(i-b), for 1st and 2nd group = 0 

Art. 322 (5 & 6) 

= — (b — c)(c - — ^). Art. 332. 

338- We shall now consider certain important general Condi¬ 
tional Identities, and shew how to employ them in establishing 
f he truth of other Identities. Each of these results should be 
arefully committed to memory. 

339. I n connection with conditional Identities, the following 
important results should be carefully noticed. 

If rt 4-£4-r=o, we may obtain by transposition of terms : 

(i) b + c= - a \ (i=* — (b+c) 1 

(ii )c + a=s—b . and b— -(c + a) 

(\\\)a + b~—c j c~~(a + b) 

.*340. If r#+ft4-c-0, prove that 
1. a 2 4- & 2 4- c 2 = - 2 (he 4- ea 4- ah). 

Since («4-^4-^)‘ J “a 2 4-^ 2 4-c 2 4-2^4*2ca4-2a^. Art. 93. 

/. o 2 =* a 2 4- £ 2 4- r 4 2bc + 2ca 4- 2ab- 
Hence, by transposition, we obtain 
\a 2 4- i* + C 2 = 2 (be 4- ca 4- ah). 
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* 2. a? + +t?=Zabc by four different methods. 

*’ *r • 1 S 9 k » % 

(i) Since, a + b— - c , 


I,.. 


Cubing, a? + 3ab(a + d) + b*=z — r\ Art. roo 
Transposing, tf 3 4-£ 3 + c 3 = -3<j£(rt + £) 

= — 3^x — c^'xabc. 


(ii) Since a s + £ 3 + c s — 3tf&:=(rt4*£4-f)(rt 3 4-<£ 2 4-£ 2 — — -a£), 


* 


Art. 327 


~ o X' (a 2 4 - b 2 4 - r - be ~ rrt - a £) = o, 
/. by transposition, a* + tP+c*—yibc. 


<iii) Since a 2 (b+c)+b 2 (c+a) + c 2 (a + b) + 3<ibc 

=(a + b + r)(£r+ m + a<$). Art. 329 

/, d\ - a) 4 - b\ - b ) 4- c 2 ( -1 ) 4 - 3«^c=ox(fc+w+rti) 
or —a 3 — 3 s — £ R + 3 «fo=o. 

Hence, by transposition, « 3 4 - 4 -r* = 3^^. 

(iv) Since (a+^+r) s = rt 3 + ^-l-r , + 3(^+c)(6* + a)fa + ^). Art. 172 

rf=fl» + ^ + ^ + 3 (-tfX -«(-0 

— a 3 4 - £ 3 -I- c 2 - 3^7^. 

Hence, by transposition, a 11 + b* +1 *--= yibc. 

3 . a 4 + /> 4 + <^=* 2 (ftV** 4 -c 2 a 2 + a 2 /> 2 ) by two different methods 

(i) Since 2b 2 c 2 +2c i d i + 2a 2 b 2 — a 4 -# 4 — £ 4 

— (a4-^4-t)(tf+ £-c)(rt4-t'-^(^ + £-d0- Art. 331 
= 0 + + + 6*-tz) = o, 

/, by transposition, tf 4 4 -£ 4 4 -c 4 = 2(£V 2 + c 2 rt* 4-rt 2 ^ 2 ). 

, Xii) Since <? + £= — c, Squaring a 2 + lab 4* b 7 = r 2 . 

Transposing, a 2 + b 2 -c 2 = -2 ab. 

Squaring, a 4 4 -£ 4 +c *+ 2a 2 b 2 — 2# V 4 — 2b 2 c 2 =» 4^ 2 . 

Transposing, a 4 4- £ 4 4- c 4 = 2 (0V 4- cV 4- n 2 b 2 ). 

A a® + b 6 + c®= - 5a6c(ftc + ca + ab) = %abc(a 2 + 6* + e 2 ). 

•i 

Since a4-0= Raising both sides to the 5th power, 
a 8 4- 5 a*b 4- io<z s 0 8 4-10 aV 4- 5 ab* 4- 0 6 = - c b . 
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Transposing, a 6 4 b* 4 — 5 ab(a* 4 2 cPb 4 lab 9 4 #*) 

= - 5 ab(a 4 b)(a*+ab + b 2 ) 

= $abc(a*+ab + b*\ for a + b** — c. 

= 5 abc{(a + b) 2 - ab) 

— 5 abc{[a 4 b) x - £ - ab) 

= — $abc(bc 4- fa 4- 

= ?abc(d 2 4 /> 2 4 c 1 ). Art. 340 ! 1. 

5- d 7 4* ft 7 + c 7 —7 abc(bc 4 ca 4aft) 2 . 

Since a + b~ —c, Raising both sides to the 7 th power, 

a 7 + 7 cPb 4- 2 ia b b 2 4- 35 « 4 ^ 3 4 35^ s ^ 4 4- 21 4* Tab G 4- £ 7 = — c T . 

Transposing, a 7 + b 7 +c 7 = — 7ab(a f> +^a i b 4-5 ^ 3 4-5 « 9 ^ 3 4- 3 rt£ J 4- /* s ) 

= - 7 a£(# 4- b)( a* + ab + b 2 ) 2 

— 7a&r(rt 2 4^4#~) 2 , for re+ 3— — r 

• *=7abc(bc+ca + ab) 2 . (as above). 

' ^ 

Ex. 1. If a+b + ^o tl shew.that* 

(be 4- ^ 4- /i* )* = V V 2 4- * W 4- j (/i a 4 4- r- )* 

We have, (if 4ta4<^) 2 ==£ 2 £ 2 4£ 2 rt a 4rt 2 £ 2 42afo:(ri4A40* Art. 93 

* =b 2 c 2 +c 2 a 2 -^fi 2 b 2 1 for a 4 i 4 f-*o. 

* A* +**)*• Art. 340 , 1. 

Ex. 2. If rt 4 i 4 f 4 <tf=o, prove that 

re 3 4- i s 4- c K 4- d 3 = $(bcd 4 eda 4- dab 4 abc). 

We have, a 4i== — (c4rf). Cubing both sides, 
a 3 4- 3 ab(a 4- b) 4- i 3 = - {£ 3 4 3 f<tf(f 4 r/) 4 rf 3 }. 

Transposing, /i 3 4 i 3 4 f 3 4 8 =* — 3 a b(a + b) — 3 cd(c + tf) 

= - 3 ^ x -*(c4rt)- 3 ^rfx - ( a + b) 

= 3( a if 4 ai 4 wrf 4 if rf)* 

• 

Ex. 3. Prove that (i-f) 3 4 (c-af 4 ( 0 -i) s =* 3 (i-f)(f -'i)(a - b). 

(C.E. 1866 &B.M. 1895). - 

* 

Let b — c=Xj c — a=y and a — b = z. 

then x 4jv + z-d — c + c-a + a — b — o. 

/. + z* = zxyz- Art. 340 . 2. 

Restoring values, we obtain 

(b - c\* 4 (c - a ) 8 4 (tf - i) 8 = 3 (i - f )(f - a)(a - i). 
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Ex. 4 . Prove that 

{(£ - c) v + (f - a) s + (« - £)V = 2{{b - cf + (c - a) 4 + (a - b)*\. 

(I 5 .M. 1866). 

Let b - c=x, c-a=y and a - b = s, 

then .r+j' + s'=£-c4-£-a + a-0=o. 

Now, si^pe at* +>'*+-*= 2_y 2 /7 2 + 2^- + 2jr s _y*. Art. 340, 3 . 

Add x*+j/* t +z* to both sides, 

.*. 2(x* +y* + s 4 ) =.r 4 +y* + z* + 2j/ 2 s- 2 + zz 2 x 2 + 2jr 2 y* 

= (*' a +.y* + s a ) s . Art. 128 
Restoring values, we obtain 

2{(* - f) 4 + (f - a) 4 + (a - bY) = {(£ - c)- + (c - a) 2 + (a - <J) 2 * 2 . 

£x. 5 - If x = b + c — a, jy — c + a — b, z^a + b — 1, prove that 

^ x 2 +_y s +rr* - ycyz = 4(a s + 3 s + c s — 3 ab c ). 

* «• 

From the given relations, we have 

x +y+z =* (b + e — a) + (c + a - b) + {a + b - c) = a + b + t. 
y - z=(c + a-b) — (a + b-c) = 2 (c - b ). 

f v 

z — x = (a + b — r) — + c — /*) — 2(0 — <;) 

and + r - a) — (£ + <& — £)=2(£ — ^). 

N ow, x 1 -f y 3 + - 3 - 3 r >'* — +-){(.V - -/ J + (- - -v)“ 4 - (x -y)% 

Art. 327. 

« i (a + £ + c)U{c “ £)* + 4(tf “ + 4(^ - 

= 4 (a *F b + + b ' 1 -\-c 2 -be- ca -✓*£) 

*K >*» * ‘« ■*» 

= 4(a* + + ^ — $abc). 

> Ex. 6. If 2.y = tf-h£ + £t prove that 

(s — + ( s — £) 3 + (J — e) s + 3 abc — s'. 

‘ ‘ ^ 

W^e have .v=35* — 2J*-— 3^ - (^ 4 -^ +■c) 

M 

■- =(s-a) + (s-b) + K s-c) 

Cubing both sides of the above equality, we get 

j 3 = (.r - a) 3 +(.f - by + (J - cY + 3(zr - b - c)(2S - a - c)(2s -a- b). 

Art. I 7 -- 

= (j-a) : '+(j-^ 3 + (r-c) 3 + 3a^, for 2 s*=a+b+c- 
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Ex. 7. Prove that (b — c){i+ab)(i +ac) 4-fc — «)(i + bc)(i + ba) 

+ (« - b){ i 4- £<*)( i 4- r£) — (£ - <:)(r — a)(<* — b). 

* ist Exp. on the left = (£ — c){i +a(b + c)+a i bc\ 

= (b - c) 4- a(£ f - **) -|- a*bdjb ~t). 

Similarly, 2nd Exp. = (f-~tf)4-£(£ 2 —tf 2 )4-tf^V(£^). 

3rd Exp. = (*-J)4- c(* 2 - b') + ^ 2 (<$p). 

Hence the Exp. on the left (adding the columns tertically) 

= {b - c 4 -c - a 4- a — b) + a{b 2 - c 8 ) -f b! c* - a 1 ) 4- <r(a 2 — £ 2 ) 

4- abc{a{b - c) 4- ^(cr - a) + c(<* - £)} 

~ a{b* - c*)+b(c* - a 2 ) + c(a* - b*), Art. 322 (5 & 6) 
- B (6~C)(c-a)(a-b). Art. 332. 

Ex. 8/ I ^ove that a\b - c) 3 4- # 2 (^r - ay + c\a - b)' 

= (fc 4-£»4- <^)(£ — c){c - <*)(<* - b). 

* 1 st Exp. on the left = — ^bc{b - c) - 

= rt 2 (^ — £*) -- 3 aPbc{b — c). 

Similarly, 2nd Exp. = ^ 2 (c 7 -« f ) — 3ab 2 c(c — a). > 

3rd Exp. = r(a* - b') — $abc\a -b). 

Hence the Exp. on the left (adding the columns vertically) 

= <i 2 {P - c*) + b\c : - a') 4- c 2 (a s - b*) 

^ — c) 4- b[c — a) 4- c(a — b ; ) 

=<fl{b* ~ c*)+b*U*-~ a^ + c^a'-b*\ Art. 322(6) 

= a\b* — r) — b' l c\b — c) - « <? (^ 4J — c 2 ), (re-arranging) 

= (£ - c)W 2 4- fc ■+ c s ) - Pc* - d\b 4- c)) 

=* {b - ;){**(/* 4- o a " **** - o*(fc 4- *1 4- a*) 1 
«(£ — *r)(fo 4- 4- ){rt l £ 4- r) — b c — « 2 } 

~{b — c){bc+ca + ab) x -{a 2 4-^-a(<£4-<:)} 

=* (A — c){bc 4- ca 4- ab) x — {a — ^)(« — ^r) 

— {be 4- ca 4- a0)(7> - c){c - a){a - b)» 

Exercise CXXIV. 

Establish the following Identities :— 

1. a{b 4* cW +f 2 - <#) + b{c 4- /r)k* 4-a* - J») 4- c[a 4- //)(a* + b* - r 2 ) 

2. 4(.r -_y) 9 - (*■ - 4_j)(-* +/) a * 27 V- 
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3 * (x -y)(x-y - z){x + 2y - 2 s) 4- y(y - z)(yc -2y- 2z) 

=*x(x -s(x -2z). (P. E, 1891). 

4 . (* - af 4 - (y - bf 4 - (a 2 +i* - 1 )(** 4 -r 2 - 1) 

= (ax+by -1 j 2 4 - (ay - &r) 2 . 

5 . (1-a 2 )(i-£ 2 )(i -<?)-(a + bc)(b+ca)(c + ab) 

+ abc)( 1 — a 2 — - t 2 - 2afor). 

6. (a - x)(a — 2Ar)(a - 3*) 4 - 9A'(« - jr)(a - 2x) 4 - 18.t* 3 (a - x) 4 - 6r" 

— a(a + x)(a + 2x). 

7 . .r s + 6 (y + z)x*+ I2(7 + 2') 2 a: + 8(j + < s’)- 1 

= 4(3AT + 2j/ + 6^) - >' 2 + (A: + 6>' + 2r)(A' + 2S'/ 2 . (m. m. 1881). 

8 . a(a — 2^) s — b(b - 2 a)* = (a - £)(« 4- £)". 

9 . a(a + 2^) 3 — £(£ 4 - 2a)’’ = (a 4 * £)(r* — £)\ 

10 . 4(a 2 4 - 4 - b 2 f —‘(a — £)*(« 4 - 2bf(2a 4 - bf = 2 7aV/ J (a 4 - £) 2 . • 

(M. M. 1888). 

11 . a(£+£ — a) 2 + b(c 4- a - £) 2 4 - £(a 4 - £ - r) 2 4 - 

(b 4 - c - a)(r +a - £)(« 4- £ — c) = 4/i£c. 

12 . a(£ - c) 2 4- b(c — <z) 2 + r(a — bf 4 - = (a 4 - ^ 4 - «;)(be 4 - ca 4 - ab). 

18 . x( y 4 - zf 4 -y(z 4 - xf 4 - z(x +yf - ^xyz = ( y 4 - *)(* 4 - x)(x +y). 

14 - 8(a + b 4 - cf — (b 4 - cf — (c 4 - af — (a 4 - bf 

= 3 (2a + b + c)(a + 2 b + c)(a + b + 2 c). (M. M. 1881). 

15 . a 2 4- b* 4- c 1 - ^ab — be — 2ac 4- a[a + b + c)-(b- cf ^ (a — b)(2a -1 ). 

16 - a\b - c) 4 - b\c - a) 4 - c 2 (a - b) 4 - (b — c)(r — a)(a — b) = o. 

17 . cf{b - c) 4- b\c -a) 4* <?(a-b) + (a + b + c)(b - c)(c - a)(a - b) =o. 

18 . (£ - c)(£ 4 - cf 4 -(£ — a)(c 4 - af + (a-b)(a + bf= -(b- c)(c - a)(a - b) 

19 . (b - c)(b 4 - cf + U - afe + af + (a — b)(a 4 - bf 

= -2(a + b+c)(b-c)(c-a)(a-b). 

20 . (c -K2 a 4- 3^) 2 (^ 4 - c - 2a) 4 - 4 - 20 4 - 3<r) 2 (c 4 -a - 20 ) 4 - 

(0 4 - 2c 4 * 3a) 2 (a 4 - b - 2c) 4- (b 4 - c - 2a)(c 4 - a - 2 0 )(a 4 - b - 2*) = o, 

21. (0 — £)(*■ — b)(x -c) + (c- a)(x - c)(x -a) + (a- b)(x — a)(x — b) 

* - (b - c)(c — a)(a - b). 

22. a(b -c)(x-b)(x-c)+b',c-a)(x -c)(x -a) 4- c(a - b)(x-a)(x - b) 

= - x(b - c)(c - a)(a - b). 
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23 . a(b - c)( i 4 - ab){ i 4 - ac) + b{c - a)( i + bc){ i + ba) 

9 

+ c(a — < 5 )(i 4 * ca){ i + cb) = - abc{b - c){c - a)(a - b). 

24 . a{b - cf+b{c - a)®+ c{a -bf — {a + b + c)(b -c)(c- a)(a - b ). 

25 . <i s (^ - cf + 6r\c - af 4 - c*(a - d/' •= yibc{b - c)(c ~a)(a- b). ■ 

26 - (b+c- 2 af + {c+a-2bf + (u+b-2cf 

= 3(b + c-2a)(c+a-2b)(a+b-2c). ^ 

27 . (b — c)(b+c—2of+(c - a){c + a - 2b f 4 - (a - b){a + 9— 2cf = o. 

28 - (x - af(b - cf + (x — bf(c - af + (x - cf(a — bf 

— 3(.r -a)(x- b){x - c){b - c)(c - a){a - b). 

29 . 9(« s + b'' + <*) - (a + b+cf = ( 4 J ■+ ■+ a)(b - cf 

4 - (4f 4 - A a + b)(c - a)' 1 + (4a + 4/' + <-')(" ~ <*) 2 - 

30 . (y-zf + (z-x)*+(x-yf 

, = 2 {(> - ~) 3 (" - A) 2 4 - (z - X)\x -yf T (X -yf(y --~) 2 I 
= 2{x‘ A +y‘ i 4- z l —yz - zx — xyf. 

31. If a+A+£ , =o, prove that 

. X0 b' A — ca = c' i — ab = a i - bc~ 4(« 3 + b" H-r 2 ). 

(2) b‘ l + bc + c s =<r 2 + rrt + a 3 = a 2 4 - ab 4 ~b l = \{a l + b- + c"). 

(3) a(,b i +r > — a !l )=eb(c l +a' > -b 3 )=rta-+b- — c i )= -2<xbc. 

(4) {be + ca + abf = b 2 c* 4 - c 2 a" 4 - a^b- = i(« 2 + b- + c 1 ) 2 . 

(5) a{a + b)(a + c) = b{b-\-a){b-\-c)=*c{c-\- a)(c + b ). 

( 6 ) l>c{b+c) + ca{c 4 - a) 4- ab(a + b) + $abc =o. 

{7) n(p - cf + b{c-af + c(a - bf + <)abc—o. 

>' { 8) (a 2 + b 2 + c 2 ) 2 =2(a 4 + i 4 +c 4 ) = a,{bc+ca + abf. 

- (9) 6(rt l ''+^+^)=*5(a 2 + / 5 a +r 2 )(« s + ^ + ^). 

(10) 2 5(a' j ++1 1 )^ 7 + < 5 7 + f 7 ) = 21 (a s + + c B ) 2 . 

(11) (6 + c-a) 3 + (£-+a-^) s + (a + ^-c) 3 

= 3(^+t-a)(t + a-^)(a + ( 5 -c)— - 24«^c. 

(12) a(^ - cf + b{c - af 4 - c{a - bf =o. (m.m. 1878). 

32 . If a + b+c+d=*o, prove that 

(1) (a + b)(a + c)(a + d) = (b + rXb + d)(b + a) 

— (c 4 - a)(e + b)(c + d) — (d+ a)(d 4 b)(d+ c). 

(2) a 8 4 - 0 s 4 -1' 3 4 -rf 8 4 - 3(^ 4 -c)(<r 4 -«)(« 4 -= o. 
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33. If asezX s — ys, b =jr 2 — zx and c~z 2 — xy, prove that 

c 2 - ab = z(ax + by+ cz). 

34 . Show that the expression a 2 + b 2 +c 2 — bc-ca — ab is not altered 

by adding the same quantity to a, to b and to c y or b\ 
subtracting the same quantity from each. 

35 . Prove that the expression b 2 c 4 - fla + a 2 b - bc~ — car — ab 2 is 

exactly divisible by the difference of any two of the 
quantities a , i\ 

36 . If x = a 2 -be, y=b*-ca and z—c 2 -ab, shew that 

ax 4 - by 4 - cz=(.a 4 - b 4 - c) ( x +y 4 - z ). 

- 37 . If .r = ^ + r, y=c+a and z = a + b, prove that 

x* +y 3 4- z 3 — 3 xyz = 2 (a* + b* + c* — 3 abc)- 

, 38 . If a**x 2 —yz, b—y 2 — zx and c = z 2 — xy, prove that 

a 8 4 - b* + c* — 3afo= (x 5 4 - v 8 + s 3 - 3 xyz) 2 . 

39 . If x=2a + b+c,y=2b + c + a and z=2c+a + b, shew that 
X s +y* + — T>xyz — 4(« 8 4- £ 3 4* £ 8 - 3<2#t). 

10. If 2s*=a+b+c, prove that 

(1) — c)+(s — a)(s-b)=*ab. 

(2) 2 (s - £)(.r - c) 4- 2(.r — c )(j - a) 4- 2(s - - ^) = 2J 2 - a 1 - <6 a — 

(3) (C* - <0 + fa - f>)Y' “ fa “ «) 3 + fa - £)’ + 3fa - <*)fa “ b)c. 

* *(4) + 2f 2 (? 2 + 2^ 2 - a 4 - ^ - r 4 = i 6 s(s-a)(s-b)(s~c). 

(c. E. 1867}. 

41 . If 2.V=a , + £ 3 4 -£ a and 2s—a + d + c, prove that 

C S - a*)(S - P) + (S - P)(S - £ 3 ) + (5 - c*)(S - a 3 ) 

«* 4 s(s - a)(j - b)(s — 6'). 

./l 2 . If sssrt + b + c, prove that 

(s - 3a) 3 + (s - 3d) 3 + (s -3 cY- 3(f - 3«)(j - 3b){s - y) =o. 

43 . I f 3 $=a + b + c, prove that 

1 (j - a) 4 + (j - £) 4 + (j - c) 4 

= 2(.r - b)*(s -c ) 3 + 2{s- c)‘\s - a ) 3 + z(s - a) 2 (s - b ) s . 

44 . Prove that (x 3 + 2 .yz) 3 +(y 3 + 2zx)* + (z- + 2.rjy) 3 

- 3 (x 3 + 2 y z ){y x + 2 zx){z 3 + 2 xy) = (jr s +y* + Z 3 - 3 xyz) 2 . 

45 . Prove that 2{(b+c~2a) i +(i +a-2b) i + (a+b-2c)*) 

= {(b+c- 2 ct) s +(c+a- 2 b) i +(a+b- 2 c) 3 } t . (C.E. 1896). 
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46 . Prove that 25 i(b-c) T + (c-ay+(a-by\{(b-c) a + (c-a) s +(a-dY) 

= 21 {(b- c) & + (e - a)* + (a - h)*) 2 . 

47 . Prove that (b - cf + (e - <z) f> + {a - b) 6 

= 5(£ - c)(c - a){a - b)(a?+P + e 2 - be -ca - nb). 

48 . Prove that {b+ic-^af+ (c+2a~ $bf+(a + 2b - T,cf 

= 3(b + ic - 2,a){c 4- 2a - 3b)(a + 2b - 3 c). 

49 - If X=ax+by+cz, Y = bx + cy+a: and Z = cx + ajt+ bs, prove that 

(1) X*+Y a + Z 8 - YZ -ZX — XY 

= (a* + P + c l — be - ca — ab){x 2 +y 2 + z 2 -yz — zx — xy). 

(2) X s + Y* + Z* — 3XYZ 

• = (a 3 + P +-£-' ! - 3 abc)(x 2 +7* + -® - 3 xyz). 

50 . If a+b + c^p, bc +ca+ab = g and abc = r, find the values of 

(1) {b+c){c+n)(a + b). (2) a a (£+ £) + ^ 8 (f+«)+£*('«+ <*)•- 

(3) a ? ‘ + P + c*. (4) Pc ? ’ + c 2 a 2 + t I s # 5 . 


CHAPTER XIV. 

HARDER FRACTIONS. 


I. REDUCTION OF FRACTIONS. 


341. To simplify a fraction by resolving its terms into factors. 


Ex. 1 . Simplify 


a 4, — a*b — ab 2 4 - b* 
a 4 4 3 o?b 4 4 3 ab* 4 b 4 


N umr. = a s (a - - £*(« - b) = (a - £)(a^ — />*) 

= (a — b)(a - 4<*i 4 bP) = (a — 3) 3 (a 2 4 ab 4 *A 9 ). 


I )enr. =• (n 4 4 a 2 b 2 4tf 4 ) 4 3 ab{a* 4 ab 4 bP ) 

— (a 2 4 4 £ 8 )(# 2 — ab 4 £ 2 ) 4 3 ab(a' 1 4 ab 4 £ y ) 

= ( a 2 +ab + b 2 ){(a 2 -ab+b 2 ) 4 3 ab) 

= ( a 2 4 ab 4 b*)(a? 4 2 ab 4 b 2 ) = (a 2 4 rt 6 4 )(# 4 ^) 3 . 

/. Fraction — 




314 


MATRICULATION ALGEBRA. 


Ex. 2. 


Simplify 


(ab + i) 2 + (a — b+2)(a — b — 2nd) 
(ab- \y-(a-b? 


Numr. ■-= (ab + i ) v + — i) + 2\{(a — b) — 2a£} 

= (ab +i)* + - b)~ -2(a- b)(ab - I) - 4 <zb 

= {(ab +1 ) 2 - 4 ab) + (a- b ) 2 - 2(a - £)(a£ - I) 

=(a£- i )' 1 + (a — £) 2 — 2(a — £)(#£ - l ) = {(a<£- i) — (<x — 

Denr. = {(a£ — i) + (a — b))[(ab - i )-(a-b 

* Fraction - 1 ) “ ( rt “ <*) _ + 1 ) ~ (« + 1 ) _ (<*_+ I ) 0 *~ I_i 

. . diuun - (<|4 _ ,) + (rt _ d) ■ /, (tl _ j) + ( rt - f) “ ( a )(/,+ ,) ' 


o Kimnlifv (jF + ^) S (jF - z) + (s + .r) s U'-„l) + { x +y)\x-y) 
. o. Dinipniy - - z w { ) + {2+x f; z -x)+'(x + v)Hx - v) 


Let y + z — a 
z+x=b 
and x+j / = l 


(y + *y\ y - sr) + (5*+- *) + (.r +>) 3 (.r 

then 3 - r» (z + x) - (x +y) = ^ 

c - a = (.v +j/) - + £■)=-r - r, 

and a — b ~ (y + «)”*(-+ x) -y - ,\. 

Now, Numr. = — a*(b — c) — b*(c — a) — c\a — b) 

— — {a\b - c) + b\c — a) + c\a - b)) 

=*(a + b + c)(b — c)(c — a)(a — b). Art. 332, Ex. 1. 
and Denr. = — a\b — c ) - b\c — a) - c\a - b) 

— — {a ? (b — r) 4* b-(c — a) + c*(a — b) 

= (b — c)(c — a)(a — b). Art. 332. 

Fraction — a + b + c=*2(x 4 ry + z ). 


« % 


Exercise CXXV. 


1 . 

3. 

4. 

5. 


Simplify the following expressions 

(a + 6){(a + 6)~ - c~) „ (.r +y) 7 - -t 7 - y~ 

4 b^c 2 — (a~ — b" — c l )‘ L ’ ’ {x — .v 5 —_y" 

:—? ? ---- - . (c. 1-. a. 1863). 

t ,a* r a 2^ x .r J — — 2e* + ,r - — i v J 


(^r 2 - ary + y l f + {x‘ i +xy+ y 2 ) 3 

2(jt‘- +y) 


(H. M. 


1891). 


xy + 2 x s - sy* + 4 yz -xz-z* 
zx 3 — 9 xz — 5 xy -(- 4S’ 2 — 8yz - 1 2y-' 


(m. m. 1883). 



REDUCTION OF FRACTIONS. 


3*5 


16 . 


(a* - b*Y + 2 aW + 5 aW 4 - 2a* b a 
(a 2 + ab+fi)\d l -ab + b*)* 


. (M. M. 1880). 


( y-z )(y + zf + (s-x)j£+ xf + (x -y)( x+yf 
(y+~z){y-zf+(s+x){z - x? + (.v + y) (x -_y) 3 ' 

(M. M. 1892 & B. M. 1888). 

(b + c_ — 2 of + {c+a - 2b'f + (a 4- b - 2cf 

(b + c-2a)lc+a-2b)(a+b-2c) ' * 


a* + ^+r 3 + 3( Ij_+ c) (c+ a)(a + b) 
a 3 4 - ^ 3 4 - c s 4- 3 ab(a 4- b) 


10. 


ax m - bx m+1 
a l bx - fix* 


11 Sfl ‘^!^±(^ 2 +£ 2 - * S X ^±.«! - 1 2 K « 2 + b 2 - fi ) 

(a+b+c){a + b-c){a-b+c)(b+c-a) 

12 2(a 3 - I)(£ 2 - I )<z£ + 4a z < 5 2 - (rt 2 4- 0 2 )( l 4-« 2 ^ 2 ) 

2(« a + 1 )(d» +1 )aJ - 4 « 2 4 2 - ( d 2 + 4 2 ) (1 +a 2 £ 2 ) ■ 

1 o (I - a 2 )(1 ~ b*)(. 1 - c-) - (a 4 - bc){b 4 - ca){c + ab) 

1- a 2 -b' i -c l -2abc "" 

.. 3a' 2 — (4a4-2^)2: 4 -a 2 4-„ ,, 

14 . , - -rvr-i 77 v ,, v, ■ (H. M. 1896). 

,r f - (2« 4- 4- (« z + 2ab)x - a-b 

1C {b + c - 2a)'— (c+a - 2b)'' , „ 

16 . 7---7V-;-- 7 -7-77. • M. M 1897 J. 

(c+a- 2bp - (a + b — 2c) • 


a' + b* + c ' - 3 abc 
{a -bf + (b- cf 4 - [c - af 


. (A. K. 1902). 


17 8(«+ 4+ ^-^ +£ )'-( £ +..,>-(,,+«■ M . I88l) . 

3 (2a + b 4- c)[a -1-2 £+c)(« + 4 +2c} 

is. ( a +^ 4 -+i»-^)--( 2 i v i)> (P1S I8 6) . 

1 q bc(b -c)(b-+c 1 ) 4 - ca{c - d){fi 4 -a*) 4 - ab(a - b)(d- +fi ) 

b-c\b - c)+ c~d\c - a; 4- d'b'\a - b j 

on a m (b-£)U-d) + c m (a-b){a-d) , 

20. — -r-j— t-t - rK— wh en ?« = o, i or 2. 

~ *0 + d‘ n [a - b)(b - c) 



v\ 
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II ADDITION AND SUBTRACTION OP FRACTIONS 
342. The following are illustrative Examples. 


‘JBi. 1 . Simplify 
*>+<•-<•>+ 


+ (r 8 +# 2 —£ 2 ) ++ (m.m. 1877) 






, st fraction=i (^ a + f 2 ~***) = i^ ^ ^ ^ + f — ~ 

2nd fraction = J ( *+(r 8 4- a % - z* 2 ; = 4 ^ f + a * 4- <*-**}■ 

3rd fraction = i( - +v V« 8 + 6* — r*) = h(a + ^~ — C - + a +^-^-V 

\a of ~ \ a a 0 of 


/. sum=#+£+<•. 


2 . Simplify 1 + - — 1 -. 

r 7 i -f „T w ‘ m i +*»-* 


ist fraction = 


x m ( i +.**-**) .r^+jr* ' 


2nd fraction 


*”(I -Kr m ~ M ) *"+>» 


. ;r TO + x n 

. . sum =-= i. 

x m + x n 


X~" 


Ex. 3 . Simplify - - '-—- + - . (C. K. 1885). 

r x H ~ 1 x n 4-1 x n - 1 x H + 1 

r-Si* — T r^ii _ I 

The Kxp. = ■ - - 

x n - 1 x M + r 

_ (x* -i)(jr*" +.t-» + 1) (jr" + i )(.r w - i ) 

~ x n - i ~ .r" +1 

= (x~ H +x* + i) - (x n - 1)= x' Jh + 2. 

fix. 4 . Simplify ( — f (F^pi • 

(A. K. 1898 & M. M. 1865). 
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The Exp.s 


2 a{x-a) (£_ 

(.r - a )» (x-a) H (x 


*) 2 

a)» 


q s + 2 a{x - a)+(x - g) s 
(.r - «)“ 


. 5- Simplify - 7 — 


{g + C-r -gH 2 _ jr a 
Or-g)' 1 ~ (.r-g) M 


3^-12 . 5*~3 


The Kxp. = 


x* - 5-r + 6 
3.V-12 


4. . 

-v 2 - 2x - ? ,r a - ex - 6 


5*~3 


*-*3 


(x - 2)(.r - 3) (.r-f i)(.r- 3) (*+ i)(.r-6) 


.r — 2 


-3) + t-3 + *+l) ' ‘ v - 3 .) 


6 1 _ 6 x - 36 4 - x — 2 __ 7*-38 

,r - 2 „r — 6 (.r — 2 j(jr — 6) ~ (x - 2)(.r - 6) * 


343 . There is a certain peculiarity in the arrangement of the 
inee letters a , c, known as Cyclic Order. In this order, if we 
mange them round the circumference of a circle, thus (as shewn in 
■ he diagram) they are said to be taken in Cyclic Order , if starting 
it any letter and moving in the direction of the arrows, we take 
hem in the order in which we meet them. 


6 


Thus, starting from a, we come ne\t to b, and thus a — b or a + b 
are in Cyclic Order. After b we come to r, and thus b — c or 6 + c are 
>n Cyclic Order. After c we come back to a , and thus c — a or c+a 
are in Cyclic Order. 

The following are important Examples. 

Ex. 1 . Simplify ^ ^ ^-r {b _ c) ^z a ) + ( c -a)( c - b) ' 
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Considering the first denominator, we see that one factor a 
is not in Cyclic Order. But a — c=* -(c-a\ so that (a-b)(a-c)^ 
-(a — b)(e-a) y and thus 

be _ be 

(a-b)(a-c)~~ (a-b)(c-a)' 


Similarly, we have 

ca ca j ab 

(b~e)(b-a )“ ~Xb-c){a-b) and {c-cftc-b) 

Now, L. C. M. of the denrs. = (£ — 0(£ — a)(a — b). 


Thus, the whole expression 

__ '—bc(b — c) — ca{c — a) — ab(a — b) 
~ {b - e)(c - a)(a- b) 


(b-e)(c-a)(a-b) 


(b - e){c - a)(a - b) 


7=1. fArt. 322 ; 1 2) 


ab 

(c-a)(b-cY 


Ex. 2. Simplify 

(a - b)\a - e){x - a) (b - e)(b - a){x -b) + (c- a)(e - b)(x - c) 

The expression in Cyclic Order 

_ 1 __1__ 1 

(a -b)(e - a)(x-a) (b-c)(a - b)(x - b) (e - a)(b - c){x - e) 

The L. C. D. is now *=(b — c)(c — a)(a — b)(x — a)(x — b){x — c). 

/, Fraction = 

-(b — e)(x - b )(x- c)- ( c-a )(x - c) \r - a) - (a - b){x - a)(x - b) 

(b -c){c- a){a - b)(x - a){x - b j(x — c) 

N «mr. = -(/;- c){x 2 ~(b + r)x+bc\ 1 

- (c — a){x 2 — (c 4-+ ca) J- 

- (a - 6){x 2 -(a + b)x + ab) ) 

= - (b - e)x 2 + 'J* - c 2 ).r - - c) 

- (e - a)x 2 4- [c* — a 2 )x - - a) 

- (a - b)x* 4* {a 2 ~ P)x - ab(a - *) J 

, = - {(b - ^ + fr- ,*) + (a- + {(£*- r 2 ) + - « 2 ) 4- (* 2 - i*)M 

— {bc(b - c) 4- ca{e — rt) 4- ab(a - £)} 

* — (be(b-e) + ca(c-a)+ab(a-b)) Art. 322 (5 & 6 ). 

= (b - e)(c - a)(a - b). Art. 332 . 


Fraction = 


{x - a){x - b){ v -c)‘ 
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344 . The following results, if carefully committed to memory, 
will be of great service in simplifying Harder Examples in Fractions. 


1 . If 711 “ 


(a-b)(a-c) 
and 




(6 - c)(b -a) 


= r 


-7 . 

— fa , 


(c-a)(c-b) 

then, (i) X+P+Z= 0 . (ii) fiaY + bT+cZ= 0 . 

(iii) a*jr+ft*P + ^Z=l. (iv) ftrA'+cfeP+abZ-l. 

(v) a 8 A + ft 3 J T +c s Z = a + 6 + . 

(vi) a*X 4 -f> 4 Y+tPZ =s a 2 4- ft 2 -f- c 2 -f + <•« + 

^ (Ve-/>)(«-6*;(x±a) * (&-aj(6 —aX-**' 

(c,t-a)(r-b)(jc + c)~ anc * (jc ± a)(x± bj(jc ± c) ~ ^ ’ 


then, (i) 1 > + Q + II=S. 

(iii) a*r+h*Q + €?R=HjtP. 
These results can be easily verified. 


(ii) aP+bQ + eH-Hx. 


345 . The following Examples illustrate the use of the above 
formulae. 

Ex. 1 . Simplify 

pa l + qa-\r pb 2 + qb + r fic~ + qc+f‘ 

(a~ b)(a- c) + (b-c)(b~a) + (c - a)(c - b) ' 

The expression = 

+ . . ** X 

){d-a) {c-n){c-b)i 


p 

r + 

l(a-6){a-c) 

0>- 

+<r 

f_f* . 



w- 

+r 

r. _. 


L(« - £)(tf - fj + 

W- 


—p x I +^xo + rxo=j^+o+o=/. 

Ex. 2 . Simplify 

pa 2 + qa + r pb*+qb + r pc 2 +qc + r 

1 / I \ /"? >. / » V » 


(a - c)(x* + j (b - £)(#- a)(jr + b) ( c-a)(c- b){x + c) 




M ATR 1 CU LA Ti ON A LG K 1 * R A. 



The expression — 
+ 5 '{(a-^)(a- 

+ / '{‘(a-^)(a-7 




+ 


} 
} 

X*+a)" r (b - c)(b - a)(x+b)~ r (c-a)(c-b){x+r)\ 


c){x + a) (b - c){b - a){x+b) (c - a) {c - b){x+c) 

#■ . 

__ ...._ J _. c 

c)(x+a j (b - c)(b - a)(x + by (c-a)(c-b)(x+c) 




fix 2 . . 9* .... + . r 

(x+a){x + b)(x + c) (x+a)(x +6 )(x + c) " r (x+aj(x + b)(x + c) 


fix' 1 + qx + r 


(^+a)(^ + />)(A-+i-)‘ 


Exercise CXXVI 


2 . 


3 . 


5. 


€. 


8 . 


Simplify the following :— 
b + c., . c + a , ti + b , 

- (6 -\rC~ d) + — \C -— - -.(d + b 

2 bc 2 ca 2 ab 

x lj rx +1 x l — x+i ~ x — i + x + i 
x l - .t + 1 ,r a +.r-t-i r+i x ~ i ' 

X* — X+ I 2x(x-l)' 1 2V V (X~ ~ l) 3 
x l +x+i+ x*+x*+i + ,r s +A‘ 4 + i 

/« + 6£ n \ R /a~6P\ ? ‘ / a \ n 

+ \ ) -2 W S ) ■ 


-o- 




(£-<:)- 


+ 




b — a (a — b)(a — c) c — a 


(M. m. 1 868). 


- + 


3 + , 888) . 

{b - c){c - a)\a - b) 


i- ; — 


b — c c-a a — b 

(i a + b) 2 a + 2^+jr 




(.r — a)(jr + a + i) 2(.x* — a) .r 2 + bx — a*~ ab 
a*+b* Jr ab{ a 1 + b* ) a 4 + b 4 — ab{ a- 4 - b v ) 


[a+bf 


(a - bf 


+ 


+ £. (M. M. 1879:. 

i2«^ a 


(.a+bY-{a-bf 

(M. M. 1 882 ^ 


s/x 


■/ a 


x - a 


*Jx- sja Jx+y/ti x+n ' 


(J>. K. 1896). 


8 . 
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« ac— I , be- I , e> \ 

10. ;-177—:-:+ /7-. (M. M. 1870).* 

{a-b){i+ax) (6 — a)(i +bx) v 7 

» U (-?)- VV2}' + * 


10 _3?*_ . 3* _ « 

(■ar + dt) 1 * (ar+a)*" 1 (.v + d)’ lS (.r + tj)’ , ‘ s ' 


a + x) ‘ 

(B. M. 1876). 


„ {ac+bdf -{ad+bc? (ac+bd?+(ad+bc)* , * « . 

Ut- b){c-d) ( a+b){c + d) v 




(P. E. 1903). 


1,1 I 

— - - * 4 “ ---- - —- 

I 1 +X r ’* > +X r ‘* 1 +x»’*+x*>- r 

&+?. £+f , *+-£ (^+£)(^+a)(a + ^ 

£ —r r—« <2 — ^ (£ - c)(£ — a)(rt — £) ’ 

£ — c c — a a — b (b- c){c — a)(a - b) 

b + c c+u a + b (b ~h e ){c iz)(ab) 

4*8 _L_ -> p _L_ r r _i_ v 3 I O V* I 1 * _ 


v s + 2 > x +5^+15 , 4 - 4 * 3 *~ + x — 2 


, L - 2 • t 4 - ' . (M. M. 1878). 

X" + 2X i + $x +10 .r 4 +2.r 4 4-3-i- + 4.r-4 ' 1 


19. 


- --o 1 , - + -a—-+ ^ r • (M. M. T898). 

X'~X“+Jl — I 2X*—X 1 2;r , +.r- + 2j!r +1 y 

2 _^ — c 2 c -_a 2 a — b 

b — c (c — a)(a — b )"* c — a (a —b)[b — a — b+ (b— c){c — a)' 


a — b 


22 . 


(A. E. 1893) 

on -r 4 -(jr-i ) 3 , a; s -(**- 0 * # .r 8 (.tr - 1 )‘ 2 - 1 4I x 

2 °’ (;r 2 + 1)- — jt 2 + jf»(.r +1)" - 1 + ' “ ‘ (M ‘ M ‘ 1871 )< 

6 ~(b '’ + c 3 - « s ) + *' + 'V + «' ~ *’) + * ”/(<*' + ** - f 3 )- 

Simplify the following ;— 

a m b m c m 

(a - b)(a ~c) + (b - c)(b -a) + {c~ a)(f - b ) ’ 

when /«*= o, 1, 2, 3 and 4. when w=*3. (c. E. 1865-87). 


23 . - -i_+ +_ 1 _ 

a{a - b){a - c) b{b- c){b -ay c(c-a)(c-b) 


— .r . (c. E. i86‘5-72). 


24 ' a^r + - b)(x - a ) + b(b -a)(x-b)' (C E ‘ 1881 ^ 


M. A.—21 
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25 . 


26 . 


27 . 


28 - 


29 . 


30 . 


P +9 


q+r 


r+fi 


{q-r){r^>) (r-p){p-q) (p-q){q-r) 

m ~ n ,£*- P . P~ m 

/ ' v , 


(a. e. 1892). 


- - -- “T* - ‘ --' — — •——- 

(x - m)(x - n) {x - n){x - p) (,r -p)(x - m) 

- r% - ? z ■ !_y+££ , 

(* —y)(x - z ) + (y+z)(y- x ) + (z - xjfie +y; ‘ ' 5 ‘ 

a , '+a +1 3 * + <$-M , c* + c +1 . _ . 

—:+—-—-: + .. (A. E. 1892). 


(a — b)(a — c) {6 — f)(£ - #) (c - a)(£ - £) * 

(«+o 2 . (^+i ) 2 . si-* 


+ (’•<■ M. 1887). 


(a - b){a~cy (6- c)(/>-ay (c- a){c-b) 

(* - 3 )(jt - c) Ax — c)(x - a) (x - a){x - b) 
(, a " ** ' + v ’ “ ~ ' + 

a® — 




rO (jb-e)$-a) (c-a){c-b) ' 


(C. E. I9OI). 


cY ,b 2 -(c-a)2 c v --{a-b? 

1 ft \ r • . T 


(a-£)((* — c) (b— c){b — a) {c-a){c-b)' 

) , . ca L x ~.^)_ a ^ x ~ c ) 

- c) (b-c)(b-a) (c — a)(c — b) ’ 
2 +£ - 2a-’ t» + a® - 2 , 5 * a 2 + 3 2 - 2r 3 

I / > »/» v "i" 


(m. m. 1890). 



( b-c){b-a ) (c-a)(c-b) ' 



(M. M. 1889). 





a + 2^ 


4* 


(is. M. 1901). 


(a - b){a -c) {b- c){b - a) (c-a)(t - 3) ‘ 

1 1 I 



R) H)(.-S) (■ -i)0-tV 


(b. m. 1897)- 




* > e-i)(H) (K)(K) (HHH) ^ 

_ (* - 3 )(* - e) , A (x -c)(x-a) . (*-«)(*-£) 

(«- 1){<*-£) (b-c){b-a) +C ■ (c-~a)U-b) • 


1900). 


be 


a + d 


+ ra. 


t+d 


+ ab> 


(a - b)(a - c) T ' " "'• {b - a)(J - c) T w ‘ ‘ 
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(a - b)(u - c)(x + a) + (b - a){b - £)(* +£)* (c - a)(c - + c) 1 

when »si,o and 2. _ 

_ a’“ 

(rt - b)(a - c)(x - a) + (<5 - <*)(£ - b) + (c - a)(c - b)(x - c) ’ 

when m = i, o and 2. 


^ g +^+1 y 8 + y+i _ r 2 +r+i 

(a - b)(a - c)[pc+a) (b - a)(b - c)(x + b) \c-a){c-l){x+c) 


r 2 +r +1 


b -{• Cs~ tz 


W , 

c+a-b 


a + b — r 


U T L Cl tV 1 " T ' U U , «Tt/ —£ 

+ — ^T+rt)(a-£)(£-c) (tf+^Xd —r)(^ —«) * 

z, (tf-^ )(a-y ) {t>-p){b-q ) , , (c-p)(c-q) 

( a-b)(a-c ) (b-a)(b — c) \t — b)(c-a) ' 


III. SIMPLIFICATION OF FRACTIONS. 


346. The following are illustrative Examples. 


1. Simplify 


<r 4 s 
£ 3 a 3 

nn 


11 1 i 


#*)(>+H 


action = 


aH* 

-f £*) 


a A — P 

(a 2 - b%a*Jcab +_&>)[<* ~ab +P) a 2 b 2 

afy 3 X (a 54 — P){d A k 

a*+ab + P 1 

a£ 


2 nd 




on= 


P+at+ab 

<&P a 2 + ^+£<5 a£ a 2 + a£ + £ 2 
a —£ a 2 £ 2 X a-b™ ab\a-b) 

ab 


« r^i T- a 2 + a£+£ 2 . a a +d£+£* a 2 4-a£-h£*^ ab(a- 

• • The Exp,= a£ • crf(a-*) * a£ * o* + o0- 






3*4 


MATRICULATION ALGEBRA. 


. 2 ■ Simplify 


+/- 

a-x b-x c-x 

J--J_i_L 

x x-a x-b x - 


Denr. 


= (-- -)+(*- ~s) + (-“" * ) 

\x x~af \x x-b/ \x x — cf 


i~ a )- . - b - - 1 . . ~ c - i [ a , b \ c 

x{x-a) x(x-b) x{x - c) b-x c-x 

\ The Exp.= (-+-—+ —W - + , b - + 

\a-x b-x c-x/ x\a-x b-x c-x 


Exercise CXXVII. 


Simplify the following : - 

- (Z-^b fi — b , 0 % 

1. ' ■ '^2 ' “““““ ^2 • (^* J h97). 

a — b-\ —-- a + b+ 

a+b a-b 


* + 2 
? + i * 

y 


-+2 

y 


X 

- + I 

y 


(P. K. 1894). 


\ *+zl 

(a-b)b 
{ I +ab 


a- b 

a - -; 

I - ah 


l - 


a(a — b 
l - ab 


~ (f “ E * 1 898)- 


1 +x 4~r 8;r 1 -x 

1 — x^~ 1+^^* 1 —x* i+x 
~ i+X* 4 X* 1-x 2 

1—X* i+jr* 1 "hX 2 


1 1 1 , 1 

-h —, 4* — 


(C. K. 1870). 



.~t + X-C +3 


-£_+ .*.+ JL. 

- <T <5* _ -V 


^+■£±5, . ' 

«*■ —y y—z z — x~^ 
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a 8 b* 


b 5 


nr 


I J 
b a 


(a D\ia b \ I 1 I 

\£ a)\b+ a / a a * 


. (C. E. 1874 ). 




a 


0 4* £ — £ 


8 . 




a —b a + b a — b a + b « , 0 , v 

-T—r * < c - E - l 8 7 «- 

£ — ^ £ a — b a \ b 


\ 

9. 


a + b + c a -\-c — b 

- - — 4 *-— 

a+b—c b + c — a 

a + b-c ^ b + c-a 

a+c—b a\b¥c 


a -I- b +c 
a + b — r 
b -t- c - a 
a + c—b 


(M. m. 1875 ). 


a — bx 


10 . 


1 + , 

c + bx 
x-2 (nj&c) 

X 


1 + 


a-bx 

:+b.x 


1 + 


a + c — .x 


x -2(a+c) 

X 

I H-;- 

a + c- x 


(m. m. 1871). 


11 . 


.(kwikmh) 


. (c. F. A. 1880 ). 


12 . 


3 v '(i-* s )_(_i :**)’' * 

v rJ 


T 


( 4* 5 ~ 3 *)* 


l '->&) J 


. (C. E. 1878 ). 


13. 


4 _ 3 _ 

(i+Z 2 ) 1 (i+/*)* 


14. i. 




X+ <4 (jr 3 — I) — I • 


- +(l+^) 2 - 2 ^- 2 . (C. E. 1895 ). 

4 M .. 


v /(jr+l)- ^/(jr — 1) 


-£i) 


A - - x/(-r s - 1) 


*/(*“«) 


n/£H) 


. (P. E. 1899). 


+ 1 
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IV. EVALUATION OP FBACTIONS. 


347 . The following are illustrative Examples. 

JSk. 1. Find the value of when *==^- 7 . 

s x- 2a x — 2D a + b 

K *W pj ' "* 

(C. E. 1865, 13 . M. 1883 & P. E. 1899). 


k 


The Exp,. (j±fj -1) +1) +2 


X — 2(1 


F-T^ +2==4 { 


fl(jr — 2#) 4 - — 2a) 

(x — 2a)(;r — 2^) 


+ 2 




(a + b)x — 4<zZ» 

- 2(« + b)x + 4^ 


} +2 = 


4 XO + 2=2. 


[for (rt + £),t-4a£ = o]. 


Ex. 2 . Evaluate —— 4- -, when or = <z + b. 

x* — ab ~ 5 


X~2 cl 


(B. M. 1890). 


The 

(a+b)* — ab ( a + b)- 2 a 

= a 3 -£ 3 (g-3) 1 = (a - i)(a* 4 ^ + **) _ (a - £)* 

+ a 2 +a£4-£ 2 a— b 

=*(a ~ b) — (a - b)=> o. 

»» 

Ex. 3. Find the value of — ?——, when^= *— , 

\2 x-b) b—x a+b 

Here, Hzf _ ( 2ai -,-a )*(- A ,.*£»=« 

2 * —0 \a4-£ / + £ 


a(a-b) a + b 
a + b X b(a-b) 


3 -;r V a + b) \ a+b) a + b a 


& 
+ b 


a % a + b a 2 
Z+ 6 * t* ~i a* 


Henc e the Exp. - ( “ f) * “ Js - j! “ J 
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Exercise CXXVIII. 


1. 


2 . 


Find the value of 
x— a x — b . a 


2 


a 


when *=-7. 


.r + 2a . jr-2^ 
2i 






- ■ x>((- . aui/ • 

- -+ —+--s-—r°> when .r= —-7 
-x 2b-\-x x*-i\b- a+b 


when x ^ a -—^ andjj'^^^. (C. E. 18^4). 
3. y*-x*+y' a + b ' a-b 


7 . 


9 . 


10 . 


when x 


_ /x-a\ 3 x—2 a + b , 

5 - (-J-r— u when x — 

\x-bf x+a-2b 


VC 


(C. E. 1885). 


a + b 


5. A . + .J__ + 

a + bc b + ca c + ab' 


\ 

1_ 1 1_ I 

(b+cf + (c + a) 2 + (a+b) 2 ' } 


when a+b+c^ 3 ; 
fo + £a + tf ^=*4 ; 
and abc= 5. 


2^ 


« 1 1 1 1 

8. - + - _ when .r = ——.. 

x-a x — b a a+b 


x+y-i , a +1 , 

» whe n ■** -r—; 


x~y+ i 


^ 4 " I 


a 


»» 




2»a H - 2nx 2 nb" - 2/ur 


, when - 


#( 34 -1) 
ab + i 

a" + b n 


V. FRACTIONAL IDENTITIES. 

348 . The following are illustrative Examples. 

Ex. 1 . Shew that , 

1 - (---‘If--)* = (c.e. 1868). 

b a +c i -a i \ / 3 3 +£ s -rt ? \ . 

)(' — * -)’ Art lJ4 - 


Left side= + 


2 be 


2bc+b a +c a — «* ^ 2bc—6 i — c 2 +a? 

* X " 


2 &T 


2&T 
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* 

* (b+c^-a 1 x cP-ib- cT- 
** 2 be zbc 

(b + c+a)(6 + c - a) (a + b-c){a-b + c) 

I ■ I I I ■ ■! »■ ^ . - 


(a: 4 -£ 4 -r)(£ 4 -£-rt)(a 4 -£ — £l(c 4 -a - <J) 

‘ 4W ‘ 


Ex. 2. Shew that 

(a ± * P -<*+f F ±k±^ s 

(a + £ ) 2 - (0 + c ) 2 4- (£ + d ) 2 - ( d 'f )* 


$(<7 4-^4- c + d). 


(M. M. 1873). 


Since {(a + <$) + (£ + rf)p- {(^4-c) 4-(rf+«)|* ; 


Expanding each side, we obtain 

(a + b'f 4- (c + dp 4- 3 (a + b)(c 4- </)(<z 4- b 4- c 4- d) 

~{b + cf f (d+af + ${b + c)(d+ a)(a + b+c + d\. 

By transposition, 

(a+b)*-(b + c)* + (c+d) B -(d+ay 

= 3( rt + 4* c + d){(b 4- c)(d 4- a) — (< 2 4- ^)(/r 4- df)}- 

Again, since {{a +b)+(c + <tf)} a = {(£+ <;)4-(rf+tf)} 2 ; 

Expanding each side, we obtain 
(a + £) 3 4- (c 4 -df 4- 2 (a + b){c + d) = (b 4- r) 3 4- {d+ d)* 4- 2 (b 4- d)(//4- a). 

By transposition, 

(« 4- by -(b 4- c) 2 4-(c 4*dO 2 — (^4- a) 2 = 2{(<5 4- c)(^4- a) - (0 4- £)( 6 ' 4-rf)}. 


Hence, left side 


3 (& 4 -^ 4 - c-\-d)[ f b 4 - c)(d 4 * d) —- {a 4 * b)(c 4 * d)) 
2 {(b + c)(d+a) - {a + 0)(r+'*/)} 

J(a 4 -^ 4 -£ 4 "^)- 


/—« n . a a : a a 4 ,/tf4-.l **+l\ 

k Ex. 3 . Shew that -«-—1—- 4 - R ^- = £1 -S-I • 

a 3 - 1 a 4 -1 a 8 -I 2 \a— 1 a 1 *-!/ 

* 

„ 7 , a (<M-i)-i « + i r. 1 1 

We have —5 -= -s—-= -—7 " 2 .5 

ar - 1 a* - 1 a* - 1 - 1 a - 1 a 1 * - 1 

a® 1 1 _„j fl 4 I 1 

Similarly, ■ * ■ ■ *■ 'o *— < , and «“ 5=1 4 a • 

rt 4 - 1 a 2 - 1 <?* — 1 * 1 - r a 9 - 1 
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Hence, adding and cancelling like terms, we have 

^ a 2 ^ aP _' I I 

a* - i "h a 4 - i ^ aP — i <2—1 a*- i 


- 1 ./J1_1_\ 

2 \<3 — I tl* -if 

^ i ( a ±l _ «**+l\ 

2 U -1 a 8 — if 


E * *■ Shew tllat (?+ j)’ + (s + *)’ + (“+ a) 

~ 4 + ( > <- + l)(‘a + *)(< + i)- <C ' E ' ,S67> ' 


+(*«♦>■) + (? +, +S) 

I 

-'• + C + i) s+ > +,i)+ “’(? + ^ 

_ 4+ (J + ;) a + ^fl±?U»’^\ 


i 2 \ be 1 be \ he I 


lb cV 1 t befb c\ a l tb c\ 

“ 4+ U + *) + a\c+V + beVe* t) 

—c+atc+sK+s)} 

-«+(M)G+>)(»+;)•■. 
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5 . Prove that 

_J_+ _L , _i_ = ( «. + ..L- + ,_L_\\ 

(£-<r) 2 {c-af (a-b)* \b — c c — a a — b) 

(B. p. e. 1886). 

Let 'i 

c - a~y \ then x+y +z = b — c + c~ a+a — b = o. 
and a — b = z J 
« 

Since (yz+zx+xy) 2 =y 2 z ' 2 + z 2 x 2 + x 2 y s + 2xyz(x+y + #), 

=y*z *-f jgrV+ iry, for * +_)' + -=0. 

••• • Wading by ,y S -) 

. / I I l\ 2 I I I 

• • ( -+ + ) == -2 + “j + "2- 

\x y zf .r 2 y s 2 

Now, restoring values, we obtain 

2 


(}— + — + 

\b — c c — a a~bf 


1 1 1 

+ 7 \0 + 




- r —a - c 2 + a 2 -£ 2 + 

. 6- If x = — * , y = -, #=-7— , 

~bc 2 ca 2ab ’ 

shew that (b + c)x + (c + a)y + (a + b)s = a + b + c. 

Let a 2 4- ti 1 4- c 2 =2 j 3 , then a 2 + b 2 - c 2 =3 (a 2 4- £ 2 4- c 2 ) - =2 (j 3 — c 2 ). 

Similarly, £ 2 4-£ 2 — # a = 2(.r 2 - a 2 ) and c a 4-0 2 — A 2 «2 (j 2 — /> 2 ). 
Hence, the expression 


,, . 2(^ 2 — a 1 ) . - 2(j 2 —A 2 ) , , 2 (j 2 — £ 2 ) 

« + c) x -S-_ + (f + a) X —— + (- +0 X —„ j- 

- 0+')<**-■)+(-M)<* , -‘ >a ) + 

= l(2i* - £ 2 - £ 2 ) 4- 4(2i ,a - £ a - <* 2 ) 4- ~(2 j 2 - a 2 — £ a ) 
a ^ c 

(collecting the coefficients of 1 /<*, i/£ and i/£) 

« - xa* + i x£ 2 4 -~ x^ a *=a 4 -i + £. 
a 0 c 




/ 

» 

Ex. 7. 
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If a+b+ £=o, shew that 

.3 fi* 


a' 


•3 


+ - 


2d 2 4- be 2b ‘ 1 + ca 2 c i +ab 
Since «z+£ + c=:o, a= -(b + c) 

/, rtX^or 

/• 2a 2 + = a 2 — a(£ +£■) + &:= (a — £)(rt - £■). 

Similarly, 2£ 2 +Ctf = (£-f*)(<5-c) and 2C- +ab=(c - a)(c 


-*)• 


Hence, the Exp.= ~ 


<r 


b* 


(a — b){a — c) {b — a)ijb — c) (c — a){c — b) 
a + b + c (Art. 344) = o. 


0 

t. 


Ex. 8. If *+7 + -- -4 t- 
• a b c a+b+c 


, shew that 


_L_ 

u 2»i+l T £2 h+ 1 T £*n+l a 2n +1 £*2u+l ^h+1 


I 


„• ill bc + ca+ab 

Since -+; +-or - - ——,- f ~ , 

a b c abc a+b + c 

/, (bc + ca + ab){a + b + c) — abc=*o. 

/. ^ + c)(<r4-«)(^ + ^) = o* (Art. 328). 

/, any one of these factors, say b + c = o. 


m • 


6 +c 11 .1 1 

be ° r b + ~c ; * • i"~ e 


••• (I) 


2n+1 


or 


e) 


2«+l 


or - ■■ 




since 2n+i is always an odd number. 


t 1 
+ 


• - ^2a+ 1 ' £?*+l 


O. 


Similarly, i 2 »« +1 =s( —^) 2 »+ 1 n* — ; # * t b 2 n¥l +c Zn ^ ^ o. 

Hence, left side = f + 
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matriculation algebra. 



2 . 

3. 

4 



6 . 

7. 

8 . 

9. 

10 . 




Exercise CXXIX. 


Prove the following Identities :— 


(a - bf + [b - c) 3 + (c - ay 


{n + b)(b +<)(f+ a). 


K)K)K) + '-<^~>G^) •• 


(H) 


2 


+ 7 ‘ 




. , (----- 2 ) . (M. M. 1865). 

{a + c? \ ac a + tf 3 


b-c c-a a — b (b- c)(c-n)(a-b) . „ , 

i+bc i+ca 1 +ab "~(i + £c)(i +ca)(i +ab)' ^ C- E- 1 97 )- 

“-J + + ‘r± __ <*-« *-?'*«> .. r„. M . .884). 

m + ab ntAroc m + ca {m + ab)(m + bc)(?n+ca) 

If a-f £ + r=o, prove that 

tf 2 + £ 2 + <f 2 2 /i 1 1V 0 v 


£ . <' — a a — b 

-r —7—4- 

b c 


& 


)(» + *.+ * w 

f \b-c c-a a-b) 


I 1 i / v V-i -if 2 rV\ 

If ;r + r + c“°’ prove that H /s + ^T + ’~/~) ==( * + ' V + 5:) * 

(M. M.’ 1897). 

Shew that (‘> + ^ + 2*)(a+.v)*-j2^+ 3 .r + i)(} + .r)« = ' 

[a + 2X + b) 

(m. Mt 1899). 

(«* - b 2 Y + (b 2 - c 2 Y + (c 2 - a 2 )’’ (a + b){b + c)(c+a) 


Shew that 


n\b - cj' + b\c - af + c\a - b)* 


abc.\ 

(is. M. 1895 ). 


If y^~ x , prove that (*-^) [y--4%+J ■ (m. m. 


1888). 


Prove that 


(a + zb- y) 2 




(b -\-2c- 5a) 2 


{b + 2c~ yu){c+2a - 36) {c+ 2a - 3 b)(a + 2b- y 

+ —-=3. (m. m. 1896). 

-t- 2b - y ){b + 2c - 3«) 
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ia 

K 

* 

’ f 

14. 

15. 

16. 

17. 

18. 

19 . 

20 . 

21 . 

22 . 


Prove that &- M a + j W 

a+b 


" If ~+ -;+ 1 = , prove that 

a b c u + b + c 

__ L _ 

« s +£ , +f : ' (a+^+i;) 11 


2 , 2 {a-bf. 


(M. M. 1898). 


/! + > +JV.. =_I_ 

\a b c) a'+tf + c' [a + b + cf 1 

/1 1 I \ 2,l * 1 _ 1 

V« + <5 + W “ (rtV3+f) a » +1 " 

Prove that (*+‘.) + (/+j) + (-+;) 
= 4 + (* + ~) (s+'j) 

If (£ 4 -£-<*)* — + 4 " £-£,)£== 2, 

prove lha. (‘+ *) C + .!') (i + 


ir a + b c+d . 

If-,= . prove that 

I -ab cd - I r 


^+^+t , +rf=^w(‘'+ 7+ 4- ,y 

^ 6 ' dj 

_ > fi “ ^ r ”* <3? . . 

If 7+ w* %«o, shew that 
i 4-#0 l +cd 

_. «+f £ 4 *^ 

1 4 -ad~~ 1 4 ‘be an * 1 - ac * 1 - W 

- r? t- £ rf , a** ^ , * 0 ... 

If £ + rf- a + ^ P rove that £*+ ^"= -5 + , S • (M. M. 1866). 

If 2 j=(2 + ^ 4 -i:, shew that >' 
o /** + **-*V 4 ,. w ... . 


-( 


) = -fJ(i - a)(s - b)(s - c). 


1 1 1_1 __ abc_ _ 

s — a~ s — b s — c s s[s-a)(s—bj(s-cj 


23. 
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2* s-a _ _ s-b s-c a % + P + c* - s' 1 

Li? W s ~Q ( s ~ - a) + (j - a){s - b )“ (s~ a)(s - b)(s - c) 


'a 


- t 5 '- 

i 


30. 


32 . 


33. 


If a+ £+£=o, prove that 

, b* c* 

2 a*+ 6 c 2b* + ca 2 c 2 +ab *’ 


26. Prove that 
be 


be ' ca ab . 

( x-b){x-c ) (.r-c)(.r-a)* M ‘ M ’ 1 ^)* 


. r i i/i i i\ 
if = “ ( ~ + ; + - ). 
* 3\« b ef 


a* 1f a+i b + j c +1 , 

27. If - r= a _ i > — > P rove that 

(**+!)( /*+ Q(s a + i) _ (a*+i)(6 9 + i)( g 8 +i) 
(yz +1 ){zx +1 ){-ry + ij — (bc+i)ica + i){ab + i) 

y i? z x . x y 

28- If + - — a, + -«£ + " =£, 

*7 * ^ * 

prove that a* + ^* + ^** BB 4+a^. 


. (M. M. 1874). 


29 . If x+y +z°*xyz, prove that 


x y 

-y + “ ., + 

i-x* 1 -y l 1 


4 xyz 


_ ~a 


(I — .r*)(i ~y“){l -z 1 ) 


. (C. E. 1898). 


If x+v = 22, show that =2. (u. m. 1882). 

x — z y — z 


(liven the relation 


1-2 bx+b 2 1-b 2 

1 -b 2 ~ 1 + 2by ■+■ b* 9 


, JT-v 2^ , 

prove that-. (b. m. i 

r i-.rv i+d 3 v 


If b*=*ac y x=\(a+b) and yw*\{b+c\ prove that ~ + ^=*2. 

x y 

(b. m. 1893). 

If x+**i and/+*«= 1, prove that ^ + 1 = i andjrj/s’ + i -o. 

(B, M. 1887). 

fr fl 8 ( 0 -c) Al _ .,1 I , I I f I 2. 

If -3r= —r—, then will -+ *« - + -.or 

abed 
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35. If x+y+z*=xyz, prove that 

x+y y+z , s-+* -f+j' F +2 S-+* 

* ■ * ■ 1 1 ** ■ ■ > I .1 bJh 32? ^ I m ^ M» KB ■■■■ » 

i-jy/ i i-sx i-rv i-^z'i-^r' 

36. If a+b = e+d, prove that either of them is equal to 

abed fr* i ill . DO , 

ZbTFa{a + h + } + d\- (RM - ,887) - 


37. If 


38 . 


39 . 


41' 


42. 


43. 


44. 


45. 


ad-be 


ae—bd 


a-b—c+d a-b+c—d 

the former quantities = +e+a). 

If bc + ca + ab = i, prove that 

f _ a*_ P _ e* 1 2 _ 4 aWc* 

\ 1 i + a- i + b 2 i +e‘ l ) ~ (i 


, then will a+b — c+*d; and each of. 


+rt')(i+£*)(]+<:*) 

If y + z—ax, z+x — by and x+y=cz, prove that 


,. (M. M. 1871). 


t\ 


a + b + c = cibc — 2 . 


40. Shew that 


(US + ~~)(Z + X + ~) = l + ( X - + A(>' + ?)(* + X ). (B. M. 1887 ).. 
\y z xj\x z yf \y zj\z xj\x yf 

If xy=ab(a + b) and x* - xy +y*—a*+b- y 

/ 

prove that (’* —^=°. (u. M. 1876 ). 

wr , . (a-b)* a + b ab 

If x=a + b+-~ — , and y= +— - , 

4 (« + £) " 4 

prove that (.r-a) 2 -(j-^) 2 =^ 2 . 

If a + £ + £=o, prove that 


r o 4 * 


o. 


i a + £ 2 — d l c* + 0* — ^ a 2 + b 2 — r 2 

fr a-1 rt-2 1 , 1 b-2 1 

If-=- an d-» 

x y b x y a 1 

shew that - — - — - — -**A. (M. M. i 860 ). 

„r yab 


tr . .. ~ c a +tf 2 -* 2 

If ~ ^^- , *=*- 

■' lea. 


2^ — ’ 


a 2 4- — r 2 

2 ab ’ 


shew that = (m. m. 1871). 
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46. Prove that 


a(x - b) (x - c) b(x - c)(x - a) c{ x - a)(x - b ) *» / M M y o nP ^ 

bc{a-b)(a — c) ca{b — c){b — a) abiy — aj^c—b^abc' ^ 


47 . If .r + y + 2’=o, shew that 



(M. M. 1899). 


x—y • v — s' , j-at 


a , a »► r r M ) nf >v 

48 . If —--«a, — =»-=f, 

•r + y y-hs' rr + .r 


= 6\ shew that 


• r-s' 

+r ’ j+' 

*» 

(1 -a)(i -b)(i -c)=*(i + a)(i + £)(i+c). (a. e. 1901). 


4fl n 2 , 2 # 2 . (b-c)* + (c-a)* + (<z-b) 2 

49 . Prove that £ - H--r-t- ~— ~—-=o. 


b—c c-a a-b 


S'' 


{b — c)(c~a)(a — b) 


(P. K. 1888). 


4a ic P + a* + V-c* , . f 

. 50 . If —r -h + ■ —v— = 1, shew that 

2 be 2 ca 2ab 


(b + c-a)(c+a-b)(a + b- c)=o, and thence prove that two 
of the three fractions on the left side=* 1 and the others - 1. 


REVISION PAPERS IIP 


Paper I. 

1 . Shew that {ay - bx) 3 + (bz ~ ty) 2 + (cx — az)' 1 + (ax + by + es)* is 
.divisible by <z 2 +b~+c* and x-+y*+x 3 . (a. e. 1897). 

2 . Find the H. c. F. of 4** -gx* +6x ~ i and 6 .r s — ’jx' 2, +1. 

(A. E. 1897). 

„ / ax & a \ ( ax y x \ 

3 . Mmpl.fy 

(a. e. 1894). 

4. ^Extract the square root of 

* a+ x** 6 { xt+ x*) + 15 (**■*>) 4 *°- (M ‘ M * l8 "^ 

5 . Reduce to its lowest terms . 

(m. m. 1899). 
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6 . Solve the equations :— 

(i) 3 * - ^x-y - z - 5—.r- 3;/-4^4-12. (m.m. 1899). 

(11) JT + 2 j + 3 r=J s % 2.r + 3>' + 5’=2, 3X-4y-ys=>^. (M. M. 1899). 



Simplify 


3 -T-I 3 5 -^ + 3 -r+15 

x 2 -$x+6 + x*-2x-3 x u -5x-6‘ 


(M. M. 1891). 

f 


8. If 3 be added to the numerator and denominator of a certain 
fraction, the fraction becomes § ; if 5 be subtracted frorfl the numer¬ 
ator and denominator, it becomes Find the fraction. (M. M. 1894). 


Paper II. 


1 . Find the H. c. K. of .r 6 -}-11* 8 -54 and 2Jtr 6 - 11 jr 3 — 9- 

(m. m. 1894). 

2 . Sirr/plify - - -« p -- . (M. M. 1896). 

r 3 .v4 jr + 2 2 ;H + 5 „r 4 -2 2;r* 4 - 3 # 4 -1 

3 . Divide — by x J ry — 'iz. (a. E. 1894). 

4 . Find the square root of 

4a s - i2ab-6bc+A,ac+ 9^ + c % 

m n • (C« iLi I OQ 2 J. 

4 a 1 + 9r 2 -12at * ' 

5 . Simplify the following fractional expression 

V(ti*-4<i ! '+i2a i -i6<z+\6) , ot> . 

v - -,r: -- -. (it. M. 1885). 

$(a" + 24« u + I92« s + 512) v 

6. Solve the following equations :— 

3 y- 


(l) 2X — — = 7 


;y- 2.r j 

” i 1 


00 


x — 2 ,, 3 y + 

„ = 26*-- 

1 + - --«=6, I 

x y s ' ! 


31 25 , r 

+ -=S, - + 5 = 16 
.v j 9/ s- ; 


. (m. m. 1892). 


. (M. M. 1896). 



. Simplify the expressions 

{ j 11 pr 

(x^"(x»)* I 

n fxP m Jv r ) ‘ 


2^+1 _ ^ h +8 j . 2 

(P. E. 1888). (ii) -spi~£+i-* (M- M. 1870). 
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8. One person starts from a place A to walk to a place B and 
back again at the same time as another person starts from B to 
walk to A and back again. They meet first at a distance of 2 miles 
from A and afterwards at a distance of 4 miles from A. Find the 
distance between A and B. (m. m. 1896). 


Papor III. 


1 . Subtract from ~ * , and divide the diffei 


ence by 1 + 


j*+J_ 

x*+ 5 * “ 6 
2 (**+ 4 *- 8 ) 


x + 6 

X 1 + 10 


(R M. 1902). 


2 . Simplify 


x 1 4-1ix 4- 30 

x^ 4- 2 X 9, — 29X — 30 


( 15 . M. 1901). 


X‘‘ - jx* — 34 ,r +120 

3 . Find the H. c. i\ of x f ' 4 - 1 lv — 12 and x ' 1 4 - 1 i-v ? + S4. 

% K. 1895, 


4. If (a 4 - b){b 4 - c\c 4 - d)[d 4 - a) = (a 4 - 1> 4 * c 4 - d ){bcd 4 - cda 4 - dab 4 - abc ; 
piove that ac—bd \ (is. M. 1884). 


5 . Find in terms of a the value of the expression 

x( y 4 - 2 ) 4 - A 4 -^ , when andr = ^ . (H.M. 1889; 

y x y 4 -1 2 

„ a w 0 + f + |) (H + ;) - (W) (K) c-p- 

(n. m. 1887) 

7 . Solve the following equations . 

(1) x 4-29'+ 3-= 20, 2 x + 3 t )'-' 5 z= -7, 4 - 1 - — 5 ?' + 7 -ff-21. (c.E. 1898). 


(2) 2.r4-3/4-42‘ = 38, 3X-2y + 5z = 26, 4x4-69/-3^ = 21. (c.E. 1901) 

8. A man walks one-third of the distance from A to B at the 
rate of a miles an hour, and the remainder at the rate of 2 b mile* 
an hour, and travelling back from B to A at the rate of y miles pci 
hour, takes the same time ; prove that i/<* 4 * 1 ;b = 1 jc. (is. M. 1885). 


Paper IV. 

1 . Simplify by using factors :-rjr 

-.v x 2 - 7 xy+i 2 y 2 t x l - 5 xy 4 -4jr 
1 x*~+ 5 xy 4- 6y 2 x 2 4 -xy- 2 y 1 * 


(IS. M. 1891). 
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a* - a*& - + ft* 

r?^cPb-aW+txP ‘ 


2. J>ivide « + + 3(/5 5 + ^)(^ + a^)(fl^ + ^) by a^ + <^ + r^. 

(P. E. 1895). 

3 . Prove that (fi. M. 1867). 

■J (x +y) -y N '(r- -y) -y J(x -y) 

4 Simplify l" 

P y 1 y( 4 v) Ha + Mx-J)'] 


(x+sXx-jx^+y-) 


x*-y 


5 . Solve the equations : — 


x J(a I + 2ab + b 2 ). (m. M. i860). 


(1) 69a — ^ = 182J, 4gv-^= 1 \2\. ([*. E. 1900;. 

(n) 2y+r. — ii, 2 ^ + a = I 2 , 2 r+j'=i 3 . (T. E. 1900). 


i 

i 


/ / J ' 

6. Find the square root of a- + ^+ n /2^ W-F + J. (p.e. 1900). 

7 . Find the H. c. F. of 3 at ? - 23.1^+43^-8 and a 4 - 5-tr 3 - 6x 2 -r 
3 5 ^ — 7 - (l*. E. 1894). 

8 . There is a certain number whose three digits are in descend¬ 
ing order of magnitude and differ from each other in succession 
jy the same amount. If the number be divided by the sum of the 
ligits, the quotient will be 48 ; and if from the number 198 be 
subtracted, the digits of the difference will be the same as those of 
the original number but in the reverse order; find the number. 

n. m. 1864). 


Paper V. 

1 . Divide x 12 -x~ l ' J +6(x F - x'*) + y(x* - x~*) 

by x°~x mb + 3(.r 2 — .r" -(i>. e. 1899). 

2 . Express X*+ 3.V YZ, in terms of a, b , r, being given 

{ = b + c~a, Y=c + a-t, X=a + b — c. (P.E. 1898). 

3 . Find the H. C. F. of x 3 — ^a J x — 2a 3 and x 3 — ax 1 — 4a 8 , and the 
*. c. M. of 2x*-7x-2 and 2X 1 —. r-6. (P. fi. 1898). 

4 . If x—a % — bc,y = b"-ca, z=c* — ab, prove that ^ 

dx+cy+as** 0 ‘mex+ay+te. (p. e. 1900). " 
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5 . Simplify the expression :— 


6 . 


* * 


i + 


a bx ex* . 0 » 

r - a {x — a)(x — b) (x — a)(x — b){x — c)‘ * P# 1 


Extract the square root of 

(bc+ca + ab + d l )(bc+ca + ab + b ? )[bc'+ca+ab+6 2 ). (p.e. 1897), 
Solve the equations : — 

1 \ , /x a — bx b — ay x y _ . 

(1) b [ a ^ b ) x — a { a -^ y y —5-t-—=*•+<-. (fi. M. 1895). 

at) 


\ (ii) cy + bz—bc, as + cx=ca, bx+ay=ab. (p. E. 1897). 

* 

8- The sum of the three digits of which a number consists is 9 ; 
the first digit is one-eighth of the number consisting of the last*two. 
and the last is likewise one-eighth of the number consisting of the 
first two ; find the number, (h. M. 1874). 


Paper VI. 


1 If x = a +b — 2c, y—b+i—2a % z—c+a — 'ib) find the value ol 
■x 3 +y* -f s 3 — 3xyz. (c. l. 1900). 

2 . Find the H. c. v. of 2X* + 13A‘ 3 —4-r 8 + Gx +1 and 

x 4 + 7x" - 2 .r a - 21 .r - 3 . (m. m. 1899 ). 

3 . Simplify 


0 ) 


(ii) 


1 I 2 

T7 ->+ 4 -»• Cm. m. 1899). 

X* + 2A S X — 2 X s X* + 4-1- 

( x-a x+a \ ( 1 1 i > 

\ (x + af ' (.v — a)* j \ (a+ .r) 2 + <r 3 -r 3+ (a - .r) 2 j * 

(m. m. 1899) 


4 . Two ships 56 miles apart sail towards one another at the 
rates of 7 and 9 miles an hour. Find, graphically, when they meet. 

5 . Extract the square root of 

1 (i) I + (.r + I )(x + 2)(x + 3)(,r + 4). (a. E. 1900). 

(ii) ( a - 6)* - 2(a-+ l> 2 ){a -/>)* + 2(a* +/>*). (a. E. 1901). 

6. -Solve the equations :— , 

(i) a(x +_y) + b(x ~y) — 2«, y(« + 6 )-x[a -b)= zb. (a. e. 1902). 

(ii) (a + b)x + (a-b\y=2ac, (b+c)x+(b - c)y*=2bc. (a.e. 1895)- 
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7 . The expression ax —by is equal to io when x*=2 and y—3 

and it is equal to 25 when * = 3 and y=2, a and b being constants ; 
find a and b . (a. k. 1900). 

8 . I wished to give a certain number of old men la. 8 p. each, 
and I found that I had not money enough in my purse by 11 annas : 
t,o I gave them la. 5 p. each, and then I had money enough and 
3 annas 3 pies to spare. Find the number of old men. (a.E 1902). 


Paper VII. 


1 . Reduce to their simplest forms 

® A}{ ,+ 4 .-*+ 3 }- (m - m - ,S9s) - 

® {*=£¥*)' + (V -■$$*)'. (M.M. ,883). 


o Tr a — b b-c 

m ~c m — a 


c — a 


, find the value of 


3 . Simplify 


m — b 

x +y + z+xyz. (M. M. 1875). 

J{«x) _ _ >/(<**) _ 

Ja + Jx - J(a -f x) yf a jr Jx + V (a + ;r)' 

(M. M. 

Shew that, if a 4- b -f c = r , be + at - 4 - = 3 , = * r> 

1 1 1 27 

then -7-7 + , . * + - , , = — . (M. M. 1878). 

a + bc b+tci c+ab 4 


1875). 

$ 


5 . Plot the following points and find the equation of the graph 
which passes through them (o, i}) % (1, 2), (2, 2*;, (3, 2?), (4, 3). 

6 . Solve the following equations 

2„r4-3 y ab ax + bv . , 

(1) —rr,= . (k. m. 1901). 

w 5 a + b a*-d* a- + b- 


r . s (a-b)x + (a + b)y_ ab 
W ~ a-b 


ab[pc ~y) - (a l y - 

2rt^ 2 


. (B.M. 1902). 


7 . Find a homogeneous and symmetrical expression. of the 
second degree in x and y which shall be equal to 3, when x and y are 
each equal to unity, and shall be equal to ir, when -tr = 2, y**x„ 
(P. E. 1900). 
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8- A walks half a mile per hour faster than B, and three 
quarters of a mile per hour faster than C. To walk a certain distance 
C takes three-quarters of an hour more than B, and two hours more 
than A. Find the rates of walking of A, B and C. 


Paper VIII. 


1 . Divide x(i +/")(l +z 2 )+y(i +z 2 )[i +;r a )+2(i +a' 2 )(i +y 2 ) 

+ <\xys by i +.ry+yz+zx. (c. E. 1878). 


2 . Simplify 2 7 {~—- 

the square root of the result. (i>. it. 1891). 


(X+1)(X-2)(2X- i)") 2 


432 


}• 


and extrar 


3 . Find the H. C. F. of ,r 8 - i and ,r lu - i. (a. Ifi. 1896). 


4 . Simplify 

a* x x 4 + a r(a~ + x z ) -f d~ 1 d l + x* 4- ax 


/ 7 ^ _ ■\' 1 ‘ 


. (a. k. 1897). 


5 . Find the G. C. M. of x*+6x~ +1 \x + 6 and x A +x* -4^-41 
and the L. C. m. of .r*- a 2 - 14V + 24, 21 s — 2.t s -5^+6 and **-4* + 3 
(C. E. 1901 and 1902). 

6. By performing the operation of extracting the square root, 
find a value of x which will make ,r 4 H-6.r" + 1 \x* 4-3.1+ 31 a perfect 
square. 


7 - Solve the equations : — 

v i 

(i) [a-\-b)x-Vby—aX'\-{a- 3 rb)y = c^ — b'\ (li. M. 1896). 

fii) -‘ + - l = c„ = (A. E. 1896) 

x y 11 x y 2 * 

(iii) 2 x+^= 4 y 3.r+J = 5. (a. k. 1898). 

8 . The gross income of a certain person was Rs .4 more in the 
second of two particular years than in the first, but as he paid 
income-tax at the rate of 4 p. in the rupee in the first year and at 
the rate of 5 p. in the rupee in the second year, his net income in 
the second year was Rs&\ less than his net income in the first 
What was his gross income in each year? (m. m. 1895.) 
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Paper IX. 

1 . Find the c». c. M. of 7.V 4 — zx*~yx- 2 and 5-r s - 6x- - 6.v -it. 
I'M. M. 1892). 

2 . Divide (< 5 -<r)(;tr — «) 9 + (f-a)(.r —i) a +(a-^)(j'-o 8 

by {b-c){c-a)[a — b). (m. M. 1897'. 

3 . Simplify 

(j ^ y(64.r li - 48.r 4 + i 2a' 2 - 1) - -/(16.r 4 - 64.t :t + 24.1' 2 4 - 8o,r 4-25) 


4.r a - 12.r - 7 


(n. m. 1900}. 


,.. v (.r -ar , . (.r-cy , „ v 

(ll) - + 77 — w*—".+ t" V " ( A * K- 19°°)- 

(« — b){a-c) ( b~a){o — c ) (c — «)(c— 

4 . Add together the squares of 2[ ./{«<$( 1 +«)([ + <$)} + 

J{n6 (I -«)(1 -£)ll and \a+ J{ 1 -a 3 )}{/>- J(i -£ 3 )}- 
- N /(t — and simplify the result. 

f.M. M. 187 5 )- 

5 . Solve the equations : 

'>) (l+P)(*-Av)= = f_p- ( l! - M- 

t\\) x + — ,*---[>= --' l , -hf- (M. M. 1898). 

, .tl b P (l , . O \ 

(in) - + - = + ^d. 0>. K. 1894). 

„ % y x y 


6. Two passengers have together 7 maunds of luggage, and 
for the excess above the weight allowed free one of them is charged 
Rs .3 and the other AV5. If all the luggage had belonged to one 
passenger he would have been charged Rs. r 1. What amount of 
luggage is each passenger allowed free of charge? (n. M. 1900). 

7. A straight wire joins the top ends of two vertical posts, 17 ft. 
and 24 ft. high respectively, 35 feet apart. By means of squared 
paper, without actual measurement, find the length of the wire to 
the nearest foot. 


8 . Pint the points (10, 5), (-5, r5), (10, 22) and find the area of 
the triangle formed by joining them. 


Paper X. 

1. Divide (1 -a*)(i -f)-(a + 6c)(A + ca)(i:+at) by 

1 — a 1 — b 2 — c 2, - 2 abc. (a. E. 1900). 
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2 . Find the first four terms of the square root of 0*+*®, and 
from the result deduce the square root of 101 correct to six places 
of decimals. (c. ? |R. 1877). 


o Fvnrocc ^ i^rS)L C Z^ M ~ ~ a ) 

* express (<*_*)£_*) + 

(rf——£) r . , , , 

,, w as a fraction whose numerator and denominatoi 

consist of four factors each. (m. M. 1894). 

4. Choosing a suitable unit, draw accurately the graph of 
3jj/~2.r + 7. 


5 . Plot the points (o, o), (8, 5), (12, 18), (o, 23) and find the area 
of the quadrilateral formed by joining them. 

6 . Solve the equations :— 




x - y x+y . 

~~ - - -'=*£. (M. m. 
b a 


1895). 


hA 

fii) {a 1 — b 2 )x-(a 2 -ab + c 2 )y = a(a-2b) — 

'i “ 0 

x y _ 2 a 
a b <i l — U L 


(M. M. J 880). 


7 . If the telegraph posts by the side of a railway be 60 yards 
apart, shew that twice the number passed by a train in a minute gives 
roughly the number of miles per hour .at which the train is moving. 
If eleven posts be passed in a minute, in what time would the distance 
traversed, estimated by this rule, be one mile in error? (11. m . 1876). 

1 

8 . 50 articles cost 4 s. 10 d. Construct a graph from which you 
can read off the cost (to the nearest half penny) of any number of 
articles up to 50. Write down the cost of 23 things, and the niimbei 
you would get for 3.?. 


Paper XI. 

1 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


X 

-5 

- 1 

3 

7 

11 

15 

y 

7 

4 

1 

-2 

“5 

-8 


x y 

2 . Draw the graphs of ^+^=i,and 5/=6.r. Hence solve 
these simultaneous equations, and verify your solution by algebra. 



REVISION PAPERS III. 


345 


3 . Find the h. c. f. of x*~ 2 x* + i and 2;r 3 +jr* + 4.r — 7. 

(a. e. 1901 ). 

4 . The sum of two fractions, which are reciprocals of each 
other, is 2*. Find their difference, (p. E. 1893). 

5 . Solve the equations :— 

(') ; + f+ I =| + ^= 23 . (p. E. 1 S 93 ). 

4 5 5 4 

(ii) 4 - + 2y = 2xy. (a. h. 1899). 

x y 



6 - Simplify -- 1 -» — — 1 — ; + - 

i+x+x* i-x + x J i-x 2 +x 


4 . (a. e. 1901). 


7 . The expression ax — $b is equal to 30 when x is 3, and to 42, 
when x is 7 ; what is its value when x is 4*3 : and for what value of x 
.sit zero ? (c. K. 1874). 

8 . A walks at 4 miles an hour, and 4 hours after his start B 
bicycles after him at 10 miles an hour. Find, graphically, as 
ac curately as you can, how far from the start B catches A up. 


Paper XII. 


1 . Plot the points (15, o), (19, 6), (10, 14), (-14, 8) and find the 
area of the quadrilateral formed by joining them. 


2 . Draw the graphs of the equations : — 

1 , 4 x-3y^o y y-x=2 ; 


• r + 

12 16 


and shew that they all pass through one point, 
co-ordinates of the common point. 


Find also the 


8* Taking 7 cms. = 276 inches, draw a graph which will enable 
you to convert centimetres to inches and vice versa . From the 
graph read off the value of 

(i) 3*8 cms. in inches. (ii) 2^25 in. in cm 3 . 

4 . The distances through which a body would fall freely in 
certain times are given in the following table :— 


Time in secs. 

1 

i 

* 

1 

T 

4 

1 

' 7 f ■ 

0 

2 ’ 

, 45 * 

1 

3 

Distances in ft. 

I i 

1 

1 

4 

9 

\ 

l 6 

1 

36 

64 

100 

M 4 
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Draw the graph, and estimate the distance through which a 
body will fall in 2}^seconds. 

5 . A clerk is paid at the rate of AV.1200 a year ; make a graph 
to determine (to the nearest rupees) his salary for any given numbei 
of weeks. Write down his salary for 23 weeks. 

6 . Find the area of the triangle formed by the graphs of = 

18, x-_y -f 8 = 0. 

7 . The prioe, (F) shillings, of carriage cases of length (L) inches 
is given in a certain price list as follows :— 


l. 

18! 

20 

24 

26 

p 

9 

JO 

12 

13 


What is the probable price for a case 22 inches long ? 

8 . Two cyclists A and B set out at the same time. A'rides foi 
2 hours at a speed of 9 miles per hour, rests 15 minutes and then 
continues at 6 miles per hour. B rides without stopping at a speed 
of 7 miles per hour. When will B overtake A ? 

9 . Find by plotting and careful measurement the co-ordinates 
of the point in which the straight line 2y — 3_r + 7 = o meets the 
straight line joining the points (6,-2) and (-8, 7). 

10. At 8 A. M. A starts from P to ride to Q which is 48 miles 
distant. At the same time B sets out from Q to meet A. If A rides 
at 8 miles an hour, and rests half an hour at the end of every hour, 
while B walks uniformly at 4 miles an hour, find graphically (i) the 
time and place of meeting ; (ii) the distance between A and B at 
11 A. M. ; (iii) at what time they are 14 miles apart 



CHAPTER XV. 

* 

DIVISIBILITY AND REMAINDER THEOREM. 

I. DIVISIBILITY. 

349 . We have already considered in Art. 115 «the divisibility 
ul the expressions a n -b n and ci n + b n by a-b and a + b , where n is a 
positive integer, evert or odd, in paiticular cases. We now proceed 
to establish the propositions generally. We shall have to consider 
four cases. 

When n is a positive integer. 

1 . The expression a"-b )l is always exactly divisible by a - b, 
whether n be even or odd. 

Divide n n — b )l )>y (i — b, and let Q be the quotient and R the 
icmainder, so that R docs not contain a . 

Since, Dividend - Divisor x Quotient + Remainder, 

/. a* - b u = Q(ii - b) 4 - R, (identically). 

Now, since R does not contain a, it remains the same whatever 
value be given to <7. 

Put a=b , in the last equation, and we have 

b n — b n = Q\b — b) + R, or o = Q' xo+R, 

where Q' is the value of Q when b is substituted for a. 

But Q'xo-=o ; ,\R = o. 

Hence the remainder being zero, the truth is manifest. 

Thus, a n -b n ~{a-b)(a n - l + a H ' ,Ji b + a n +.+ ft«' 1 ). 

2 . The expression a n - b u is exactly divisible by a + b, if u be 

even, but not if n be odd. 9 

With the same notation as above, we have 

— Q(a + bj + R, (identically). 

Since R does not contain a, it remains the same whatever value 
be given to a. 

Put a=b in the last equation, and we have 
(- b) n - b" = Q( - b + b) + R = Q' x o + R. 
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Now, when n is even, ( — £) w — —o, 1 . 

and.odd, (-£) n ~£ w =-£ n -£ ,l >=-2^\J r ' 1 5 

Hence R = o, when ft is even but not when n is odd, there bein$, 
a remainder in the latter case= —2 6 ". 

/, a n -b n is divisible by + when n is even, but not when // 
is odd. 

Thus, a*~fc n = (a+ft)(tt M * 1 -a' l ~ 2 & + a K ~ 5 & ? -.—ft* 1 - 1 ). 

3. The expression a ,l + ft u is exactly divisible by <e + 7>, if a/ be 
odd, but not if n be even. 

With the same notation as before, we have 
a n -\rb n — Q{a + b) + R, (identically). 

Since R does not contain nc, it remains the same whatever value 


be given to a. 

Put -b in the last equation, and we have 

(_*)n + J««Q(_/ i + £) + R*Q'xo + R. 

Now, when ii is odd, (— b) n 4- b n = — M-f £« = o ) ,. 

and.even, (— b) n +6 n =‘b n + b n — 2b n j 1 :>i ' 

Hence R=o when n is odd, but not when // is even. 

/, a H + i M is divisible by a+ 3 when « is odd, but not when 
is even. 


Thus, a n + b n = (a + />)(a w ' 1 -a ,, * 2 ft + a w ‘7/ J -.-ffr* 1 - 1 ). 

4. The expression is never divisible by « —&, whethei 

be even or odd. 

With the same notation as before, we have 
rt» + J n =Q(tf-£)+R, (identically) 

Since R does not contain a, it remains the same whatever value 
be given to a. 

Put a = b in the last equation, and we have 

i" + i* = Q(i-i)+ R = Q f xo-^R, or R = 2^*. 

Since R does not vanish for any value of n y a u -rb H is never 

divisible by a — b. 

\ 

II. REMAINDER THEOREM. 

350. We have already seen in Art. 218 that the theorem is 
true in particular cases. We now proceed to establish the theorem 
generally. 






REMAINDER THEOREM. 


349 1 


351. If any rational and integral expression which contains x 
be divided by x —a, the remainder is found by putting a in the place oj 
r in the given expression . 

i 

Let the given expression be ax*+bx*- l + cx* m * + .Divide 

it by x- a and let Q denote the quotient and R the remainder, so 
that R does not contain x. 

To prove that + ba n ~* +ca H “' 2 4-. 

By the nature of division, we have 
ax* 4 bx* ml + cx* m * + .*» Q(x - a) 4 R, (identically). 

Since R does not contain x, it remains the same whatever value 
be given to x . 

Butting a for x in the above equation, we ha\e 
aa* + ba n - 1 + ca*-- 4*.= Q'(a - a) 4 R — Q'xo + R 

= R, 

(where Q' is the form of Q when a is substituted for ,r). 


352. If a rational and integral expression which contains x 
\ imshes identically when x=ci, then will the expression be exactly 
divisible by x — a. 

To prove that ax n +bx n ~ l + cx n ~*+ .is exactly divisible by 

i - a, if aa u + ba n ~ l + ca w ~ 2 4.= o. 

Since by the above Art. the remainder on division = ^a M + ^a"“ L 

+ ai w " a + .; hence, if the last expression be zero, the given 

expression will be divisible by x-a. 


Ex. 1. Find the complete quotient of (x 7 -y 7 ) + (x +y). 

Since 7 is odd, therefore x 1 -y 7 is not exactly divisible by x+y. 
Wow x 7 -y 7 = (x 7 +y 7 ) — 2y 7 , and x 7 -by 7 is divisible by x + y. 

. x 7 -y 7 _ * 7 +v 7 _ 2 y 7 : 

" x+y x+y x+y 



- x h y + x*y 2 -ry+ x*y 4 — xy 6 +y* — 



Ex. 2. Shew that the last digit in 3 ‘ J, 1 + 1 4 * 2 2,1+1 is 5 , if n be any 
whole number. (M. M. 1868 ). 

Since 2 «+i is always an odd number, 

/, 3 2,l+l 4 2 2,,+l is divisible by 342 or 5 . 
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Again, since 3 2nrl is an odd number, for all its factors are 3 ; 
and 2 2,i+1 is an even number, for all us factors are 2 ; 

/. 3 2,l+1 'f 2“ ,t+1 = an odd number + an even number 

= an odd number. 

Hence 3 2w+l + 2 2w+1 is an odd number divisible by 5. 

Now, since 3 2u+i + 2 ,Jwfl is odd, the last digit must be one of the 
numbers 1, 3, i, 7 or 9. But since it is divisible by 5, the last digit 
must be none of the numbers 1, 3, 7, 9 but 5 only. 

Ex. >. Shew that .r + 2 is a factor of x ? ‘ — 3_r + 2. 

Putting x= -2 in x* - 3r + 2, we have 

(- 2f - 3( - 2) 4 - 2 — -8 -K> + 2 = o. 

Therefore X s — 3.V + 2 is exactly divisible by x — ( — 2) or x + 2. 

Ex. 4. Shew that .r u — nx + n- 1 is exactly divisible by (,r—i)‘. 
when n is a positive integer. 

The Exp. = (x" — 1) — n{x — 1) 

= [x — i)(^r n “ 1 + .r ,1 " ,2 -hr n ” p -+• - + 1) —;/(a~ 1). 

Dividing by x — 1, we get 
(.r“* l +.r w '^ + r w " 3 +.+.r+ i) — //, as quotient. 

Now breaking up n into 1 + 1 + 1+ /, c. n ones, we get the 

quotient = („r ,, ~ A - i) + (.r M - 2 - i)-f.+(.v~i), every part of 

which enclosed by brackets is divisible by .1 — 1. 

Hence the expression itself is divisible by („r — i)(.r- 1) or (a - 1)’ 

Ex. 5 . Shew that (b — c) b + (c — af + a — by is divisible by each 
of a — b } b - c and c — a. 

Putting a = b in the given expression, we have 
{b - cf -f 0 -bf + o=(b-cf + {-(b-< )f 

— (b-c) r '-(b- cf = o. 

Therefore the expression is divisible by a — b. 

Similarly, putting b — c and c—a successively, the expression ma> 
be proved to be divisible by each of b-c and c-a. 

353 . Indirect Multiplication. Sometimes it is convenient 
to find continued products without the trouble of actual multiplication. 
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Ex. 1. Find the continued product (.r4-0X**+tf a X*‘*+ a4 )(* Q +* 8 )- 
Let P denote the continued product required. 

Then P = (x 4 - a){x- + a 2 )(x* + a l )(x K + u s ). 

.vlultiplying each side by x - a , we have 

(x — a )P = {x - a)(x 4- a){x 2 4 - tf 3 ) a * 4 + ^X^ + « h ) 

= (a- - ^)(.r-+ a%t* + a% V s + a*) 

=.r 1,J — a 16 , by successive multiplication. 


l 'lb _ ,/U» 

P»-«.rU + i«r M + rt*A l,, + 

«v - « 


4-^ l3 A 2 + rt 14 ^ +a 1 ’ 


' 354 . Kind the condition that auc l +bJL ' + c may be a perfect 
square. 

Using the ordinary rule for square root, we have 


<z.\ “ 4- b.\ 4- c 


( Va.x+ t 
2 Ja 


2 Ja.x + 


ax m 

b ' bx 4- ( 

A* 


r- 


4^ 




I herefore 1 * 4 * bx 4 - c will be a perfect square, if c — =0. 


4 a 


Hence (r = 4ac, the condition required. 
Otherwise thus : Since tvP + bx + c is a perfect square, 
/. ax- + bx + c**(Ja.v+ c'f •= ax ' 1 + 2x Jac + r. 
Now, comparing coefficients, we have 
b ~ 2 tJuCy and Ir = <\ac. 


Exercise CXXX. 

In each of the following examples, state whether the first expres¬ 
sion is divisible by the second, and where it is so divisible, find the 
•quotient 

1 . ci A 4 - b* by a 4 - b* 2 . a 4 — b 4 by a+b. 3 . a? + b* by a - b. 

4 . a :, 4 -^ ft by a + b* 5 . a s — b r * by a — b. 6. a 6 — b* by a + d. 

7 . a~ + b 7 by a-b. 8 . a 7 — b 7 by a + b. 9 . a*+b* by a-b. 
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10. a 8 - by a - 11.. aP-b* by a+b. 12. a 15 -<5 16 by a+ 6 . 

13 . a 13 — b u by « 2 +/V J . 14 . « ll +^ u by a — b. 15 . « 1G +^ 10 by a 2 + ^ 2 . 

16 . Shew that 22^ ,,+x + i is divisible by 23, if n is any positive 
integer. 

17 . Shew that y M is divisible by x+y 9 when n is odd. 

\ 18 - Shew that 1 — x—x n -bx n+1 is divisible by (1 -.r) 3 , when n is 

| any positive integer. 

19 . What must be the form of in in order that a m — x' n may 
have both a n +x H and a il — x n for divisors, n being any positive integer? 
(M. m. 1875). 

20 . Shew that 2 4n —i is divisible by 15, if n be a positive 
^integer. (m. m. 1875). 

21 . Assuming that x' l -y" is divisible by x-y, when n is any 
vvjiole number, shew that (aby x ~{bc)" + (cd) n -[da) n is always,divisible 
Hy ab — bc + cd—da. (m. M. 1873). 

< 

22 . Shew that (x - i) 8 is a factor of nx H + l — (n+i )x n 1, when n 
is any positive integer. 

23 . Shew that (1 -xy iu -(4 — 7 x-x' l ) n is divisible both by.r + 3 
and 2 X~ i 7 if n be any positive integer. 

24 . Shew that (2a + £)" — (a + 2b) n — a n + 6 n is divisible by cP~b' 1 . 
lichen n is any whole number. 

25 . D ivide x s + x tt y 2 4- x*y* 4 - xy u +y 8 by x 4 — x*y 4 - x 2 y 2 — xy 3 -f y l . 
(C. E. 1870). 

26 . Divide x b - 1 - $(x - 1) by (x - 1 ) 2 . (p. e. 1893). 

27 . If n is a positive whole number, shew that the last digit of 
** +1 +iiso. 


28 . Prove that 6 9 m 4-7 w 4-6 is divisible by 7, n being any positiv 
integer. 

19 . Shew that 4(4° 4 -3°) ends in two ciphers. 



4 \ 30 . Shew that 5 & + 7 fi is divisible by 12 and 4° 4-3° by 25, without 

a remainder. 

* /. 

,Divide 1 +tf-f , a 2 -K* ? 4-a 4 + a c +a 7 + a 8 4-rt B + a 15 by i-a 6 + a e . 

,$ 88 ). 


(B. 



32 . Shew th 


8 c~a( 4 



is a factor of 1 -;r-.r 7 +x s . 


f 33 . If '+d be a perfect square, shew that the 

coefficients satisfy ttteifwSSons 


d (4£-tf 8 ) 2 =64</. 
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Shew without actual division that the following expressibns are 
exactly divisible by each of a-b y b-c an d'c — a. 

34 . bc(b - c) + ca[c - a) -f ab(a - b). 

35 . a? (by c) + b\c - a) + c\a - b ). 

36 . a[b -c)* + b{c - a)* + c[a - b f\ 

37 . (*-*) 7 + ( c -< i ) T +( a -*) T . 

38 . Shew that *"(.*- \)+y"(y - l) is not divisible by x +y f what¬ 
ever positive whole number n may be. * 

39 . If x n +y n be divided by x ~y y shew that the remainder 
2 y". 

40. Write down the product (l + rt) v ] +«*)(! +a*)(l+a' i )( \ -Pa 10 ). 


CHAPTER XVI. 

HARDER SIMPLE EQUATION*. 

355. Number of Roots. A Simple Equation cannot have 

more than one root. j 

The general form of a simple equation is ax + b* 

If possible, let a and fi be the two different rrots of the equation 

H -f£ = 0. 

Then, we must have identically 

aa+b=*o 1.(i) 

and a 0 +b=*o /.(2) 

By subtraction, <z(a — / 3 ) — o. 

Now a is not zero, (by supposition) 

a-£=0 and m \ a = / 3 . 

Hence a and & are not different from each other, whichfis 
contrary to the hypothesis. jr. 

Therefore a simple equation has only one rqqjt 

v x \ 

356. Principle of Identity. If a simple equation is satisfied 
by more than one value of the unknown quant^ it is an Identity. 

M. A. — 23 
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Suppose the simple equation ax+t—o is satisfied by two different 
values a and P of x ; then as in the preceding Art. 

<*(a-/8)»o 

and V u- fi is not zero, a is zero. 

Substituting the value of a in (i) or (2) of the preceding Article, 
we evidently find o. 

Now, because a and b are each equal to zero in the equation 
ax + b—o, /, any value of x will make the left-hand side=o. Hence 
the equation is an Identity. 

357 . Common Factor. When an equation is reduced to 
the form 

AX = o, 

where the expression X contains the unknown quantity x and the 
expression A does or does not contain x at all, then 

1 . When A contains .r, the equation is satisfied by either 

A =0 or X=o, 

from which equations, the roots of the given equation may be 
obtained. 

2 . When A does not contain x , we can divide both sides of the 
equation by A, and obtain 

X = o, 

from which equation, the root or roots may be obtained. 

I. EQUATIONS NOT INVOLVING FRACTIONS. 

358 The following are typical examples. 

Ex. 1 . Solve 3(.r+i) 2 +4(.r-h3) 3 «7(.r + 2)' J . 

Since 7(.r + 2) 2 =3(.r + 2 ) 2 4 - 4(.r + 2) 2 , by transposition, we get 
3<(- r + I ) 2 - (X + 2) 3 } = 4{(.r + 2)* - {x + 3)*}, 

3(2*-t-3) * - t=4(2-r + 5)x -i, Art. 124. 

t V 

Pividing both sides by - 1 and multiplying out, we have 
6.v + 9=8.r + 20, — ix =11, .r= -y = - Si. 

Ex. 2 . Solve {x - «)* + (.r - bf + (.r - cf =3(.r - a){x -b){x- c). 

By transposition, we have 

(.r - af + (.v - bf + (x-c) : - 3(.r - a){x - b){x - c) =o. 



* 


HARDER SIMPLE EQUATIONS. 


355 


Now, the left-hand side 

=£(*-a +x - b +x - <r)[{(* - b) - (x - c)} 1 4- {( 2 : - c) - {x - a)} 3 
-H(jrArt. 327. 

= i(3 x-a-b-c)[{b — +(c- a ) 2 + (a - b) 2 \. 

\($x~a-b- c){{b - c) 2 +(r- a ) 2 + (a - =o. 
3^-<*-^-c=o, Art. 357, or x=$(a+b +c). 


Exercise CXXXI. 

Solve the following equations :— 

1 . C r + 5 ) 2 + 5 (- r + 7 ) 2 =6(* + 9 ) s - 2. 4(2: +1 ) 2 + 9(x 4- 2)* = 1 3(2: + 3)®. 

3 . (5.V 4 -21 ) 2 + {7X 4 - 36)*= (JX 4-41 )® 4- (sx + 13)*. 

1 

4 - (x — 3)* — 3(2: — 2)* 4 - i(x — 1) 2 - x 2 =9 — x. 

5 . (r-a)(.r-= {x -« -£)*. - 6. (x— i) s = A-(.r— i)(x- 2). 

7. (Ar + a) 2 + (Ar + ^) 2 4-(.r + r) ? = (A:-rt) a + (A:-/5) a + (Ar-c) 8 . 

8. 27 (^ - 2) S -f (2AT - 5) s + (3AT - 7 )*== 9(x - 2){2X - 5 ){$X - 7 ). 

9 - l^X~2a)"-\-{x-2bf = 2{x-Cl-bf. 10 . {x - 5) S + (x - 7, s = 2(x - 6 ) s . 

11 . (3« 4 - 3# - 2 at)® + (3<5 - 3 a +2x) 2 - (3^ + 3c - 22')* = (3# - $c 4- 2.v) 2 . 

12 . (x - 2) 3 4 - (x - 5) s 4 - (x - 7) 3 = 3(.r - 2){x - 5)^ - 7 )- 


II. EQUATIONS INVOLVING FRACTIONS. 


359. Multiplying across. ^ ^, /fan will ad^bc. 

Equations such as the following can easily be solved by the above 
method. 


Ex. 1. 


Solve 


63 

7 *+ 3 


45 

92:4-11 ‘ 


7 c 

Dividing both sides by 9, we have —,—■* —- - . 

6 } 7 x +3 92:4-11 

Multiplying across, 7(92:4-11) = 5(72:4-3) ; 
or 632:4-77-352: +15 ; 282:™ — 62 and xm _ -2 T \. 
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Ex. 2. Solve 3 * 7 - - . 

x+S 2 x +7 

Multiplying across, we have 

( 3 * - 7 )( 2 x 4 - 7 ) = t* 4 - 5 )( 6 * - i); 
or 6 x i -f 7* — 49 = 6;r 2 4 - 29^ — 5. 

Subtracting bx l from both sides and transposing, we get 
7 *- 29*=49-5; -22^=44 and/. jt=-2. 


360. Convenient transposition. In Equations like the 
following, combine by transposition of terms, the simplest fractions 
with like denominators. 


Ex. 1. Solve 


io.r+17 12*+ 2 5 .r -4 


18 


1 Lr —8 


Transposing, 


1 2,r 4- 2 _ 5^-4 10*4-17 
11* —8~ 9 18 

_ 1 o* - 8 - ioa'- 17 
18 


25 
j8 * 


Multiplying across, i8(i2.r + 2) = 25(i ix 8) ; 
or 2162: + 36*275^-200 ; 216*-275*= -200-36 ; 

or - 59*= ~ 236, and /. x = 4. 


o o 1 6,r- 7^ 16.i' 4 * 1 , 

. 2 . Solve - 4-2,1*-p -- =413 — 

13 — 2.r 24 


i2-:-s.v 


3 


6* — 7 ^ \ 

Transposing, 7—— = 4 t*- 


12 2 - Sx 


1 6a 4 -1 


13 - 2 X 


- 2.r ~ 


3 24 

6- 101 4-64*—481* — 16*- 1 


24 


4 _i 
•2 4 «• 


Multiplying across, 13 - 2*=6(6* - 7^ = 36* 
/. -38-r=-57, and/. ^:=§‘=^=il. 


~ 44 , 


361. Reduction by Division. Sometimes it would be 
advantageous to bring improper fractions to mixed quantities, so as to 
make the integral ptir ts on both sides of the equation the same. 
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Ex 1. Solve 3 ~ + 2 + 2 ^_ 4 =, 5 . 

X - I .T + 2 J 

By division the eqtiation reduces to 

( 3+ 5 \ + ( 2 _ |.\ =s , or JL._ 2 ,, 

Transposing and multiplying across, we have 
5 (x + 2 ) = &(x- l), or 5.V+ f o = 82* — 8 
- 3x= - 18 and /, x= 6 . 

Ex. 2 , Solve 3 -*-' 4 - 5 *^-^-- 3 =- 3 *-- 6 . 

*-5 - 3 x-u x-<) 


x — 11 


By division, the equation reduces to 


.( 3 vl s )- ( 3+ ,-' 3 )“ ( 3 + i-T.)- ( 3+ *I<j) 


’ # r - 5 jr — 3 2: - u -r - 9 * 

Simplifying each side separately, 

L r -3)- (x-_ 5)„ (JT — 9) —(jr— II) or _ 2 = 2 

' r — 3X- r — 5 ) " (- r “ 9 )( x — 1 1) ’ (•*-3)(~r-5) (x-t))(x- ii)' 

Dividing both sides by 2, and multiplying up, 

(x -9)(.r - 11) = (.«r — 3)(-r — 5), or x 2 - 20X + 99 —,r---8-r + 15. 

•\ - I2jr= -84, and /. = 


. 3 . Solve 


6.r-f-1 7 .x - 5 4 

3*-5 3 ^- 4 * 3 < 


Multiplying all the terms by 3, we get 

18.r + 3 _ 6*;-l5 
3 r -5 3 * - 4 ~ 4 

Bv division, the equation reduces to 

( 6+ 3“ft)-( 5 V-l)" 4 ’” 


3*~5 3*“4 


Transposing and multiplying across, we get 

33(3*-4) = -7(3*~5)» or 99X — 132= -2U + 35 ; 
1201=167, and = 
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362. Suitable transposition and grouping of terms. 

The following are typical examples. 


. 1 . Solve - 


ii 


2.r +11 2.T4-9 2^-9 2X~7 


By transposition, 


11 


2.X + 11 2X 


7 _ f 1 i ) 

-7~^\£F-9 + 2.r + 9j " 


. n(2jr-7) + 7(2* + n) 2x + () + 2x~9 

{2X+n)(2X -7) ^ 9X ( 2 .r- 9 )( 2 .r + 9 )’ 


« • 


or 


36^ 


36.r 


Hence .r=o, Art. 357. 


4,r 2 +8.v-77 4^-81* 

and 4.r 2 + 8;r-77 = 4.r 2 -8i. 
Cancelling 4x* from both sides, we have 
8* —77= —81, A 8 jt= —4 and x= 


. 2 . Solve 


10*4-9 45*4-2 18*4-5* 


(m. m. 1S84 


Here, 


10*4-9 45#+ 2 18*4-5 18*4-5 18*4-5* 


By transposition, 




lox + 9 18.r 4- 5 ib* 4 - 5 45 r + 2* 


Simplifying, 


3 ( 8 *- 4 )_ = 4(2 7^- 3 ) 


(10*4-9X18*4-5) (18*4-5X45*+ 2) ’ 

Multiplying by 18*4-5 and dividing by 12, 

2x — i qjit — 1 . * w , 

ioI^9 = 41FT2 1 •• (^-i)(45^ + 2)=(iar + 9)(9^-i); 
or 90* 2 — 41*-2 = 90 .tr 2 + 7 nr -9 ; — 4 «-*" — 2 = 71 ^ — 9 ; 

— 1 i2.r= — 7 and *= T Tf = iV 


363. Alternando. If — =» — , then will 

J b d' c d 

The following are illustrative examples. 

_ , „ . ^r s — 8.v +15 x-7 

Ex. 1. Solve — i . 

jr i -6.r+6 *-5 


\y 
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Alternately, we have 

8 


By division, x - I + 


8 


- 8* +15 .r 2 - for+6 

x- 7 ' " -5 

l 


x -7 


x-\ + 


x ~ 5 


• • 


r _ 7 = x - 7 = 8(.r - s) = 8r- 40 ; 

- 7 x= - 33 and x- y = 4$. 


Ex. 2 . Solve 


/ 2.r - 15 \ 
\2.r — 13 / 


x-±S 
x- 13 


aw .1 v ( 2x- i^ ) a (2^-13)“ 

Alternately, we have —-— = '-— : 

r-15 .r-13 

4r 2 -6o.r+225 4-r 2 --52r+169 


or 


.r-is 


-r-13 


By division, 4* + = 4-r + ! 

~~ 1 or 225(^-13)= I69(.r- 15) ; 

.*. 225-r-2925 = 169.1-- 2535 : 56^=390; 

.\ *=^= 63 £. 


364. An Important Formula. If -=* 



then 


will each 


. .. ma + nc ma-nc 

fraction = —, or = - *-7 7, 

mb + nd mb - nd 


where nt and n may be any quantities whatever, integral or fractional* 
positive or negative. 


Ex. 1. Solve 



(£,tJjO(£+* 3 ) 
~ { x + 7 )\ x + 9) 


Multiplying out, 


X 1 + 2 4* + 144_jr 2 H-24.r + 143 

^+16^ + 64 ;r 2 +i6.r + 63’ 


» 


each ^iff. of numerators _ 144 —143 
diffl of denominators 64 - 63 

/, ** + 24*+144=* 2 +16*4-64 ; 

/, 8*«* -80 and /, * = — 10. 
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Ex. 3 . Solve (“ + 9 V‘- 

W+?/ 


2.T+II 


Multiplying by — , + 


2 X + 7 / 2 X+S 

2 X + 7 / 2x + 9\ 2 _ { 2 X + l l\ 2 X + 7 ) ' 


9 \ _ 

7/ ( 2 Ar + s)( 2 .v + 9 ) * 

. . , . 4^ + 36^4-81 +r v + 36z + 77 

1 3 b 4 -r- + 28,r + 49 ax* + 28x + az 


diff. of numerators 
.. each = -.-Tor - 


81 ~77 _ 4_ 

L— 1 ' ■' I ■ 


diff. of denominators 49-45 4 

+r 2 + 36.V + 81 =4x 2 + 28,r + 49 ; 

8.r— -32 and-.*. .r= - 4. 

Exercise CXXXII. 

Solve the following equations :— 


1. 


3 . 


5 . 


x+i _ x = j. 5 x 

7 2 35A- 14 ' 

2 AT + 3 4 A_ 1 6 a +2 r+i 

4 3 X 3 6 

2\ 4**7 3 v 2 / 40 

2„r 1 - 2.r + 7 1 - a* 


2, 


2 .r 1 — x 

3 4- r ~~ 

■1 

4 . —= 
4*-3 

6 . = 

■f+7 

5A-7 


-1 x 

V + 6 


2 

3 -i -5 
6a*- 
3- r “ 


3 

9- i° (a + ^) - 23 = 6 * (i - (c. h. 18 59). 10. * +^= 


4 *‘ 


12 


. (Ii. M. 1885). 8. ~ -a * 


.r + 1 


15-r — 11 
3*+i 


2X_ 

4T-9 


11. 

4X- 17 

34 -22.T 
- ^ - =.r- 

6 (,- 

■**). 

9 

33 


.r\ 

54 / 

12. 

A- - J- _ 

-( 1 - 

’-) = 

23 

—: . (A. 1 C. l 89 l). 


.r- 1 


3/ 

io(r- 

' I) 

13 . 

2 T- 3 _ 

2X + 6 

• 

14 . 

4 * v +. 

5 , 29-7 AT 8A- + 19 

5-T — 2 

5 *+ 37 


9 

12-5^* 18 v 

15 . 

2 ( 4 at + 3 ) 3 

= 8. 

16 . 

8 a :+5 , 7-V-3 4 *+ 6 

-V +3 

.r+i 


14 6.V + 2 7 

17 . 

-~ 3 = 

1 + 5.-3. 

• 

18 . 

3 - 4 -r .1. , 

r + 2 

2 2X — I 


3t3-.r) 2(1 -x) ■ 


E. 1868). 


ro M 
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» i(2 * +3) + 

2x +1 3* 


20 . 3f+* 

3 .V +5 6 24 - 4-3 


10x4-47 12.r 4- 38 5.r + ri . „ . 

21 . - . (M. M. 1871). 

18 13^ + 23 9 V ' ' 


22 . — - + - - 3 * + - 5 = 21 . (n. m. 1871). 

>5 S^-25 5 


23 . 


25 . 


26 . 


x-7 _ 

a- + 7 " 

7 x 4 -1 
.r— 1 

1 


2X - I S 


I 


2X — 6 2(.V + 7) 


24 'Pf+’ 1 , 8v + 5 
3 .V 4-1 .r - t 


-52 


“ 3 9 5 (£-+-2) + v (a - k - i8y6) - 


+-= . (C. h. i 860 ). 

.r - 1 r - 4 .v — 3 


27 . . (C. K. 1871). 

3-V-5 x-S 2x-s 


28 . 


30. 


31. 


34. 


35 . 


6.f 4 -1 7 

U) 

1 

0 

1 - 2X 

>5 

I4(a- 1) 

21 

2 5 rJ- r 

( 1 6 * 4 - 4 * 

_- 1 2 3 

— *> "T 

.r + 1 

3 - 1 ' + 2 

D x *f* 1 


29 + 5 

12x + 11 6.v +5 4 * + 7 


4 - 

6 + 10;; 


32 1 r _ W 3 *~ 3> “ = 3(x--}x + 2 \ 

A(.r-i) 2 \ 3_r-2 } 

33. 2£±3 == 4-r+ 5+ 3^ + 3. (I , M . l88 >. 


x + i 44' 4 - 4 3-r+i 


=6- 2 (^?y (c. e. 1873). 
-r + 2 V -*■ +1 / 

1 7.r-i 8 at—J . ooox 

- ,v --- - =- . - 2 . (C. E. 1888). 

3 6 l~3x 3 x -2 


36 . 1 _ I ---+ - ~ = 0. (M. M. 1887) 

-1 x .r + 3 x-M 

37. izl^ x - 2 ^ x -s. x - 6 . 

X — 2 AT — 3 AT — 0 .r — 7 


(C. E. 1865).- 
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38. 


39 . 


*-8 

_ 2T_- 5 

x ~"7 _ 

*-4 

. 1 -— JO 

x ~7 

~ *- 9 " 

.r-6 

X 

Q — x 

.r+i B 

8-.r 

+ 


.. . .j. 


X-2 

7 -x 

.t~ 1 

6 — x 

X-2 

x -3 

jr- 1 

x-4 

-+ 

m - 

+ 


r “ 3 

A- 4 ~ 

X-2 

A-s 

2 ,V 4 -11 

_ 

9 _ 4^+13 

-r + 5 

3 - r ~ 

4 * + 3 


. ( 15 . M. 1887 ). 


41. 


a. x 7 --"' 


--. (c. K. i860 & B. M. 1895). 

3 -t-lO 

1 + 3 ^ ■ /.oz.v 


7-2X* I 1+3X i , Q , . 

- -I~ ==-- -JF+ - . (M. M. 1867). 

x — 1 10 ' 7 35 


43. _ 5 + -A. (m. m. 1882). 

3 jr -4 3 (a-i) -f+i ' 

44. 4 £_l !7 + .7.13 = 30 + - 4 

at - 4 2 a — 3 21—7 


45. -— X +" - v ~ 3 - 

a - 5 .r - 9 ,r - I 


47 . 


.50. 


51. 


-IzA + -ir 7, - y -2 

a- - 1 a - 3 " r a - 9 


3. (M. M. 1875). 


5 - r ~ 34 + yt-26 _ 5-v - 24 3£_—32 

a -7 A-9 a — 5 x - 11 


A S — A + I A*+A+I 

- 4.---= 2 A. 

A - I A 4 - 1 


A — I I 

49. ' ±* 

I -A 


2 + 3 A t , I+ 3 A 
2 - 3A 1 - 3A 


- r -4 , x ~7 1 *-9 _ 3 M 

(A- l)(A- 3 j + \x -I )(A - 6) + (A — 3 )(a — 6) A- 

A* + 3 A + 2 t A S + 8a+ 17 = A a + 4A + 5 a s +6a + IQ 
A+I A + 4 “ A + 2 A + 3 


A -7 


1874). 


52 . - 


I A-4 I A-l6 _2 A-36 92 

I\a- 9 + 9 a —25"" 13 ‘ ““ ^85 * 


53. --+ 1 

A-9 A- 25 A-49 

55. 3 ,{ 2 A-.S* t 5j^] + 

l A+I A + 4 j 


54. 


y_|_ 20 


3A-4 +1 + 1 a + 7 

17-7A , 8a +*5sl 


X + 2 


x + 3 
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4*~S 

.r-i 



£Z_U - 

.r -9 \ 2 x- 17 f ' 


.n .f £+4X£+5) -1+6 

(.r-4-6)(.r + 9 ) sa ,r +12 ' 



2.r- t — 2^3^+^T 

x -1 .v -3 #-*2 



(-^± 1 )(_£+_9)_ (or + 6)(jf-Mo) 
(■*■ + 2 X* + 4 ) (*+5 X* + 7) 


. (M. M. 1889 ). 



+£5 

9 X 


3 


8 — 2X 


18 36 . 

-- . (c. E. 

x 2\4-6.v 


1881 ). 


go C* + 9)(* + 7) ( x+ 2 )(x + 4 ) 

(.r + 6)(^r+io) (^ + i)(.r+ 5 )‘ 

64 • r +3- + 3- r + 7 

* + 5" * 2 + 5 *+V 




f£±2V» JL+iL 

U + 9/ .r + 11 ‘ 

( X ~ 7 V (x ~ ^ x ~ 9 ) 

V-v-6/ " (.v - 4;(* - 8) ‘ 


66. {x 4-1 )(.r + 7 )(.r i! - 20 ) = ( x 2 - 3 . 1 : + 2 )(x‘ i + 11 ^ + 18 ). 


67. 5 + 


3“ 


_ _ 29 

1 5 


68 . 


= 1. (ll. M. 1891 ). 


4-.r 


7- 


(a. e. 1893 ). 


7- 


7-x 


89. 


--~ - 5 - + — — = 0 . (M. M. 1873 ). 

.r — 3 r + 9 .r -27 — 15 


1 - 


7°. , _ - -f—*.= x *_ . (P. e. 1890 ). 


„ (jr+r,»+Cr-i)» 

(.r + i)" + (.r -77 

(M. M. 187 7)- 


365. Literal Equations. The following are typical examples 
of Literal Equations. 

Ex. 1. Solve ® + - =o s +^. 

ox ax 

Multiplying by abx, the L. c. M. of the denrs., we have 
a 2 4- ft 2 = ab(a 2 + b 2 )x y 

• _a 2 _+b 2 2 . 
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Ex. 2 . Solve --+-^ a - . (c. k. 1892). 

.r + 0 .r4<*4/* 

Multiplying crosswise, we obtain 

(x 4 aj(x 4 a 4 b) » (a- 4 3«)(a* 4 b ), 
or .r- 4 - (2a 4 £).r 4 <*(tf 4 b)=x 2 4 (3tf 4 £).r 4 3^. 

Cancelling .t a from both sides, we have 

(2 a + b)x+ a[a 4- b ) = (3a 4- b )x 4 3 ab. 

« 

By transposition, ( 2 a-\-b)x-{T,a + b)x = yib-a(a+b ), 
or {{2a + b) - ( 3<i + b)\x = «{ 3 /; - {a + b)), 

. • — nx = a{ib~a), and x=a-~ib, (dividing by a). 


. 3 . Solve " /(r + *> + < r+ *l= 


x 4 b 


x 4- ti 


m 4 


By division, +^—^ +«(i 

* m(a—b) n{a~b) m n ...... , 

+ * = 3r+,« ’ or *+7,= (dmdinjfby,*-*- 


.r + a 


. . »i{x + a) = «(.i 4- ^ j, or »«.r + ma — nx + nb. 

By transposition, (m-n'x=tib-ma, and ,r = 

Ex. 4 Solve * + ? 

\2x + b + c/ x + b' 


ttb — ma 


m ~ n 


Alternately, we have 


(2X 4 4- C ) 2 (2.V 4 /> 4 c)~ 


x + a 


x + b 


Multiplying out, +-#L±£ ) X -±i? ±£T=, 4** + 4(/ + ^_t.(d+>V S 

.r+rt .r 4 £ 

Hv division, 4(* + t) + ^ = 4 (.v + r) ; 

x-fa x 4 0 


(a - c)\x \-b) = (b~ c) s (.v+<*) 


** .r+a ar + i ’ 

Multiplying out and transposing, we have 

K« - cf ~{b~ <f)x=a(b - c)* - b(a - c)°-; 

(« ~b)(a +b-2c)v=a{b' s -26c+c i )-6(a' t ~2ac+c*) 

= (a - b)<? — -b) = {a- b){c l — ) ; 

Xs= a+Y- zc' (d ' vidinff by a - b). 
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"JBx. 5 . Solve 


ax + b ax* + bx + c 
fix+9** fix' + Qx+r 


Here, 


ax 4 - b x{ ax 4 - b) __ ax* + bx 4 - c 
px + q x(px + q) fix* +qx + t ’ 

cliff, of numerators c 


* * eac ^ diff. of denominator^ r 
.\ K ctx 4 - b) = + p), 01 <trx + ^ = /V.r + <y \ % 

(< ir-pc)x~c]-br , and x^ Cq ~^. 

<17 M —pi 

x. 6. Solve -t- '* — + ;1 —-7- = 3. (C. K. 1896). 

2,b + 5 c+a .1 + 36 J ' 

Here, ( *r.* -A+ (£“3* - 1 W ( r “ * _ A =0 , 

'3^ + 5‘‘ / V 5^+" / V« + 3^ / 

• ■} 5^ , - r - « - 3 ^- y; , f - « - 3<? - S‘" „ 

3 ^ + 5 ^ 5> + « a~+ 3^ 

Hence —3^—5* =0, Art. 357. 

•\ A — ii + 3^ + 5^. 


Bx. 7 . Solve * + — + 3 - 6 - . 

.r-F6f* .t — 3a x + 2 a x + a 

1 W transposition, - - > + “ » ---— 

a+6 a x - yi v + a x + 2a 

, x - 3a 4- 2(x 4 - 6 rf) __ 6(.r + 2a) — 3(.v 4 - a) m 
(x + 6a)(x - la) (jr + ^)(A*4-2rt) ’ 


• / 


. . __ 3 £+ 9 ?__ _ 3 - r + 9 a _ 

* * (x + 6 a)(x - 3«) (x -i- a)(x + 2a) ' 

3 ^' + 9 «=o, Art. 357 ; 

3- r== - 9'* and -t'= -3^. 

The other equation, (x + 6 a)(x - 3 tt) = (x + a)(x+ 2u), is madtn^b 
hie, for it will be found not to contain x at all. 


t . 


■O O .. , tx-a \ s ,*-2ar+£ 

Ex. 8. Solve ( —) = —-- , 

\x-oJ x+a-2i 
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Adding i to both sides, we have 

(.r - a'f + (x- bf x-2 a+b +x+a-2b 
(x -bf = x + a-2 b ’ 

{(x - a) + (x - £)}{(* - af - {x - a)(x ~b) + (x- b ) 5 } 2x - a - b 
or ~. \x-bf" -JT^Tb- 

(2 x-a- b){(jx - af- (x - a){x - b)+( x — b )-\ _ ix - a- b 
° r , {x-b? ~~ x+a-2b' 

2x-a-b-o, Art. 3^7. 

2x = a + b and x = ±(axb). t 

The other equation, namely, 

{(x -rt) 2 —(x — a)[x-b) + (x- bf \(x+a- 2b) = (jr — b) 2 , 
when simplified, will, be found not to contain x at all. 


Exeroise CXXXIII. 

Solve the following equations :— 


bx ax-b 2 

1 . a -- —-—• 

a 1 

. ax + b a cx 4 - d 

4 'c ~~ b = ~7~ 


_ a b d 

2. - + =0. 

x c e 


3 . -+*-r. 
a b 


- aicP + x*) ax 

5 .-- =ac+ -j 

ax a 


6 . 


8. 


10 . 


12 . 


CL O o »•) 

-- - = 

bx ax 

bx ^ 


„ ax cx 1 , „ . 

7 - j + j ~g* +y(f&- cx). 


_ j 

b [x + c ) a[x + c) 

ab — ax 

6 x+a 3 x—b 

4* +b 2 x-a' 

11. 

\x a + x 2 a - b 

13 . 

a+x " x 2x 


. (B.M. 1890). 


2 x+a t 2X-a . 
+ .A = 2 J. 


3 (x-a) 2 (x+a) 

P~Q _ P + 9 


qx 4 - r px — r 


. (C. E. 1866). 


ah 


14 .' (a+x)(b+x)-a{b + c) = -j-+x 2 . (B. M. 1868). 


x—a x—b 


15 (c. E. t866). 

b-a a-b v 




I. (C. E. 1899): 
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17. (P. E. 1862). 18. 


a 


19. 


X-C X + 2 C 


a 


bx-p ax-p 


. (p. E. 1893 


_ b_^ a-b 

x-a x-b x-f 


. (c. E. 1859), 


* + b } 


x+a x+b x+c 


a b 
20 * 7.“ + 


21 . 


x-a . x— 


-a + 6Wr 2 - (A - E - l89 ^' 


22 . • * — —, 

x+a x + b x+a+b? 


a—x* b~x c-x b — x* , 00 ,, 

a -g— —-T-—• (C - E - ,886) - 

24. '■- 7 - ? + * ~i -|e ? -< a + i±£] (Ci Jj. 1265 and M. M. 1863). 

0 a ab£ 

25 . —~ + —; =-^-r+ l . (A. K. 1894). 

? + «\r + i) Jtr + d + ^ .r 


26. 


27. 


1 


1 


1 


1 


. (C. E. 1890). 


x-a x-a+c x-b-c x—b 

x-a x-a - 1 _ jr -^ _ X Z^1 
x-a - l x-a- 2 ~x-b-i x-b -2 ' 


28. 3^ J+ C“±Wt_ 3er+ 4 *. 


29. 


30. 


(a-b)(x -a) {o - d){x - c) (. a-b)[r-b) (c - d)(x - d)' 
' (C. K. 

(£±?)C£^).(£±^£+/). (a, e. 1892). 

•*■ + «+£ .r+r + rf 


1891). 


31. 

\2x — b! x — b 


32. 


/a: + 2 *-*-2# 

U->/ ^ x-2b' 


83. , 886) . 


i 4 . 


9 ‘ 1*9 + 


o + 


(.r+a) 8 —— « 8 -*■* — («+£)* x~-(a-b)* 


35 AtS 


a-c 


b~ c 


x-2 b x-2 a x+2 b x + 2 a 
3^+5<r 5 c+a a + lb 


. (M. M. 1888). 


36. 
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37 . 


38 . 


40 . 


a 4 - x 


a-x 


a* + ax+x*+ a^-ax+x* xfa' + aW+x*) * 

v + n tzx + n+r\* OA ^/a-,r\ 3 #+* 

= I :-— I . 39. i6( —— 1 -. (c. E. 1886). 

x+m \2 x+m + r/ \a+xf a—x 1 


a b a — c , b + c , 00 . 

+ - .= . ~ 4 - ---—t-:' . (b. m. 1882).,, 

x+a x + b x + a-c x + b + c 4*'' 


. 14-4 ci + b 4 X + a + 2 b 
x 4 b x + a~~ b 


= > 


42 . 


nix — a — b __ tnx — a —c 
nx-c-d~~ nx-b-d ' 


III. EQUATIONS INVOLVING SURDS. 


366 . The following general method is observed in solving 

Irrational Equations : — 

Rule. Transpose to one side of the equation a single radical 
term by it self \ and then square or tube (as the case may be) both sides 
to get rid of this radical '. Repeat this process until any remaining 
radicals in turn arc removed , 

Ex. 1. Solve V(i2+A') — 2-h >Jx. 

Squaring both sides of the equation, we have 

[ 2 -f .r = 4 + 4 fx 4-.t* ; /, 4 -s/'jr = 8, (by transposition). 

Dividing by 4, V\r = 2, and *. .r = 4 (by squaring). 


Ex. 2 . Solve 3-b.r- f(x* + c))'=2. 

Transposing, *'(■** + 9 ) ** 1 +x ; 

Squaring both sides, ;r a + 9= s I +2x+x* ; 

Transposing and taking away .r a , we have 
, 2^ = 8 and /. ,tr = 4. 


Ex. 3 - Solve 'f (a 4- x) = ' lm J (x* + &izx 4 - b~). (b. m. 1865). 
Raising both sides to the 2;//th power, we have 

{{a 4 - .v) ni } 3m = {(x* 4 - Sax 4 - b-f ui \ iM y 
or (a 4 * x) 1 =-r 2 4 - Sax 4- b ' 1 ; /, a? + 2ax+x*=x*+&ax + d 2 ; 
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&£, 4 . Solve V( zx + 3) «= — +V(2x+7). 

Clearing of fractions, t\e. multiplying by •/(2X+3), 

2 * + 3“5 + J( 2 x + 7)(2 jr + 3) ; ^(2* + 7) (2* + 3 ) =2* - 2 ; 

Squaring, 4** + 2o;r + 2i =»4* s -8.r+4 ; 

Taking away 4** and transposing, we obtain, 

' 28*= -17, and * = -J|. 

Ex. 5 . Solve V(4r + 5)— ■J’x™ ^(^ + 3). 

Transposing, ^(4^ + 5)- Jx+ ^(* + 3). 

Squaring, 4* + 5=jr + 2 ^(** + 3*)+* + 3 
Transposing, 2 J(x* + 2,x )= 2(;r4-1). 

Dividing by 2 and squaring again, we have 

x* + 3x=x 2 + 2x+ 1 ; x—i t (by transposition). 


1 . 

3 - 

4 . 

5 . 
7 . 

9 . 



13 . 

15 . 

17 . 

19 . 

21 . 


Exercise CXXXIV. 


Solve the following equations 

15 + ^(* + 7 )= 19 - (c.e. 1880). 2 ." 5+7 J($x- 6 )=i 9 . (C.e. 1859). 
V( 3 *)- 4 = s/{3,r + 4). (c. E. 1863). 

J( s-r-i)-i +>/(5.r-2). (c. E. 1875). 


^5(^ + 2)= ^5-r + 2. ‘-0. i y(i 7 ^- 26 ) + |-i T V- 

s/(x+g)=i + Vx. (c. E. 1861-62). “8. J(,2x+io) + 2 J(x+ 6 ) = 2. 

-§£±^ = 4^+5). -10. 4 + *) = ^- 

(c. E. I §68). (c. E. 1873). 


V(^)+ VAfa-f*)** </;r. 
J(x — a)= *Jx+ J( i>+x). 
a+x — J{ 2 ax +x*)*=6. 



13 . */*+ ,/<«+*) —. 

* 44 . 4 -^- 

16 . a-f jt— 

18 . a+;r + +Ar+■*■*)=* A. 


- n/-*“+ Jx + 2 Jijax+a*)** Ja. v^JO. ^r + 5« V(* + 5)+6. 
*/(9*+i)4- ^( 4 ^+ 1 )= -/(* + !)• . v-22. J(x*+x-2)'m3-x. 


M. A.—24 
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23. 

v^ 4 . 

25. 

27. 

^ 28 . 

v30. 

31. 

32. 

33. 

34. 

35- 


<s/(5*+9)~ V(2jr-i2)- V(3* + 0- 
x+ </(.r*+9)=9- (M. M. 1889 ). 

.r-£+-/(,i 2 +*’) = /«. (c. E. 1879 ). *'26. x- J{2ax+x 2 )=a. 

V{(;r — a)~ + 2a6 +£ s }=.v — a+6. (B. M. 1886 ). 

x + J(a 2 +x 2 ) = . v 29. v/x+ ^ + 9)= - 77 ——,. 

s/{a“+x 2 ) J{x+9) 

2 (.r 4 - 2 ) — 1 + J( 4* 2 + 9 * + 14 ). (c. K. 1877 ). 

V(^r* +n^ + 20 )- <y/C * 2 + 5 * — 1 ) — 3 . (<’• K. 1881 ). 

S /{ 4 X* + 20 X + 17 — ■^’(i 6 jr a +li^’+io)J= 2 (^ + 2 ). (c. K. 1878 ). 
-/(fl , +.r a )+ Jla'-x*)-* (i». K. 1892 ). 


n/U + S)+ */(* + 6) = s/3(jt+ii). 
V.r + Jta=\j {a + \/ (^ + .r*)[ 


307 * Method of Identity. The following are typical 
examples. 

Ex. 1 . Solve s/(4* + 5 ) + \/(4^-ii)= 2.(ij 

We have (4*+ 5)-(4*- ii)=i 6, (identically) 
i.c. { «/(4* + 5)I a ~ { v/(4* - u)p=i6. 

Dividing this by the original equation, we get 

VU-f + S)- '/(4-v-n)=8. 

Adding (i) and (2), 2 N /(4^ + 5)= 10 ; 

it 

Dividing by 2 and squaring, we have 

4 X + 5 - 2 s ; 4X = 20 and a-=5,.’, 

Ex. 2 . Solve J{2x+i)~ V(3x + 2)= v /(4 x+3)- > 4 ( 5 * + 4)....(1) 

Since (2*+ i)-(3*4-2) = -(*4- 1 )=( 4 * 4 - 3 )-( 5 * + 4 ) (identically) 

1 

/, Dividing the above by the given equation, we have 

J(2X + 1)+ V(3* + 2)= >/( 4 * + 3) +■ V( 5 ^ + 4 )--( 2 ) 
Adding (1) and (2), we obtain 2 V( 2 * 4 -i) = 2 >/( 4 * 4 - 3 ) ; 

Dividing by 2 and squaring, 2*4- 1 =4*4-3 ; 

2*=-2 and x— - 1. 
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386- Rationalisation of Denominator. The following is 
an illustrative example. 

Ex. 1 . Solve '-r-h - =4. 

Rationalising the denominator of each, we obtain 


---'-4. 


{ J ( i_+ x)-- *)- 1 > W(i -.r) + i}U/(i + r) + 1} 
(1-a-)-1 (i+.irj-i 

_ sfii-x-)- V(i-x)- s '(i+*) + i , 

OI-- ~r 

— X 


v'(l - z*) + J( I +.r)+ y/(i -x)+i 


X 


= 4. 


Multiplying by x 1 and adding up, we have 

2j(i+^) + 2 N /(i-,r)=4^ or % /(i + i)+ = 2 r. 

Squaring, 2 + 2 V(i —x 2 )*=4x 2 , or 2/(1 -r ,J )~4.r ,A - 2. 
Dividing by 2 and squaring again, we get 

j — x 2 = 4 x* — + 1 ; /, q.r 4 = 3.r 2 ; .r- -oor 4.1- =• 3. 

•• 

.*. -v = o or x — A JV 3. 

> 

* y 

* 369 . Componendo and Dividendo. If ^ = then 

u + b _c + d 
a-b~c- d ' 


will 


The following is atypical example. 


Ex. 1 . Solve 


a+X+ s/( 2 ax+x*) 


a+x - s /(2<z.r+.r 2 ) 
l>y Componendo and Dividendo, 


= b'K 


2 ( 0 + 0 ?) ti* 4 -1 


a+x 


P +1 


2 s/(2ax + a* 2 ) A* — 1 * J(2ax + X 1 ) b* - 1 * • 

tf 2 + 2dLir+.r 2 Vi*+l\* _ /£ v +i\ 2 

Squaring, i - • + * “ (,«-,) < 

/«* + i\- , 4** 

2 a *+* 3 (£ s - i ) 2 


‘ ’ 2«4t+jt* 


Inverting the terms, 


<r 


n 


4 ** 
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Adding I to both sides, we obtain 

a* + 2 ax+x 2 (b s -i) 2 

a* 4b 2 +I ’ ° r V a ) 


a-' 4 * ’ \ a ) 

Ext. the sq. root, — *= — 4 — , or I +— 


V ($*+0* 

/ " 4 ^ 3 ' 

£ 3 3 4-1 

fl* 2^ 


_ jr 4 9 +i (£-l) ! , . a „ 

Transposing, ^ = , and /. x=~ b (b-\f 


Exercise CXXXV. 

Solve the following equations 
1 . J($x- 14)- J($x-2i)=i. 2 . Jx->f[x 

3 . >f(x-2)+ J($x- i$)= V(3jr-io)-r <S(x + 7) 

4 * 

4 . s/(t s + 9 )+N/(^- 9 ) = 4 +^( 34 ) 

S " [r +d Y~{x (C. E 1865). 


-16) 


11 . 


___j_:_— * 

J(i —x) +1 ^/(i +jr)— 1 x 


s/(*+i) + </(r-1) T v ■Jx-'/^x- 


0_ 

o"' 


*J(2X + l) + s /(3y- 2) , 

J(2Vtl)- y/(3X-2) 7 ' 

y/a- s/{a- «/(<z 2 -a.r )l , 

n/« + v/i«- s/(a 2 - or)] ~ 


in a- J{2ax-x 3 ) 

W ‘ « + */( 2 <ur - *•) * 


I +A 


I -* 


1 o_ * ' ; y _I_ 

l+* + V(i+„r*) 1-* + J{i+x 2 ) 


— a. 


■■' 13 . -7-T7-T + -. . , . = 1. (C. F. A. 1882). 

. Jx-J(x- 2) Jx+ yf(x + 2) 

14 . ^(3**+ *6)- ^(3**-i6)=»8-4,72. 

V % 15 - ■/{«+ ^(a*-jr*)}+ V{a- J{a'-* 2 ))=n ^( fl+ 
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370 . Special Artifices. Some equations require special arti* 
ikes for their solution. 

Ex. 1 . Solve . = 1 + ^i£)— 3 . 

3 +*/( 5 *) 2 

We have -j^ 9 -. « 5 *) ,^3> „ , 

3 +v/( 5 *) 3 +<*/( 5 *) 

Hence the equation reduces to , 

^( 5 ^)- 3 * 2 . or x /(5r)=s. 

Squaring 5:1=25 and / % #=5. 

Ex. 2 . Solve \T(a+ y/x) + Y(a- yjx) ■■ If b. 

t 

Cubing both sides, we get 

<* + Jx+a- Jx + ff{(a + Jx)(a - x{^(a+ N /r)+ 3 "(^- V>)} = £. 

Substituting *y b for if{a + Jx) + V(a— V.r), 

2^ + 3^(a a -.r)i=^, or 3 (a 2 -x)b=b-2a. 

Cubing, 27(a 2 -x)b={b-2ay ; or a*-x—. 

. _ 2 ( b- 7 af Za^+iSaPb+Gafl — b* 

* • * -a 27b 27b 

Bz. 3 . Solve “ t/^-^-64. • 

a-J^-x 2 ) n ^(a+jr)*-/(a-*) 

. a + J(a 2 -x 2 ) _ 2a + 2 J(a 2 -x 2 ) ^ f ^/(a+jr)+ J(a-;>:) )* 
m a - ^(a 2 - jr^) 2a - 2 ^(a 2 - ,r 2 ) = \ N /(a + .r) - v '(a - *) j * 

therefore multiplying both sides by ^/[a ~ *) * 


we get 


f y/(a + Jr)+ J(a- 

l ./(«+*)- *'(«“ 




Extracting the cube root. 


*J(a + x) + */(<* - x) 


- 4 . 


’ J(a+jr)- ,J(a-jr) 

J(a+x s 5 a+ar 25 

5 ; squaring - , 


By Art. 369, and m \ x =^a. 
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4 . Solve 


9 r + 3 . _ 9 f -9 

_ * // _ 


sK 9 *+ 7 )+ 2 ^(9^+16)-5 


= 6 . 


Since gx + 3 = (9* + 7) - 4 = { ^(92: + 7) + 2}{ J{gx + 7) - 2} ; 

and 9-t —9 = (9.r+ 16) - 25 = ! V(. 9 X + 16) + 5 ){ v(9^'+ 16) - 5} 
Therefore the equation reduces to 
J(gx + 7)-2 + «/( 9*+16)+ 5 = 6, 

or V(9.r+i6)+ v /(9.r + 7 ) = 3 . . .(1) 


Now, since (9.r+ 16) — ( 9 -*' + 7 ) = 9 > (identically). 


Therefore dividing the above by the given equation, 
J(gx+ 16)- x /(9a +7) = 3.(2) 

Hence, adding (1) and (2), we obtain, 

2 J[ 9 X + 16) = 6, or J(gx+ t6) = 3. 

Squaring, gx+ 16 = 9 ; 9.1'= -7, and .* x— 


Ex. 5 . Solve v /(V“ + 39* + 374) — J(x‘ + zo.r + 51) 

-■vc-so- 

Transposing, + 39* + 374) - } f-^j 

= (.r 2 -f 20X + 51). 

Squaring and observing that .r 1 + 39* , + 374=** Cv + 22)(x + 17), 
** + 39 *+ 374- I 9 U' + 22 )+- , 5 1 ("Y“) =jr ,J 4-20A-+51. 
Transposing and simplifying, we have 

** A lF+l 7 /“ 95 ’ or *+T 

I9^r + 4i8-i 20.1+340 and /. ,r«*78. 

8. Solve ^( r L) + ^(.4i) -*</ ( 9 ' 5 ,.)■ 
Transposing, ^^-=</ (~>)~ 
Extracting the square root, ( j“) =°- 


____ rv h y 4 H 

. ..jy —95 x mu—is 
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Transposing and raising both sides to the 4 th power, 


5 


. 3 +* 


3+x 3 -jr ’ ' * 3 —x 


* 

w 


By Art. 369 , ~ = £ = 4 ; and .r=j}. 

✓v 


X. 7. Solve - s/(^+* r )+ -%/(<*+*) — \\/x. 

a x t> % 

Here, /-+ -\ s/(a+x) or V(«H-.r)= ~V.v. 
\a xl ax b 

. (a + xY- x'“ . , .3 a 

'• «.r = *,<*(«+*)—,«• 


Squaring and taking the cube root, we have 

«+r=(?) /.«-{(£)'’- 1 }* 5 


ab' :> 

•> •» 

- b* 


Ex. 8 . Solve 6 N /( 5 .r) + = 9 * + 5 . 

gx — s 

Transposing and resolving into factors, we have 

. - 4 ° j s(y_s 

(3s/*+*/5)(3s/*- a/5) 9 ’ (S * S ’ 

= (3 ~ n/5) 2 - 

Cancelling the common factor and clearing of fractions 

4° v / S — (3 \A*— %/5) n or (2j$)* = (3jx- Jtf. 

Taking the cube root of both sides, 2 V 5 =3 \fx— \j 5 ; 
Transposing, 3 */* = 3 */5 ; a/^= v /5 and /, .r=;. 


Exercise CXXXVI. 


Solve the following equations :— 
X — (IX X . oc> » 

= ■ • ( c - K - l 88 S)- 

X X 


2 . 


ax— 1 
J(ax) +1 


4 + — 1 • (C. E. 


1885). 





176 


MATRICULATION ALGEBRA, 


/ 3. 

5. 

' 6 . 

7. 

8 . 


ax — b % J{ax) - b 


J{ax) + b 


n 


-c. 


4. 


/ l*+ a \ ■ » a ~ b 


2(X + C) * 


W, 


9. 


Jx+a _ \/x+b _ Jx + c 

(Jx-b^Jx-cy (VA-a)( 

(c. e. 1867). 

X{i+x)+ V(i-a) = if2. (c. e. 1885). 

V(a+A) + V(a-x) = 6 . 

Ji(2a +x ) 2 + 0 2 } + „/{(2a - a-)* + 3 s } = 2a. 
a i -x* 


« + V(a*+x i ) 


= b- J(a*+x*). 


10 . 

11 . 

13- 


■/{a*2r s + b v /(4« 1 ^ 2 + «£a + b JqaV + 2 abx)) = ax+ b- 


x- J(x i -a ! ) 


2 Ja. 


12 . 


I + Jx+x 62 1+Jx 


J{x + a) + j{x - a) ~ v "’ "i -Jx+x 63*1-s/a' 

\/(a 2 +33A + 260)- -/(.r s + 18^ + 35) = 1 U B ^(* + 73)' 


14. 1 V(«+a)+* 4 /(«+a)=J 4 /a. 

U u 


15. 




id 


17. 


./<*+«> (rH) 1+ -.) (rji)* -* W 

V(l +a+a 2)+ */(l -a+a 2 ) = 2|-. 

(M) ,+ ’(;-i) ! =‘ 


i 


/jr a a a \* 

U a **/ • 


18 IrHJ(i+K) _ 

i + 5 #V ' 1 - 9 ** 


10 2o>/(i±jr s ) 4 . 

19> A+ J(I+A*) 


20 . 


21 . 


22 . 


v 23. 


i +*+ J(2jr+^ 2 ) _p ^( 2 +*)- ^ 

I+jr — iy/(2^r + Ar a ) ‘ N /(2-fx)+ */* 

-£ri_» I+ ±^. (m. m. 1866 ). 

<Jx+I 2 

H^ 2 __ I+ £( 3 £)n. („. M . ,875). 


V(3 a) -1 


»-* 


x*__a_ x*-a ^ x _x —s/a. ( M . M . 1864). 

x-Ja^x+Ja 2 
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21 a sf {\^) + ( a+2 ^\/('r^)~ 2y/ M a+2 ^ (M - M - i869) - 

125 . ^( 15 - 9 ^)+n/(»o- 4 ^)= V r (5-^r). (M. M. 1874). 

* sf (^7) + (Hi) + i • <“• M - 18 ^>- 

*• V= + V{^i- 


IV. EXPONENTIAL EQUATIONS. 


371 . In Exponential equations, the unknown quantity or 
quantities enter as an index or exponent of a quantity. 

Thus, a x = 6 , is an Exponential equation . 

372 . The simplest cases of Exponential equations that we shall 
here consider present the following obvious facts : — 

(1) If a x = a c y then x=c. 

(2) If a x — I, then x=o 9 for a () — 1. (Art. 106). 


Ex. 1. Solve 3 *-* = 27 . 

Since 27 = 3 S ) /. 3 x ~ i=s ? and /, *-4 = 3. 

/. ^ — 4 + 3 — 7 - 
Ex. 2. Solve 2 * + 2 . 3 x+<, = 648 . 

Since 648=8 x 81 = 2 n X 3 4 , /, 2 * + 2 . 3 x+a = 2 \ 3 4 . 

.*• -^r * 3r = I >°r 2-»x3--*-i. 

(2.3)*- l =i; *- 1 = 0 and x** \. 


Ex. 3. Solve a x .a v * 1 —d’ 

d lu .d ix * 6 •“ a 30 


•(0 

( 2 ) 



. E. 1879). 


From (1), a x * v * 1 =a\ x+y + i=*y or x+y *=6 .(3) ) 

From (2) a' lv * Tx * i = a ia , ay + 3* + 5 = 20, or 3x + 2y= IS-(4) / 


From (4) subtract twice (3), thus x=$. 
Hence, from (3)^=6-^ = 3. Thus 
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Ex. 4. Solve 2* +l + 3 1 ' = 97 .(i) 1 

2* + 3" +2 = 737 .(2) J 

From (i) 2.2* + 3>' = 97, and from (2) 2 x + 93" = 
Now writing X for 2* and 1 ’for 3", we have 


2.V+F=97 1 
and A'+9 l r =737 J 


whence A'= 8, 


Therefore 2* = 8 = 2 -! ; so that .1=3. 
Similarly, 3" = 8 i = 3 4 ; so that.y=4. 


J81. 


737- 


Exercise CXXXVII. 


Solve the following equations :— 


1. 

2X+2 a ^2, 

2. 

3.2 x+, = 4,8 

3. 

U m * 

M = 1 

• 

4. 

a mx-V — fiynx-p 

5. 

J 

’■ = g a x -y 

6. 

2 a " fl 

— 2* 

- t6 = o 

7. 

5‘ k+ ' 1 =■ 40000. 



8 3 r —9 V 

16' 

1 - X 

8"’-\ 

» 

9. 



10 

, f,*+* 


11. 

2 X .4 

?, = 1024 ) 


a x .a v+1 = a u J 




) 


3 X - 

-9"=?. I 

12. 

2 x = 8 v * 1 1 

13. 

2 Vx - 

= i6x 4 x+/ ) 


14. 

4 X .2 

r/ — 2 1(l 


9 V «3*- 9 J 



v = 6 v ] 


->7*4.2 

w ■ 

1= 2 ^ 

15. 

+ &-*)=* a 

a-'b“ 

■ 

16. 7 G 

2401, 

6& 

?) = 

1296. 

17. 

a z *.a l v = n l " \ 

18. 

3 x+i + 2 " = 8 5 


19. 

= 4r x -I 


a° x .a*-"" = «* 4 j 


3 *. 

- 2 v+2 = i r J 



r v- 

j 

20. 

r* = r 2x , 2* = 2X4 x , 

X +J' + 

r= 16. 






V. HARDER PROBLEMS. 

373 - We shall add here a few Problems of a harder type than 
those considered in Art. 162 with their solutions. 

y Ex. 1 . A farmer bought equal numbers of two kinds of sheep, 
one‘ kind at Us. 6 each, the other at /fa 8 each ; if he had expended 
his money equally in the two kinds, he would have had three sheep 
more than he did. How many of each kind did he buy ? (c. E. 1898 

Let x be the number of each kind of sheep bought. 

Then 2* is the total number of sheep bought. 

The sum expended on one kind =/fa.6* and that on the othei 
kind*=/fa.8;r, so that the whole sum expended = /fa.(6;r + 8 a) — Rs.i 4 x 
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If he had expended the sum equally in the two kinds, each kind 
would have cost him Rs.yx^ and then he could have bought ^ sheep 

lx 

of the first kind and 5- sheep of the second kind; thus the total 

o 

( lx 7r\ 
g + g 1 sheep. 

Hence, by the question, we have 

lx 7X . 

4* Q = 2x 4- 3, whence .1' = 72. 
o o 

Thus the number of sheep bought of each kind =*72. 


Ex. 2. A bankrupt paid onl> ils. 6 d* in the pound to his- 
1 reditors, and then gaye i of what he still owed to the lawyers. This 
left him ,£20 for his current expenses What was the amount of his 
debt? (C. K. 1886). 


Let x be the amount of his debts in pounds. 
Since, in £1 he paid 17^. M. or 17 1 .^. 


j 71 

in £x, . £\* x ox £lx. 

Thus, he still owed j£(r — lx) or £*.x 
gave away Jths, 

/. i of £^x or £,Vr remained. 


but of this amount he 


/. By the question, we have 

^x = 20 ; whence .r=800. 
Hence the amount of debts = ;£ 8 oo. 


Ex. 3. Divide the number 127 into four such parts that the first 
ncreased by 18, the second diminished by 5, the third multiplied b> 
and the fourth divided by 2i, shall be equal, (is. M. 1883). 

Let .r be the common result in each case. 

» 

Then, since the first part+18 — x, the first parlor - 18. 

The second part — 5 = x y m \ the second part =x + 5. 

The third partx6 = .r. /, the third part = J.r. 

The fourth part -*-2.J =x, /. the fourth part = 2! x.r 
/, By the question, we have 

(*-i 8 ) + (* + 5) + J-r+2j xx=* 127 ; 

whence ^■■30, and the parts are 12, 35, 5, 75. 
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374. Work and Cistern. If an agent can do a work in m 
days, then the average daily work of the agent is i/#*, taking unity 

to represent the work. Similarly, if an agent does —ths of any work 


in one day, he will do -th of it in — th of a day, and therefore the 

ft tn 


tt 

whole work in ~ days. 

tn 


Ex. 1 . A*and B together can do a piece of work in 15 days; 
A can do it alone in 24 days ; how long would B take to do it alone ? 
(C. E. 1877). 


Let x be the no. of days B alone would take to do the work. 

In one day, B does -th of the work and A does -Jjth of the 

work. Therefore they together can do of the work in 

one day. 


But, by the question, A and B together can do of the work in 
a day, 



whence * = 40. 


Hence B can do the work alone in 40 days. 


Ex. 2 . A can do a piece of work in 10 days ; but after he has 
been upon it 4 days, B is sent to help him, and they finish it together 
in 2 days. In what time would B have done the whole ? 

Let x be the no. of days B would have taken. 

In one day A does ^th of the work and B does * th of the work. 
Therefore in 4 days, A does or f th of the work and in 2 days, A 


2 2 i \ 2 

and B together do — + ~ or 1 - + - ) th of the work. 

10 x \5 xf 

2 /1 2\ 

By the question, ~ + I - + - 1 ** 1 ; whence x*= 

5 \5 % 9 

Hence B can do the whole work alone in 5 days. 



Ex. 3 . A cistern can be filled in half-an-hour by a pipe A, and 
emptied in 20 min. by another pipe B. After A had been opened 
20 min., B is also opened for 12 min., when A is closed, and B 
remains open for 5 min. more, and now there are 13 gallons in the 
cistern ; how much would it contain when full ? 

Let x be the no. of gallons that would fill the cistern. 
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In one min. A brings in fox gals., and B carries out fox gals. 
Now A is opened altogether for 32 min. during which time it brings 
in $%x or £$* gals., and B for 17 min., during which time it carries 
out hlx gals. 

/, By the question, \hx** 13 ; whence *=*60. 

Hence, the cistern can hold 60 gals, when full. 


375 . Percentage. Problems relating to percentages require a 
knowledge of Profit and Loss. 

(i) If an article be sold at a profit of a per cent., then 
the selling prices 1 1 4 - x cost. 

(li) If an article be sold at a loss of a per cent., then 
the selling prices ^ 1 - x cost. 


Ex. 1 . How much are eggs a score, when a rise of 20 per cent, 
in the price would make a difference of 4 scores in the number which 
could be bought for Rs. 10. 

Let x as. be the price of a score of eggs. 

The number of scores of eggs which can.be bought for Rs. 10 

10x16 160 

=-or-. 

x x 


On a rise of 2^ per cent, in the price, the price of a score of 

eggs will be x (1 +,*$&) or j}r as., and the number of scores of eggs 

,1 . - „ 10x16 40c 

which can be bought for Rs 10= —^— or — . 

z x 3 X 


■ • 


_ f . 160 400 , ... 

By the question, — — —=4; whence x=o$. 

x $x 


Hence the price of a score of eggs is 6 a. 8 p. 

Ex. 2 . A person bought an article and sold it at a profit of>, 
6 per cent Had he bought it at 4 per cent, less, and sold at Re. 1. 3 a. ; 
more, liis profit would have been 12 per cent. For how much did he 
buy it? (P. E. 1891). ^ 


Let x be the cost price in rupees. 

The actual selling price at 6 per cent, profit 
= Rs.x(i+^ ( f) = Rs. t li%x. 
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If he had bought the article at 4 per cent, less, the cost price 
would have been Rs.x{i - t 00) —and l ^e selling price on this 
cost at 12 per cent, profit 

By the question, o£pr = .-!o- r + IA J whence .v«= 78 J. 

Hence the required cost is A*s.j 8. 2a. 


Ex. 3 . How many bundles of hay at A^.5. per thousand must 
Aghas'ivala mix with 5600 bundles at Rs 6 per thousand in order that 
he may gam 20 per cent, by selling the whole at 11 as, per hundred. 

(C. K. 1875). 


Let x be the numbei of bundles required. 

Price of x bundles at Rs. 5 per 1000 —- Rs. L - (} x = Rs. ( \ {) x. 


.5600. -Rs .6.AYJj; x 6=Rs. 1 

/, the total cost of (2:4-5600) bundles =Rs.(>,} t{r v 4-J-Ji* 4 ). % 
The selling price at 20 per cent, profit on the above 

- rs.(,ux +^ »xi 4- f 0 ° () j= Rs.i(^ u x +»r). 


But the selling price of (.r 4- 5600) bundles at jum. per hundred 
* |V 0 (* 4 - 5600) as. = Rs. x 1 0 {x 4 - 5600). 


By the question, %J l() x + *'-I*)-, A,’,„(* + 5600) ; 
whence .r — 2080. 


Hence the no. of bundles required = 2080. 

376 . Mixture. The following are illustrative Examples. 

Ex. 1 . There aie two bars of metal, the first containing 14 0/ 
of silver and 6 of tin, the second containing 8 oz. of silver and 12 of 
tin ; how much must be taken from each to form a bar of 20 ox. 
containing equal weights of silver and tin ? 

Let .r be the no. of oz. to be taken from the first bar, 

then 20 — x is the no.second. 

Now, since 14 4 - 6 == 20, /. \‘} t or fo of the first bar, and therefore 
of every oz. of it, is silver ; 

and since 8 4-12 ==20, /. or j? of every oz. of the second bai 
is silver. 

1 

Thus, in x oz. of first bar, there are fox silver and in (20-2:) o/- 
of second, there .are 5(20-.r) silver. 
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ilut there are to be altogether 10 oz. of silver in the compound, 

/. by the question, 5(20- x) = 10 ; 

whence jr 635 , and 20-.r= r 3J. 

Hence 65 oz. to be taken from first and 13J oz. from second. 

Ex. 2 . A \essel contains a mixture of wine and water, so that 
jor every 5 gallons of wine there are 3 gallons of water ; another 
vessel contains a mixture of 9 gallons of wine and 7 gallons of water. 
What quantity should be taken of each mixture so as to produce a 
new mixture of 30 gallons containing \l times as much wine as 
water ? 

Let x be the no. of gallons to be taken from the first vessel. 

then 30 —.r is the...second. 

Since 5 + 3 = 8, in every 8 gals, from the first \essel, we take 
^ gals, of wine and 3 gals, of water. 

/, in x gals, from the Tst, we take ix gals, of wine and %x gals, 
of water.. 

Again, since 9 + 7=16, in every 16 gals, from the second vessel, 
we take 9 gals, of wine and 7 gals, of water. 

.*• in (30 — x) gals, from the 2nd, we take 1V30-.tr) gals, of wine 
uul i 7 ft (3o —*) gals, of water. t 

Thus, wine in the new mixture = {£.r+ i*ii(3° — -v)J gals, 
and water.={iLr+ 1^(30— r)\ gals. 

% the question, + ^(3 °" x )= 1 i<M- r + i 7 rt(3 0 -*)} J 

vhence x— 18 and 30 - .r - 12. 

Hence 18 gals, to be taken from 1st and 12 gals, from 2nd. 

377. Provisions. In questions involving provisions, bear in 
mnd that the total quantity of food consumed— number of men x time 
x rate of allowance per man. 

Ex. 1 . A gairison had sufficient provisions for 30 months, but 
it the end of 4 months the number of iroops was doubled, and 3 
months after, it was re inforced with 400 men more, on which 
accounts the provisions lasted only 15 months altogether. Required 
the number of men in the garrison before the augmentation took 
place, (h. E. 1871). 

Let x be the required no. of men, 
and a the monthly allowance per man. 

Then the total quantity of provisions = 30^.1. 
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Again, x men in the first 4 months consnmed 4 ax, 

7 .x .next 3 months consumed 6 ax. 

and 2*4-400. last 8 months consumed 8(2*4-400)0. 

By the question, 4ax + 6ax +8(2.r+400)^= $oax ; 

Dividing both sides by a y 4* 4-6*+ 8 (2* 4-400) = 30* ; 
whence *=800. 

Hence, the no. of men in the garrison at first was 800. 

Ex. 2 . A ship left Bombay on a voyage of 3 weeks, with pro 
visions for that time at the rate of 1 seer a day for each man. At the 
end of a week a storm arose which washed 4 men overboard and so 
damaged the vessel that the speed was reduced by half and each man 
could be allowed only $ of a seer per diem. What was the original 
number of the crew ? (b. e. 1863). 

Let x be the original number of the crew. 

The total quantity of provisions in the ship = 3 X7 x 1 xx seers 

= 2 ix seers. 

Again, x men in the first week consumed iX7xixror 7^ seers 

and x-4 men in the remaining four weeks, which was increased 
from two to four, on account of the vessel’s speed being diminished 
by half, consumed 4X7* ?(•*■“ 4) or 21 (*-4) seers. 

/, By tfip question, 2i* = 7;r+ 2i(:r-4) ; 
whence 12. 

Hence, the original number of the crew was 12. 


378 - Motion. In questions involving distance, time and rate, 
keep in mind that 

time =* distance/rate ; distance=time x rate. 

Ex. 1. A person has just a hours at his disposal. How far 
may he ride in a coach which travels b miles an hour, so as to return 
home in time, walking back at the rate of c miles an hour ? 


Let x be the required distance in miles. 

Then ^a-time in hours taken by the coach. 

* x 

and ^3=...in walking back. 

• x x , abc 

. * By the question, - 4 * ~ c = a 5 whence x = y_^ c • 

Hence the required distance is miles. 


/ 
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Ex. 2 . A person walks from A to B, a distance of 7% miles, in 
2 hours 17! minutes and returns in 2 hours 20 minutes, his rate of 
walking up-hill, down-hill and on a level road being 3, 3A and 3J 
miles per hour respectively. Find the length of the level roaa 
between A and B. (b. e. (1884). 

Let x be the length of the level road between A and B in miles. 

Then the remainder of the distance between A and B is 7A — x 
miles, which is partly up-hill and partly down-hill. 

The whole time taken is 2 hrs. I7J min.+ 2 hrs. 2omin. = 4 hrs. 
37?, min. = 4§ hours, during which the person goes up-hill 7\-~x miles, 
down-hill 7\ —x miles and on the level road 2x miles. 


7 A 

The time to go 7\ — x miles up-hill=: --— hours. 

3 

7 A — r 

* „ 7\ ~~ x miles down-hill= --- hours 

34 

* 7.X 

„ „ 7 .x miles on the level — ^ hours. 


, • 7h— X 7 l—X m 2X 

By the question, —- - + 7 “4$ 5 

3 34 


whence .r = 4;. 




Hence the length of the level road is 44 miles. 


Ex. 3 . A hare is 50 of her own leaps before a greyhound ; she 
takes 4 leaps for every 3 that he takes, but he covers as much ground 
m 2 leaps as she does in 3. How many leaps must the greyhound 
lake to catch the hare ? 

Let $x be the no. of leaps taken by the greyhound, 
then 4X is the no. of leaps taken by the hare in the same time, 
and 4-r-f 50 is the total no. of hare’s leaps. 

Again, let a denote the no. of inches in one leap of the hare, 
then yi is the no. of inches in 2 leaps of the greyhound, 

/, \a is the no. of inches in one leap of the greyhound. 

Thus 3 x leaps of the greyhound~x $x or \ax inches, 
and 4^ + 50 leaps df the hare *=#(42: + 50) inches. 

/, By the question, —<7(4*4-50) ; 

Dividing by we have ^*=*4^+50 ; whence .r«=ioo. 

Hence the greyhound must take 300 leaps. 

* 

M. A.—25 
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Ex. 4 . A train, 195 ft. long, runs at the rate of 20 miles an 
hour ; another 245 ft. long, runs on a parallel rail (i) in the opposite 
direction, (ii) in the same direction, at the rate of 30 miles an hour- 
how long will they take to pass each other ? 

Let x be the time in hours in which they pass each other. 

When the trains pass each other, they travel over a distance = 
sum of the lengths of the two trains 

= 195 ft.+ 245 ft.«440 ft. = ^0 mile. 

(1) When travelling in the opposite direction we have 
2ar + 3o.r= l , . J ; whence x— 

Hence the reqd. time = *J 0 hour. = 6 sec. 

(ii) When travelling in the same direction, we have 
30.1* — 20 .V = ^ ; whence x— t 
Hence the reqd. time—,i () hour. —30 sec. 

Ex. 5 . The termini of a railway 126 miles long are at A and 
C, and the station B, at which a certain train stops 15 minutes, is 
70 miles from A. The whole journey from A to C takes 15 minutes 
less than twice as long as the journey from A to B. Determine the 
average rate of the train, including all stoppages except that at B 
(P. I. K. 1887). 


Let x be the rate of the train in miles per hour. 


The train takes 


126 


.r 


~ hours to travel from A to C. 


Also the train takes hours to tra\el from A to B. 

x 

•• 

By the question, I2 - 6 + 1 = 2 X7 ° _ t. (for 15 min. = l hr.) 

-i* 4 X 1 

whence .x* = 28. 

Hence the rate of the train is 28 miles per hour. 

379 . Motion up and down a stream. In such questions 
remember that the 

(i) rate of rowing down a stream —rate on still water -f rate 
of curt'ent. 

japd (ii) rate of rowing up a stream — rate on still water -1 ate 

of current. 

W 

/ Ex. 1 . A crew which can pull at the rate of 9 miles an hour, 
.finds that it takes twice as long to come up a river as to go down ; 
find the rate at which the river flow's. 

Let x be the rate of the stream in miles per hour. 


& 
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Then the crew can row 9+* miles per hour down the stream and 
0 ~x miles per hour up the stream. 

Let l denote the distance rowed in miles. 


Then -=time in hours taken to row up the stream, 

9 - x r * 


and - — . down 

9 + .1 


/. By the question, —= 2X - ; 

' 1 Q-x 9+x 


Dividing bv 4 = —7— ; whence * = 3. 

9-^ 9+Jf 

Hence the rate of the stream is 3 miles per hour. 


Ex. 2. A person rowed down a river, a distance of 15 miles, 
in i j hours with the stream, and rowed back again in 3} hours. Find 
. the rate o 5 the stream per hour. 

Let x be the rate of the stream per hour in miles. 

vSince the person rowed 15 miles in if hours, therefore his rate 
of rowing down the stream is (15-5-1}) or 12 miles per hour. 


Hence his rate of rowing in still water is 12—x miles per 
hour, and therefore his rate of rowing back was 12—.r—or or 12 -2x 
miles per hour. 

/, IJv the question, - ^ =34 ; whence ^'=4. 

12 2X 

Hence the rate of the stream is 4 miles per hour. 


380. Clocks. In questions relating to clocks and watches, 
hear in mind that the minute-hand travels twelve times as past as the 
lour-hand. 








v. rj\ * + 




1 * 

(i) When the hands are coincident\ i.e., in the same direction , 
die re are no spaces between them. 

(ii) When the hands arc in exactly opposite directions, they arc 
separated by 30 minute-spaces . 

(iii) When the hands are at right angles to each other (which 
happens twice in an hour), they are separated by 13 or 43 minute 

•'A** cs. 

Ex. 1. Find (a) the instant of time between 3 and 4 o’clock at 
u hich the hour-hand and the minute-hand are exactly in the same 
direction , (b) that at which they are exactly opposite each other. 
0 : K. 1862 ). 
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(a) Let x be the reqd. no. of 
minutes after 3 o’clock, 

then i\xsstht no. of minute- 
spaces the hour-hand will 
travel over in x minutes. 


At 3 o’clock the hour-hand was 
ahead of the minute-hand by 
15 minute-spaces, 

/. the minute-hand has to travel 
(i5 + iV r ) minute-spaces to over¬ 
take the hour hand. 


By the question, x= 15 -f 


12 




whence x =* i 6 t 4 t . 

Hence the hands are in opp osite 
dirqqtio n at i6 t 4 T min. past 3. 

( b ) Let x be the reqd. no, of 
minutes past 3 o’clock. 



then yVrssthe no. of minute spaces the hour-hand will travel 

over in x minutes. 


At 3 o’clock the hour-hand was ahead of the minute-hand by 15 
minute-spaces, and the hour-hand must be ahead 30 minute spaces 
when the two hands are opposite to each other. 


x 

By the question, x= 15-f ^ +30 ; whence x = 49 1 V 

Hence the hands are opposite each other at 49^ min. past 3. 

Ex. 2 . At what times are the hands of a watch at right angles 
to each other (a) between 2 and 3 o’clock, ( b) between 5 and 6 o’clock. 

(1 a ) Let x be the reqd. no. of minutes after 2 o’clock. 

then yVr=the no. of minute spaces the hour-hand will move over m 
x minutes. 

At 2 o’clock the hour-hand was ahead of the minute-hand by 
10 minute-spaces, and the minute-hand must be ahead of the hour- 
hand 15 or 45 minute-spaces when the two hands are at right angles 
to ea<ch other. 

.% By the question, x— ^10-f- ~ 

hand is to be in advance of the hour-hand. 

whence x—27 T \ or 60. 

Hence the hands are at right angles once at 27 T 3 T min past 2 and 
again at 3 o’clock. 


^=15 or 45, since the minute- 
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(3) Let x be the reqd. no. of minutes after 5 o’clock. 

then T Vtf“=the no. of minutes-spaces the hour-hand will 
move over in x minutes. 


At 5 o’clock the hour-hand was 
ahead of the minute-hand by 25 
minute-spaces, 

/, at x minutes past 5 the hour- 
hand iif separated from the mark 
12 by (25 + T Vr) minute-spaces. 

By the question, when the 
hands are at right angle 0 , 

^-(25+; T 2 ) = i5 or -15, 

according as the minute-hand is 
the more, or less advanced of the 
two, 


whence .r=43y x or io xx \ 



Hence the hands are at right angles once at roJV min. past 5 and 
again at 43 T 7 T min. past 5. 


Ex. 3 . Find the time after h o’clock at which the hour and 
minute-hands of a watch are distant d of the minute divisions from 
each other. 


Let x be the reqd. no. of minutes after h o’clock 

then jVr — the no. of minutes-spaces the hour-hand will 
travel over in x minutes. 

At h o’clock the hour-hand was ahead of the minute-hand by 
minute-spaces, 


/, at x minutes past h the hour-hand is separated from the 12 
o’clock mark by (5A + T V0 minute-spaces. 

By the question, ;r-^5A + ~^ = +rfor according as the 

minute-hand is the more or less advanced of the two, 

whence x = xx (5 A ± rf)- 


Ex. 4 . A man who went out between 5 and 6 and returned 
between 6 and 7, found that the hands of his watch has exactly 
changed places. When did he go out? (p. K. 1894). 
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Let x be the reqd. no. of minutes after 5 o’clock, 

then T^ssthe no. of minute-spaces the hour-hand will 

travel over in x minutes. 

At 5 o’clock the two hands are separated from each other hv 
25 minute-spaces, 

/. at x minutes past 5 the hour-hand is separated from the 
12 o’clock mark by (25 + minute-spaces. 

When the two hands exchange 
places, the minute-hand will be 
(25+jVr) minute-spaces and the 
hour-hand x minute-spaces respec¬ 
tively from the mark 12, 

the hour-hand will be V* 

*( 2 5 + tV*) minute-spaces after the 
mark 6, /. c. {30 +^(25 -f fox)\ 
minute-spaces after the mark 12. 

By the question, :r== 3o-f 1 , z 
X ^254-^j ; whence .1=32/5. 

Hence the man s hour of depar¬ 
ture is 32min. past 5. 



yf 381. Formation of Squares. In questions relating to 
formation of squares remember that the 

(i) no. forming a solid squarein front)*. 

(ii) no. forming a hollow squares {no. in front)* - (no. in front 

- twice depth)*. 

or—./ times the depth x.(no. in front— depth). 

Ex. 1. A number of troops being formed into a solid square, 
it was found there were 60 over; but it would require 41 more to 
increase the side of the square by one. Find the number. 

l A et x be the no. of*men in a side of the front square. 

Then the total no. of men is x 2 + 60. 

Again, to increase the side of the square by one man, the total 
no. of men in the square will be (*+1) 2 . 

/, By the question, # 2 +6o=(*+ i) 3 — 41 ; whence *=50. 

Hence the no. of men required *= So 2 + 6o« 2560. 
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Ex. 2 . An officer can form his men rnto a hollow square 5 
deep and also into a hollow square 6 deep, but the front in the 
latter formation contains 4 men fewer than in the former ; find the 
number of men. (c. E. 1887). 

Let x be the no. of men in the front of the hollow square, 5 deep, 

then x — 4 is the no. of men in the front of the hollow square, 
6 deep. 

The total no. of men in the first case = .r‘ J - (.r - io) 2 = 2or- 100. 
and the total no. of men in the second <ase = (.i — 4) 2 — {(jr — 4) — 12J* 

— (r- 4 )*-(^-f6>» 

— 241'- 240. 

By the question, 2o,r- 100= 24.r-240 ; whence x = 35. 

Hence, the reqd. of men = 20 x 35 - 100=600. 


Exercise CXXXVIII. 

t 

1. Find a number such that if of it Ik* subtracted hum 20, 
and t't of the remainder from -J of the original number, 12 tunes 
(lie second remainder shall be half the original number. 

2 . A gamester at one sitting lost of Ins money, and then 
won /i\r.io; at a second tie lost ^ of the remainder, and then won 
A'j.3 ; and now lie has 7 \\v.63 left, llow much money had he at first ? 

3 . A fish was caught whose tail weighed vtbs. ; his head 
weighed as much as his tail and half his body, and his body weighed 
as much as his head and tail. What did the fish weigh ? 

4. A fathers age is four times that of his eldest son and five 
times that of his voungei son : when the e lder son has lived to 
tin ee times his present age, the father's age will exceed twice that 
of his younger son by 3 years. Find theif present ages. (b.m. 1882)^ 

5 . A farmer bought equal numbers of two kinds of sheep, 
one at ^3 each, and the other at ^4 each. Had he expended his 
money equally in the two kinds, he would ha\e had two more sheep 
than he had. How many did he buy? ! \.E. 1891) 

6. A person dies worth A's 1 30000 ; some of fliis he leaves to 
Charity, and twelve times as much to his eldest son, whose share 
is half as much again as that of each of his* two brothers, and two- 
thirds as much again as that of each of his five sisters ; find the 
amount of the bequest to the Charity. 

7. A composition of copper and tin containing 140 cubic inches 
weighs 42ft>s. 3 oz. How many ounces of each are there, if a cubic 
inch of copper weighs 5joz. and a cubic inch of tin 4j oz. 
(M.M. 1891). 
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8 . What quantity of corn at Its. 5 per maund must a trades¬ 
man mix with 560 maunds at Xs. 6 per maund, in order to gain 20 
per cent, by selling the whole at 2a. 6 p. per seer ? (p. K. 1888). 

9 . Divide the number 834 into two parts such that 30 per cent, 
of one part exceeds 40 per cent, of the other part by 6. (c.fc. 1893). 

10 . A can do a piece of work in 9 days, B in twice that time, 
C can only do ^ as much as A in a day ; how long would A, B and 
C, working together require to do the same piece of work ? 
(c.E. 1876). 

11 . A and B can reap a field together in 7 days, which A alone 
could reap in 10 days ; in what time could B alone reap it ? 

12 . A cistern can be filled in 15 min. by two pipes, A and B, 
running together; after A has been running by itself for 5 min., 
B is also turned on, and the cistern is filled in 13 min. more ; in 
what time would it be filled by each pipe separately ? 

13 . A does 77 of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it ; in what time 
would they have done the whole, each separately, or both together i 

14 . A man and his wife could drink a cask of beer in 20 days, 
the man drinking half as much again as his wife ; but* of a 
gallon having leaked away, they found that it only lasted them 
together for j 8 days, and the wife herself for 2 days longer. How 
much did it contain when full? 

15 . A boy buys a certain number of oranges at 3 for 2 d., 
and one-third of that number at 2 for \d. ; at what price must he 
sell them to get 20 per cent, profit ? If his profit be 5^. 4 d., find 
the number bought. (C.K. 1885). 

16 . A cask A contains 12 gallons of wine and 18 gallons of 
water; and another cask B contains 9 gallons of wine and 3 gallons 
of water ; find how many gallons must be drawn from each cask 
so as to produce by their mixture 7 gallons of wine and 7 gallons 
of water. 

17 . A and B can reap a field together in 12 hours, A and C 
in 16 hours, and A by himself in 20 hours ; in what time could (i) 
B and C together, (li) A, B and C together, reap it ? 

18 * A and B can pterform a certain task in 30 days, working 
together. After 11 days, however, B is called away, and A finished 
it by himself 28 days after. How long would it take A to do the 
whole of the work by himself? 

19. Two vessels contain mixtures of wine and water ; in one 
there is twice as much wine as water, and in the other, three times 
as much water as wine. Find how much must be drawn off from 
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each, to fill a third vessel which holds 15 gallons, in order that its 
contents may be half wine and half water. (B. M. 1890). 

20 . I bought a horse and a carriage for £90 ; I sold the horse 
at a gain of 12 per cent, and the carriage at a loss of 4 per cent, and 
gained on the whole 6 per cent. Find the prime cost of the carriage, 
(is. M. 1885). 

21 . A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of a pound a head ; after being at sea 20 days, she 
encounters a storm in which 5 men are washed overboard and damage 
sustained that would cause a delay of 24 days, and it is found that 
each man's daily allowance must be reduced to ^ths of a pound. 
Find the original number of the crew. 

22 - A person walked out a certain distance at the rate of 3^ 
miles an hour, and then ran part of the way back at the rate of 7 
miles an hour, walking the remaining distance in 7 minutes. He 
was out 35 minutes. How far did he run ? (A E. 1890). 

23 . ‘Two persons started at the same time from A. One rode 
on horse back at the rate of 7£ miles an hour and arrived at B, 
30 minutes later than the other, who travelled the same distance 
by train at the rate of 30 miles an hour. Find the distance between 
A and B. (c. E. 1873). 

24 . Of the candidates in a certain examination, 45 per cent, 
passed. If there had been 30 more candidates of whom 19 failed, 
the number of succ essful candidates would have been 44*8 per cent 
How many candidates were there ? (C. E. 1890). 

25 . A man rides one-third of the distance from A to B at the 
tate of a miles an hour, and the remainder at the rate of 2 b miles 
an hour. If he had travelled at a uniform rate of y miles an hour, 
he could have ridden from A to B and back again in the same time. 

2 i j 

Prove that - = ~ + - (c. K. 1889). 

cab 

26 . A travels at the rate of 3 miles an hour ; B leaves the same 
place two hours after A and travels at the rate of 5 miles an hour ; 
when and where will B overtake A ? (c. V. a. 1869). 

27 . At what time are the hands of a .^vatch together between 
5 and 6 o'clock ? (c. E. 1886 ). 

28 - AB is a railway 220 miles long, and three trains (P, Q, R) 
travel upon it at the rate of 25, 20 and 30 miles per hour respectively ; 
P and Q leave A at 7 a. m., and 8-15 a. m., respectively and R leaves 
B at 10-30 a. m. When and where will P be equidistant from Q 
and R ? (c. E. 1870). 
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29 . 'The express leaves Bristol at 3 p. M., and reaches London 
at 6 p. m. ; the ordinary train leaves London at 1-30 i>. m., and 
arrives at Bristol at 6 P. M. If both trains travel uniformly, find the 
time when they will meet. (c. E. 1892). 

30 . A and B start together from the same point on a walking 
match round a circular course. After half an horn, A has walked 
three complete ciicuits, and B four and a half. Assuming that each 
walks with uniform speed, find when B next overtakes A. (p. e. 1892]. 

31 . A alone can do a piece of work in a hours, A and C 
togethei can do it in b hours, and C’s work is i///th of B’s The 
work has to he completed in c hours. Find (1) how long after A ha- 
commenced, B and C should relievo him, so as to finish the work m 
time; (li) how long after A has commenced, B and C should join 
him so that the three working together might 111st complete the work 
in time ? (M. \l. 1867). 

32 . A pei sun sets out to walk to a certain town. But when he 
has accomplished a quartet of his journey, he finds that if he 
continues at the same pace, he will have gone only ”;ths of lfc»e whole- 
distance when he ought to be at his destination. He therefore 
increases his speed by a mile per hour, and ai rives just in time. Find 
his rates of walking, (m. M. 1875). 

33 - A person has a number of rupees which he tries to arrange 
in the form of a square. On the first attempt lie has 116 over. When 
he increases the side of the square by 3 rupees, he wants 25 rupe< ■> 
to complete the square. How many mpeea has lie? (it. M. 1875). 

34 . A number of troops being foimed into a solid square, ,1 
was found there weie 60 over ; but, when formed into a column 
with 5 men more in front than before and 3 less in depth, there wa-> 
just one man wanting to complete it. Find the number. 

35 - Divide 90 into four such parts that if the first be 
increased by 5, the second diminished by 4. the third multiplied by 3, 
and the fourth divided by 2, the results shall all be equal. 

36 . Two casks, A and B, contain mixtures of wine and walei ; 
in A the quantity of wine is to the quantity of water as 4 to 3 ; in B 
the like proportion is that of 2 to 3. If A contain 84 gallons, what 
must B contain, so that when the two are put together, the new 
mixture may be half wine and half water ? 

37 . A privateer running at the rate of 10 miles an hour discover^ 
a ship 18 miles off, running at the rate of 8 miles an hour ; how 
many miles can the ship run before it is overtaken ? (it. M. 1865). 

38 . An officer can form the men of his regiment into a hollow 
square 12 deep. The number of men in the regiment is 1296. Find 
the number of men in the front of the hollow square. 
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39 . An officer can form his men into a hollow square 4 deep, 
and also into a hollow square 8 deep ; the front in the latter formation 
contains 16 men fewer than in the former formation ; find the number - 
of men. 

40 . A regiment was drawm up in a solid square; when some 
time after it was again drawn up in a solid square it was found that 
there were 5 men fewer in a side ; in the interval 295 men had been 
removed from the field ; what was the 01 iginal number of men in 
the regiment ? 

41 . At what time are the hands of a watch opposite to each 
other ( a ) between 1 and 2 o’clock ; ( b ) between 7 and 8 o'clock, 

42 . At what times between 7 and 8 o’clock are the hour and 
minute-hands of a watch at right angles to one another? 

43 . It is between 11 and 12 o’clock, and it is observed that the 

number of minute spaces between the hands is two-thirds of what it 

was jo minutes previously ; find the time. 

* 

44 . iho distance from a place P to another place Q is 3-! miles ; 
two persons A and B start together from P to go to Q, the former by 
carriage which travels at the rate of 6 miles an hour, the latter 
walking at the rate of 3 miles an hour. If A remains at Q for 
15 minutes, and then returns by the carriage to P, find where lie 
will meet B. (r. h. 1882). 

45 . A smuggler had a quantity of bramly, which he expected 
would produce £i). 18jt : after he had sold jo gallons, a revenue 
officer seized one-third of the remainder, in consequence of which 
the smuggler makes only ^8. 2s. ; required the number of gallons 
he had and the price per gallon. 

46 . A hare is 80 of her own leaps before a greyhound ; she 
takes 3 leaps for every 2 that he takes, but he covers as much ground 
in one leap as she does in 2. How many leaps will the hare have 
taken before she is caught ? 

47 . If 19 tbs. of gold weigh 18 lt>s. m water, ind 10 lbs. of 
silver weigh 9 lbs. in water, find the quantity of gold md silver in a 
mass of gold and silver weighing loblbs. m air and 99 lbs. in 
water, (b m. 1888). 

48 . The denominator of a fraction exceeds the numerator by 4, 
and if 5 be taken from each, the sum of the reciprocal of the new 
fraction and four times the original fraction is 5. Kind the original 
fraction, (b. m. 1892). 

49 . Two towns L and M are 30 miles apart. A sets off from L 
to M f and B from M to L at the same moment. A reaches M 16 
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hours, and B reaches L 36 hours after they have met on the road. 
Find the time taken by each to perform the journey, (p. e. 1887). 

50 . A crew which can pull at the rate of 8 miles an hour 
down the stream, finds that it takes twice as long to come up a 
river as to come down. At what rate does the stream flow ? 

51 . At what time between 4 and 5 o’clock are the hands of 
a watch coincident ? 

52 . A person buys a piece of land at /fa.300 a cottah, and 
by selling it in allotments finds the value increased three-fold, so 
that he clears A^.1500, and retains 25 cottahs for himself; how 
many cottahs were there ? 

53 . Divide the number 88 into four parts such that the first 
increased by 2, the second diminished by 3, the third multiplied 
by 4, and the fourth divided by 5, may all be equal. 

54 . A merchant goes to three bazars in succession. At the 
first he gains 15 percent, on his capital; and at the second 20 per 
cent, upon his increased capital ; and at the third 25 per cent, 
on what he then possessed : on his return home he finds that he has 
gained /fa.2639. What was his original capital ? (m. m. 1863). 

55 . The charge for the first class tickets of admission to an 
exhibition was /fa'.4 each and the charge for second class tickets was 
/fa.2. 8 a. The whole number of tickets sold was 259, and the total 
amount received for them was /fa.731. 8«. How many first class 
tickets were sold, and how many second class tickets ? (b. m. 1869). 

56 . A receives a fixed sum as pocket money at the beginning 
of every week, and in each week he spends half of all that he had 
at its beginning. He had no money before the first pocket money 
was given him and at the end of the third week he has is. 2 d. What 
was his weekly allowance? (11. M. 1876). 

57 - Find a number such that whether divided into two equal 
parts, or into three equal parts, the product of the parts shall be the 
same. (b. m. 1864). 

5 a A man walks from the University towards Malabar Hill 
at the rate of 3 miles an hour, runs part of the way back at the rate 
of 8£ njiles an hour and then walks the remainder in 1 hour. 5 min- 
He was out 2 hours 44 min.; find how far he had gone ? (B. M. 1886). 



CHAPTER XVII. 

HARDER SIMULTANEOUS EQUATIONS. 

I. EQUATIONS INVOLVINGS FRACTIONS. 


382 . The following are illustrative Examples. 
- 1 ’ bolve 2 + 8,-7 =5 + - 2 ~. (I) 

x +y±' =x 

2 3 


.( 2 ) 

, . J8-r —yv , i8x-Qy 

1,rom ( ! ), 2 + -^-f-=5+ 2 -3, or ^y- 


1 

J 


Multiplying across, iSx — gi6x— 14, or 2x — qy= — 14....(3) 

2.(4) 


From (2) - = - , or 2y + 2 = 3^, or 3-t — 2^/ 

<3 


Multiply (3) by 3 and (4) by 2 ; thus 

6x — 27V = — 42 ^ By subtraction, 
Ox — 4y= 4 J -23^/= -46, 

From (4) 3, = 2y + 2 = 4 + 2 = 6 ; .r = 2 . 


s. 2 . Solve 3 + -- 2 - - = 1J 

, + y .r-jV 


,y=2 


-_f" + - 3 - =2^ 

x +y x-y 


(0 


( 2 ) 


Multiply (1) by 3 and (2) by 2 ; thus 

By subtraction, 


9.6 

--h =4 

x + v x -y 
8 6 _ 
x +y x — y $ 


x+y 


= h .\ *+J "4 ...( 3 ) 


•From (1) —— = 1 ^-f =1^— $ substituting (3) 

x—y 4 A' 4 *_y s 4 4 

-1, /. x —y = 2.(4) 

Hence, from (3) and (4) by addition and subtraction, 
2 at = 6, or ;r = 3 and 2j/ = 2, or = 1. 
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Exercise CXXXIX. 

Solve the following equations : — 

1 . a. 103-Jr 

23 --t z 17 - 3-2 2 


_ 3 „- nr 32 1 Sy + l<zr.l>. 50 . ‘4 7-MZ 

' * r ~ 18 J 3 J ' 5 ' r “ 1 o 3 


0 6jt4-6v+ii 64 

2 — __ _ T _L. __’_ 

2X + 2 y-7 J 6 .V + 7 V -28 


I 4 . f + 8 _ l5 ] 

I -r+> .r-_r ! 


4 X + 3 ^ “ 7 = 


32.1*- -18^-35 
8 .r — + 7 


_j 


c 4.V 2 - in.i* 4 - 3^) . 1 

5 . 37+M--—j-—~+ 3 I -4.r | 

('»'+ 7 )(j»'- 2 )+ 3 = 2 -r> , -f- r + 1) j 


- J' .r J 


6 . + * 5 —10 

x — v x +j' 

40 . .55. 

r-y + .1+_v * J 


_ 4.r 3 + 2,r y 4 - 2 SB — 6 v z ; 

7 . - =2.r + 3v— 131 

2.r +13 -iy J - (u. m. 

5.v-4_y=22 j 


1874). 


8. ;+ 5 *:*W.- 44 - 3 r \ 0 _ 4 _ 5= -v+/ +I ,, 

y~7 3 3 | x y xy 


_ 13) L = 7-Ir„3i' -SLUL" I 

*-1 3 J 


• 9 '=HZ(r-.v) J 

(b. M. 1877 ) 


10. 2 - 4 .V + ' 32 J'— -^- r ” °—= ' 8 .v+ 2 - 6 + 005 , o 4 j. + -,_-OH-, 


II. LITERAL EQUATIONS. 

383 - The following are typical solutions deserving of notice. 

Ex. 1. Solve axy — dbxyay) .(1) \ 

bxy = c(ax- by) .(2) J 

Dividing both (1) and (2) by cxy, we have 
*- j + *-( 3 ) Multiply (3) by «, *- = ? I 


b a b 
c y x 


—( 4 ) 


(4) by b , 


b* ab b 2 
c y “ * 
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11 a 2 -ft a*+ft . a 2 ~h ft 

I»y subtraction, .=*-; , , x = 

c x a — o 


r , t \ b a a a cP - ft a a 2ft 
From (3) -= -« 


2ab- 


y c x c (P + ft' c ear-hft c{a? + ft) 
1 2 ab 


• • y ' i(af+P) 


and 


tP + ft 

v— — . c. 

' 2 ab 


y ~ b 

Ex. 2 . Solve 2x — a - -- — a 

a + b 


, x - a , 

2y — b + =2 b —y 


(0 

,( 2 ) 


1 


(m. ,\i. 1864; 


Krom (1) 2 (x — a)=* \ ; from (2) r --- = - 3.' v-b). 

a + 0 0 

Writing V for r — a and Y for y - b, we obtain 


2 .\'= 


Y 

a + b 


( 3 ) and l = ~ 3 Y 


( 4 ) 


!' 


f rom (3) -V == and from (4) -V = - 3 b ) 


V 

2 (a+b) 


= —3 bY ; whence )'=o and /, A=o. 
/. x —a—o =y - b , and x — a, y = b 


. 3 Solve xyz = a{yz — zx — xy) = b(zr —xy — vs) 

= -ys - -c.v)...(I >, ( 2) & (3). 

Dividing (1) by axyz, (2) by bxys and (3) by cxyz, we get 


1 1 1 1 , . 

a~i jW- (4) 

Ul-I-I f 5 ) 

--—--...( 6 ) 
c ^ x y 


Adding (4) and (5), we ha\e 

2_I ^ 1 _ a + b 

z~~ a b ab » 

# 2 ab 

• • ~~~a + b ‘ 


Adding (4) and (6), we have j Adding (5) and (6), we ha\e 


2 _ 1 1 _ a + c 

vac ac 1 


_ 2_ 1 i _b + c 

x be be ’ 


• • 




Zac 
a-he 


. . - 


2 be 
6+c‘ 
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_ A «, 1 a ~ b a + l> < \ 

Ex. 4 . Solve x + -~ = 

, , V (B. M. i 

‘i±i + 'i^_ 2 . (2) 

x y 

Adding (i; and (2) and dividing by 2/z, we have 

x + y~a*~-b *. (3) 

Subtracting (i) from (2) and dividing 2b, we have 

1 1 2 b 

x~y~ a- - b ' 1 . (4) 

Adding (3) and (4) and dividing by 2, we get 

1 =—^-7, and x — a + b.' 

x a + b 

Subtracting (4) from (3) and dividing by 2, we ge 

y=*~b'* nd :~y=*- b 


Solve the following equations :— 

M x y I 

1 . ftx — by=*a — b 9 -f-“ : =-, . (m. m. 1868). 

^ ia 2 b a + b K j 


5 . 

6 . 


(a — b)x + (b — fiy+cz'** 1. \ 

2 ax + by 4 - \ cz = 2. * 

(a + b — c)x + (a — 2b + 2c)y + 2bz~ 3. J 


(M. M. 1867). 


3 . nx + by 4- cz — a 4 - b 4- c. 


ax _l __ 

b + c ci + c~ ly b + c'a + c~~a 


2 X + 2 V 




(M. M. 1865). 


a b a b a b 

4. = -+-=- + (m. m- 1873}, 

x y y 2 3 x v * '* 

(« 2 + b*)(x - 1 ) = { 2 x -y), 4 x=y + 2. ( M. M. 187 5 ). 
2ab(x —y) *- - b) ^ 

2 ab(x+y)+xy(a + b + 2ab)=o J M ' l897 ^' 
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III. RULE OP GROSS MULTIPLICATION. 

384 . Theorem. If ax+by+cz =o. (1) 1 

andjrfr-+ b f y + c'z - o. (2) J 

x y z 

be- b e ca'-c'a ab - a b 

Proof. Multiply (1) by c\ and (2) by c ; thus we have 

ac'x + bdy + cc'z =*= o.(3) \ 

a*ex+b*cy + cc 9 s =o. (4) J 

Subtract (4) from (3); thus (ad-a f c)x + (bc' — b f c)y**o ; 

/. (be*-b'c)y=-(ac'-a f c)x=(ca r -da)x ; 

Dividing each by (bd — V c)(ca' — d d^ we have 

ca' — da ’ Similarl y» ca f - c- db * 

x y z 

nence ca' - c'a ab -d'b' 

Thus, it appears that when we have two equations of the type 
represented by ;i) and (2), we may always by the above formula 
write down the ratios x : y : z in terms of the coefficients of the 
unknown quantities by the following Rule :— 

Write down the coefficients of z and x in the two given 
equations as shewn below, commencing with those of y . 

f , _ V ' s_^ 

b c a b 

Id c f a! b' 

and multiply b by c\ and b r by c for the denominator of x f giving 
the + {plus) sign to the first product and the —(minus) sign to the 
second ; similarly treat c, a ' and c\ a for that of y ; and a t b' and 
<i\ b for that of z. Thus we obtain the required result. 

Ex. 1 . Solve# —2 y + z =0 .(1) 'l 

9*-8y + 3s—o.(2) J* (c. il, 1887). 

2 #+ 3 / + 5 2>=s 3 ^.( 3 ) 1 

From (1) and (2), by the Rule of Cross Multiplication, 

_ x _ = y _*_ 

-2X3-(-8)xi == ix9-i X3 a “ix(-8)-9x(-2) 

x y z x y z , , N 

-6 + 8 9-3 -.8 + 18’ 2 6.10 \ rr n 

then xe=2& f y—6k and z*= 10k ...(4) 
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Substituting these values of x\y and s in (3), we have 
4^ +18^ + 50^=36, or 72/6 = 36 ; /, £ — 

Hence from (4), 1,^ = 3 and ^ = 5. 

Note . —The above relations may be reduced to the form .r/i =y /3 = -/5 
and thus we may take each = 6. 

* Ex. 2 . Solve x+y+z=a+b+c .(i)^l 

bx+cy+az=2cx+ay+bz*=ci* + b 2 + c 2 ...(2) & (3)/ 

From (1) (jr-/;)4- (y-c)+ {z-a) — o. 1 
From (2) £(„r — £) + — *:) 4 * a(z - a) = o. / 

Then, by the Rule of Cross Multiplication , we get 
x~ m fr y-c s-a , 

b—r k ' s,,ppose> 

then x-b—{c — a )/j, y-c=(a- b)k and z-a~{b- c)fc, 
or ;r = £ + (c-a:)/&, = f + (« — £)£ and s -f (/; — f )X.\ 

Substituting these values in (3), we have 
be 4 - c{c — a)/6 4 - ac 4 - a(a - l)k 4 - ab 4 - b(b - *)£—<z 2 4- b 2 4 - c 1 ; 

/. (or 4 - b~ 4 -1 ' 2 -be —ca-ab)k =a 2 4 - b* 4 - c* — - ca -; 

k=i. 

Hence x -b + c-a, y=*c + a — b and z — a-\-b — c. 

385 . The above formula may advantageously be applied jn 
solving Simultaneous Equations involving only two unknown quan 
tities x and y. 


Ex. 1 . Solve ax + by + c =0... (1) ) 

a!x + b f y + c r = o . (2) J 

The equations may be written thus :— 

a x+by + c. 1=0 ^ 
a'x + b'y + c/i =0 J 

Hence by the formula, we have 

x _ y _I_ 

be* — If c ~~ ca 9 — c’a ~~ ab f — alb ' 

•* 

TT ' be? -b'c j ca'-efa 

Hence x= ,,— and v =—n - n . 

ab-a'b , ' ab-atb 
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Exercise CXLI. 

Solve the following equations :— 

1. x-2{iy-2z)=o j 

2y+s(x - z) =■-o J- (c. E. 1900). 

5*+ 7/+ 9* *=67 I 

3. x+y+z=o, bcx+cay+abz = o 1 

ax + by+cz + (b-c)(c-a)(a-b)=o J 


2 . 2x - 3.y + 4~ ; 
yx+2y-6z 
9 - r + 5 J-io- 


o 

o 

8 


(c. E. 1896). 


4. 4<ur + (rt+ i)j=(3«-i)^ 1 

(3a-i) + s , =o j- (m. M. 1874). 


6 . 


x+y = z 

x +y+z= (a - b)(b — c)[a 
ax+by + cz~ o 
, « 2 .v ++ c 2 z=o 


5 . x+6y - 5.7=0 1 
7 x-6y+z**o - 
3 J-~ 4 >' + 2 ar =4 ] 




(m. m. 1869). 


.r+9' + s = rt.r + ^j' + fr = o | 

V 4 f r* 

) 


f. + .JL + - , 

0 — c a — c a —b 


(m. M. 1878). 


8 . 


10 . 


ax + by + r: = a + b 1 

bx+cy + az = b + c > (m. m. 1879). 

cx+ay + bz=c+a ) 

x+y+*'=a + b + e 'j 

ax + by + cz = be+ca 4* a b 

(b — c)x + (c-a)y + (a-b' 7 =o I 


& 


9. 2(4,v + qy) = 7(27+3-) "j 

7 (x + 2y) = S(y + z) • 
5 .r+ 2 _v- 3^=4 } 

F 

r 

Ml. 4 -r ~ 1 3.v + 8xr =■ o 'l 
7 ^+ 6 jf- 9 “=o I 

4 + 7 -L° =I ' 

XV Z 12 J 


12 . 


x +y + z=o 

+ (^ + a)_y + (« + ^=o J (C. E. 1906). 

for + ray + afoss 1/ j 


I n ^ 


13. 


2ax — 
ax 
ax 


/ • 

r-fy-^=o 1 ^ 14 . = + ) v 

— zbyArCz^o !- bx+cy+az=*cxArayArbs=bc+ca + ab / 

■:+by — C2= I | 


15. 


x+j+^=o, a.r + <!y/ + f£=o 1 

bcx + cay + abz + (b-c){c-a)(a-b )=o J 


16 . 6 r- 4 *_ 5 *-* _ 

S^-TTr 27-3* 
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IV. METHOD OP UNDETERMINED MULTIPLIERS 

386 . Consider the following three equations containing three 
unknown quantities 


ox+by+cz~d* ...(i) 

a'x + Vy + c'z*=d f . (2) 

arx + fy+fs-d* .( 3 ) ! 


Let /, w, n be three quantities whose values are at present 
undetermined. 

Multiply (1) by /, (2) by m % (3) by #, and add, then 
(al + a f ?n + a"n)x + (bl + b f m + b”n)y -f ( cl+dm + c”ri)z 

— ld+ met 4- nd" .(4). 

Let such values be given to /, m and n as will make the coetfi* 
cients of y and z each equal to zero, then 

bl+VntArV'n** o .(5) ) 

cl+e , m + c"n =*o. (6) J 

and ( al + a!m + a r tt)x—ld+md’ + nd". 

•_ I d+mcP + nd" 

m9 X ~~ ai+a r m+a"n .^ 


From (5) and (6), by the Rule of Cross Multiplication , we have 

b'?-Vc ' = Vc-Tc' = bc r -b'c~^ ( su P pose ) 
where k may be any quantity whatever. 

9 \ l=k{b'c"-b"c'\ m = k(b"c-bc"\ n=k{bc'-Vc). 


Hence, k{b'd' — b"c'\ k{b"c-bc"\ k(bc r -b r c) are the multipliers 
which will eliminate y and z and give the value of x. The value 
of x is found by substituting the values of /, m y n in (7) ; thus, 
we get 

dWt' - b"c 9 ) + d{Jb"e - be") + dHbe' - b f c) 

X “ *(>/' - b"c'jVa\b"c - be") + a"(bc f - Vc ) # ✓ 

# 

As in the value of x , k becomes cancelled, we can evidently 
take b'c" — b"e\ b"c — bc" and bc'-b'c for the multipliers which 
eliminate y and z and give the value of x. Hence, the following 
Rule to find x :— 

Multiply (1) by b'c" -b"c\ (2) by b"c-bd r and (3) by bd-b'c* 
and add ; then y and z will vanish and x can be easily found. 
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Similarly the values of y and s may be obtained. It will £e 
noticed that 

(i) the value of y can be found from that of x by changing a y 

at" into b, b\ b" respectively and vice versd ; 

(ii) the value of z can be found from that of x by changing a, a', 

a" into c, <f y c" respectively and vice versd ; 

(iii) the values of x,y and z have the same denominators. 

Ex. Solve x + sy-4z=*5 .(i) 1 

3 x — 2 y+2z=* 14.(2) j- (c. E. 1867). 

-io.r + 8y+ z** 6.(3) j 

Here, b'c" - b"d = (- 2) x 1-8x2 = -2-16 = -18. 

V'c-bc" ■= 8 x (-4)- 5 x 1 = -32- 5= -37. 

be'-b’c **5 X2-( —2)x(-4)=io —8 = 2. 

/ 

Hence, multiply (1) by -18, (2) by -37, and (3) by 2. 

- i8jt —90^ + 72^= - 90 \ 

— 11IJT + 74F — 740= — 518 r 

— 2QX+i6y+ 2 z= 12 J 

By addition, - 149*= - 596 ; *=4. 

Similarly, y = 5 and 2— 6. 


Exercise CXIill. 


Solve the following equations :— 
1 . x+y+z= 6 \ 

3x-y + 2z = 7 r (n. M. 1880). 

4x+3y-z=*7 J 


3 . X + 2y + 32*=20 "j 

2 x + 3 y - 5 z = -7 r (c. E. 1898). 

4 * — 5 ^/ + 7^=2i J 


5 . x + 2y + 3s = V 
2x + 3y+z=2 
3 x - 4 y ~ 7 *~\ 

7 . x+ay+bez—a 2 
x+by+caz — b 3 
x + cy + abz**c 2 


(m. m. 1899). 


2. 5* + 2y +,?—30 \ 

hx + iy-jvz=*4 \ 

2x + Sy + ioz*=i2g ) 

(m. m. 1865). 

4 . 2X + 3y+4z= 38 ’i 
3^r-2/ + 52'“26 r 
4x + 6y-3z=2i J 

(C. E. 190O- 

6 . x+y+z** 1 
ax+by+cz*=d 
c?x 4 -b' t y j rc t 2 = 2 d l J 


8 . ax+by + cz=d 
a 3 x+b 3 y + c*z =• d 3 
a*x+b*y+dz^d* 
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V. EASY HIGHER SIMULTANEOUS EQUATIONS. 

387. The following are typical examples with their solutions. 

Ex. 1. Solve x+y=*S . (i) ) 

34.(2) J 

We have (x —jy) 2 = 2{x 2 +y 2 ) — {x +_y) 2 = 2 x 34 - 8‘ J , from (1) & (2) 

= 68 ->64 = 4. 

'faking the sq. root, we have x—y = i2 1 

From (1) x+y= 8 / 

By addition and subtraction, we obtain 

2,r = jo or 6 and 2^=6 or 10 ; /. .r= 5 or 3 and y = 3 or 5. 


Ex. 2. Solve . ( 1 ) 

Xy — b* . (2) 



. E. 1883). 


We have (x +y)~ = x 2 + y 3 + 2.ry = a 1 -f 2d 2 y from (1) and (2) 
and (x —y)' 1 = x 2 +y l — 2xy=a 1 — 2d 2 , from (1) and (2). 

'faking square roots, we have 

x + y= ± V(a ? -F 2d 2 ) } Hence >/(a a + 23 2 )+ J(a 2 — 2b 2 )\. 

and x —y~ ± V {a 2 — 2b'*) J and = J{ ± V(« 2 + 2b' 1 ) + */(a 2 — 2$)). 


Ex. 3. Solve xy—\o .(1), /:= 30.(2), zx=\2 .(3). 

Multiplying (1), (2) and (3) together, we get 
x 2 y 2 z 2 = 10 x 30 x 12 = io 2 x 36= io 2 x 6‘ 2 . 

Taking the square root, xyz= ± 10x6= ±60..:.(4). 

Divide (4) by ta (i), (2) and (3) separately ; 
thus, 2= ±6, x= ±2 and y = ± 5. 


= Jr(3« + &)(* +7) <i .(I) ) 

(a ~ b)x - (a + b)y = i(« - 3b){x+y ) 2 . (2) J 


Dividing (i) by (2), we have 

(a + b)x+(a - b)y _ 3a + b 
(a-b)x ~(a+b)y a-$b' 


By Comp, and Divd., 


ax — by __ 20 — b 
bx+ay a + 2b' 
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Now, multiplying across, we obtain 

a?x — aby + 2 abx — 2 b 2 y ~2 abx + 2 a 2 y — P.r — ; 

/. (a 2 + b 2 )x—2(a 2 + b s )y ; /, ;r=2y, dividing by a 2 + £ a . 

Substitute this value of x in (1), and we have 

2(a+ b)y + {a-b)y = \{3a + b)^3y) i , or (3a + b)y = ( 3 a + b)y* ; 
y = ° or 1, and .r = o or 2. 


Exercise CXLIII. 


1 2. x +y — 7 1 

J .r a +_y *=25 J 


Solve the following equations :— 

1. xy -f iy = 20 
5J' - 4 = 2 xy 
(I*. E. 1890) 

4 . (a + b)x - (a - b)y = (3a + 7^)(.r 2 ~y) 

(d - b)x + (a + b)y = * r (7‘< - -J 2 ) 

5. .r(j/+r) = 22,/(2- + jr) = 40 , j(^-+_y) = 42 . 

6. ( 6 a + £)* + (a + 61$ )3/= ^(a + ^'ry 1 

(9a — 2^)# — (2a - 9^)_y = ^' g (a + £).ry J 

7. 5 -v + 49 ' + 35 = 48 .VVS 

3x + 6y + $z=46xys 
x + 2 y + y -18.ty/r 

9 . A-(.v+ y + ■;•) •= 18 j 

_y(*+.? , +~) = 2 7 r 
z{x + 3 / + ;r) = 36 J 


3 . xy = 2,3^ = 


6 1 

"• r — 3 / 


j- (M. M. 1871). 
(m. m. 1857). 


8. xy + 2{x +9/) = 8 
xs + 2{x + z) — i 1 
yz + 2(y + z)=ib 

10 . 3 *- 43 /+ 72=0 

2 X-y-2z=o 
5 A' s - 39 ' a + 4 “' = x 


11 . 


xy + - = 1 o, xy 1 - x = by. 


12 . -r 2 +3' 2 =74, *y= 3 S- 


VI. SIMULTANEOUS EQUATIONS 
INVOLVING SURDS. 

388 . The following are illustrative Examples. 

Ex. 1. Solve Jx+ 1 l86o) . 

.r+9'=3...(2) J 

Squaring (i) x + 2 J(xy)+y=4 1 By subtraction, 

From (2) x +J / “3 j2j(xy)=i, and 4.^9'==!...(3) 
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Now, since (x -y) z = (x+y)* - yxy =9-1, from (2) and (3) 

*8; x —y = ±2'^2 > 
andjr+/=3 J 

By addition and subtraction, we have 
*]2) and^=^(3=F2 ls /2). 

Ex. 2 . Solve J{x+y) + J{x-y)-${xy-y •/(■**—1 

+.?) + V(* -jy) = v /2 .( 2 ) J 

From (1) V(* + j) + \/(^ -y)-\v{2x -7. Jix*-y a )J 

= \y\s/{x+y)~ -f(x-y)\* 

JO* +/) - JO* -jOl*=i J(* +y) + J(x -y)\ x 

{•/(* +j) - ‘/(x-y))^ {x +y) - (x -y) = 2 y. 

{ J(x +y) - J(x-y))*= 8, and ^(jr+jy)- J(;r -_y) = 2...(3) 

or {*{{x +^) + V(x -y)){V(x +y) - V(x -jy)}=2, Art. 324. 

* r (x +y) - V(.r ~y) =■ 2/ «y2, from (2) 

= J2. 

and V(^+^) + V(r-^)=* v/2, from (2) 

*, *{(x +y) = J2 and 4 /(r-^)=o (by addition and subtraction) 

lienee jr+_j'«4 and x—y-= o, (raising to the 4th power). 

;r«* 2 and_y = 2. 


Exercise CXLIV. 

Solve the following equations :— 

1 . Jy- J(y-2x)= J(48-2x), y(x-i$)=36. (m. M. 1868). 

2 - >Jix+Jy)+ ^y)»2 J(a+l>) \ 

x~2 J(x i -y)=ct-2b ) 

3 . i(x +y ) **x~y=> J(x + 2y-i). 

i. Jx- J(i5+x)-=“s/{x+y) \ 

3^^S+x)+2s/(x+y)=‘9J(i5+x) / 

5 5 J(x+y) S^(x+y) ^ iq 2 3 J{x-y) 3 J(x-y )^ 4 

y 3 ’ y x "5' 


* * 


» I 
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4<*> 


1. 

2 . 

3 . 

4 . 

5 . 





11 . 

12 . 

13 . 

14 . 

16. 


Miscellaneous Simultaneous liquations. 


Solve the following equations :— 

1 + -=* 3 , -+- = 4, -+ X -5. (M. M. 1863). 
x y y z z x J J 

xyz—(xy +xz-yz) = 4(yz+xy-xz) 

= 6 (xz + yz - xy). (m. M. 1864). 

.r+j' = 2(s + i ),y + z=x+l, z+x=jy+ 1. (M. M. 1866). 

* + ?£±1 = y±i z ±i = *_ti£±3 =2 . (M . M . i87I) . 

2 3 4 


4*- iy+6?=3 "I 

8 x + 7y~3z—2 J- (b. m. 1862). 

7.r+ , 8^ + 9^=i J 


6 . ax— by—l(6-i 7) 
by+2cs= \(a-c) 
ax+by+cz=o 

(M. m. 1872). 


U + 2X+y + 2Z*= -3 
2 V + X + 2y + 3 = 3 
U + 2 X+I 2 y+ 3 =* 2 I 
v i-x + 6y+z= 10 


} 


(b m. 1872). 


8. 2*-3y+.? + i=o 

$x-3z~6 f 
3^ + 2 y=frj I 

(M. M. 1888.) J 


ax - by = i(b - a), ax + by = c( 1 + z), by-cz =*(£ - £)• (M. M. 1870). 


a(x +y ) + b (x -y)=a t - ab + b ! 
a(:x +y)-b(x-y)=a t +ab+b* 


j (m. m. 


1876). 


i—x+y x+y-i 


3 . 


1 —x Ary i—x-y 


= J. (B. M. 1889). 


5 1 3 _9,2 

x-3 + y-2~ ■**’ x -3+y-2 6 *‘ 

i + --^=6, - + * = 5, - + --16. (M. M. 1896). 

xyz x z y z J 1 

.r 2 +y=> 13 \ 15. a(x+y)-b(x-y) = 2 a i } 

xy= 6 J (a*-b*)(x-y)’= 4 a s b J 

ax+by+cz*x3, a a x+b 3 y+c a z=*a+b+c, 'i 
(x+y)ab + (y+z)bc+(z+x)ca<= 2 (a + b + c) f 



4io 


MATRICULATION ALGEBRA. 


17. 


^ + 2^-3n/--=2, | + 4^-ii, — 4 Jz — i. 



b <i + c a — c b , oox 

-4 -=/;/ — -f - - (m. M. 1887). 

x y x y 


VII. HARDER PROBLEMS. 

389 . We shall consider here a few harder Problems involving 
Simultaneous Equations with their Solutions. 

Ex. 1 . A pound of tea and three pounds of sugar cost six 
shillings, but if sugar were to rise 50 per cent, and tea 10 per cent., 

they would cost seven shillings. Find the price of tea and sugar. 

(R. m. 1 866). 

Let x be the price of a lfo. of tea in shillings. 

and y .sugar. 

Then x-hy>' = 6.(1) 

Again, the price of tea rising jo per cent, and of sugar 50 per 
cent, the price of 1 11). of tea = .r(i A-Vois) — t<> v shillings and of xlb. 
of sugar i+ T V;>)==£>', shillings. 

+ 3 x l y = 7.(2) 

Multiply (1) by 3 ; thus 3-V + cj18 y 

„ (2) by 2 ; thus ^-x + qy = j4 / 

By subtraction, t,x — 4 and /. x= 5 ; 

Again, from (1), substituting x y wc have 
5 + 3y = 6, and y=^. 

Hence the price of tea per fb. is 5 shillings and of sugar 
or 4 d. per lb. 

Ex. 2 . A and B went out to shoot. A shot 3 pheasants foi 
«very 5 partridges, and B 5 pheasants for every 9 partridges. A 
shot 4 birds to B’s 5 ; how many pheasants, and how many partridges 
had they brought down when they had shot 126 birds ? (M. M. 1866). 

Let yc be the no. of pheasants shot by A, 


and ly .B. 

Since A shoots 3 pheasants for every 5 partridges, 
and B.5.9. 


/, A shoots lx and B shoots 9 y partridges. 









HARDER PROBLEMS. 


411 


Hence, A shoots yc + sx or 8 x birds and B shoots + or 
,14/ birds. 

I Ay 7 y 

/, for every 4 birds of A, B shoots 4X J■ = ' birds. 

o.r x 

/, By the question, 


8.r 4-14^ = 126 -(1), 

and — = 5.(2) 

x 


Solving, we have 

* = 7 ,J--= 5 - 


Hence, the total no. of pheasants shot = 3.r+5_>' = 3 X7 + 5 x 5 
= 21 + 25 = 46 and no. of partridges =126-46 = 80. 


Ex. 3 . A tradesman sells two articles together for Rs 46, 
making 10 per cent, on one, and 20 per cent, on the other. II 
he had sold each article at 15 per cent, profit, the result would have 
been the same. At what price does he sell each article? (c. K. 1891). 

t 

Let a* be the prime cost of the first article in rupees 

and y .second. 

The selling price of the first aiticle at 10 per cent, profit 
=.r(i + or j^xRs. and of the second at 20 per cent, 

profit =_y(l +or lyA's. 

Again, the selling price of the whole at 15 per cent, profit 
”(-v +.v)( 1 + iVA) )Rs, or *ii{x+y)Rs. 

•\ By the question, U-v + = +j) = 4<->. 

/. 1 ix -F 1 2y = 460 and x +y = 40. 

Solving which x=jy—20. 

Hence the required piices are Rs.[\x or Rs.22 and Rs.^y or 
Rs. 24 respectively. 


Ex. 4. Two men A and B are employed on a.piece of work 
which has to be finished in 14 days. In 3 days they do ^th of the 
work, and then A’s place is taken by C. B and C work for one day, 
and do ^th of the whole work, and then B s place is taken by A. A 
and C finish the work a day before the appointed lime. Find the 
time in which the work could have been done (i) by each working 
separately, (2) by all working together. (M. M. 1886). 

(1) Let x be the no. of days in which A can do the work, 



and 
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Then the daily work of A, B and *, and- respectively- 

Since A and B do |th of the work in 3 days, 

Again, since B and C do *\jth work in 1 day, 

• • ••• (2) 

✓ z 

Also the work is finished a day earlier, i.e. in 13 days. 

A and C do in .(13-3—1) or 9 days the remaining work 
which*! + 

A l*y the question, 9 (V)~f . (3) 

Solving equations (1), (2) and (3), we have 
.r = 20, _y«=6o and r= 30. 

Hence A, B and C can do the work in 20, 60 and 30 day* 
respectively. 


(2) Again, from (1) ~+ *A 

x y 


( 2 ) + 


Adding and dividing by 2, 




*1 


1 + “ + l x i=rV 


(3 > ; + i-* 


* j 


1 • 

Hence A, B and C can together do the whole work in 10 days. 


Ex. 5 . A train running from A to B meets with an accident 
50 miles from A, after which it moves with "ths of its original velocity 
and arrives at B 3 hours late. Had the accident happened 50 miles 
further on, it would have been only 2 hours late. Find the distance 
from A to B, and the original speed of the train, (m. M. 1857). 


Let x be the distance from A to B in miles, 

«• 

and y the original velocity of the train per hour in-miles. 

♦ 

Then the usual time*^ hours. 

The accent happening 50 mites from A, the train travels the first 
miles the rate of y miles per hour, and the remaining distance 
(X - 50) miles at the rate of \y miles per hour, 


and /, 


the whole time taken 



x ~ 5 ° \ 

\y ) 


hours. 
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Similarly, supposing the accident to have happened 100 miles 
from A, the whole time taken would be 

( ioo , • #- ioo\ , 

-h —--) hours. 

y \y I 


By the question, 

50 .r-50 x . . 

-- + ——* * + 3 —(0 ; 

y \y ^ 


IOO 

y 



■*4-2...(2): 

y 


Subtracting, (2) from (1), we have 
- 50 + |^i ; when j = 33^. 

_y iy 

From (1), 50 + i(x- $o)=x + 3y ; substituting y in this, 
we have 5o + f(jtr~ 50) = * + 3 X33J =.r4-100. 

whence ;r=2oo. 

Hence distance = 200 miles and rate = 33^ miles per hour. 


Ex- 6. A challenged B to ride a bicycle race of 1040 yds. ; 
he first gave B a start of 120 yds. and lost by 5 seconds ; he then 
gave B 5 second’s start and won by 120 ft. How long does each 
take to ride the distance ? (c.K. 1881). 

Let x be A’s time in seconds to ride the whole distance, 

and j'.'.B’s. . 

In the first race A rode 1040 yds. and B (1040- 120) or 920 yds. 

/. By the question, V + v + 5...(i). 

In the second racq A rode 1040 y 4 f. $.nd B (1040 yds. - 120 ft.) 
or 1000 yds. 

% the qv^ipn, x + 5 — rSS8 y^Wy .(2). 

Subtracting (1) frqm (2), we have 5 = iV.y~ 5 5 y= 130/ 

From (j) 130 + 5 = 115 + 5 = l2 °- 

Hence A takes 120 sec. or 2 min. and J8 130 sec. or 2 min. 10 sec. 


Ex. 7 . A boat goes up-stream 30 miles and dowmstteam 44 miles } 
in 10 hours ; it also goes up-stream 40 miles and down-stream 55 miles J 
in 13 hours; find the rate of the streaYn and of the boat : (c.E. i88o).( 

Let x be Uxo-rate of rowing; in still water in miles per hour, 
and y the rate of the stream in miles per hour. 

Tfecri motion up-stream = (x-y) miles per hour and motion 
down-stream = (x+y) miles per hour. 


* • 


By the question, 


3 ° l 44 

*-y *+y 


JO 



*-y 







and 
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Subtract 3 times (2) from 4 times (1) ; 

/• and x+y=u .(3)- 

Subtract 5 times (1) from 4 times (2) ; 

/. and .(4) 

* j 

Adding (3) and (4), we have 2r = 16 and /. * = 8, 

Subtracting (4) from (3), wc have 2^ = 6, and /. y — 3. 

Hence the rate of the boat = 8 miles per hour and of the stream 
= 3 miles per hour. 


Ex. 8. Two trains, 92 ft. and 84 ft. long respectively, are 
moving with uniform velocities on parallel rails in opposite directions, 
and are observed to pass each other in sec.; but when they are 
moving in the same direction, their velocities being the .same as 
before, the faster train is observed to pass the other in 6 seconds. 
Find the rates at which the trains are moving. 


Let x be the speed of the faster train in miles per hour, 

and y the.other. 

then {x+y) miles per hour is the relative speed of the two trains 
moving in opposite directions and (x—y) miles per hour is their 
relative speed moving in the same direction. Also the trains pass 
each other when they have travelled a distance equal to the sum of 
the lengths of the two trains, which = (92 + 84)ft.= 176 ft. 


• • 


By the question, 
and * 


___I76_. I t 

1760 x 3( v +,v) = 60 x 60 ‘ " 

__ 176_ 6 

1760 x 3 (ji' —y) 60x60"" 



From (1), we have 

(2) 


If 


x +y =* 80 1 
x-y=2o j 


Hence .r= 50 and y—30. 


Hence the rate of the faster train is 50 miles and of the othei 
30 miles per hour. 


Ex. 9 . A certain number consists of two digits whose sum 
is 8, another number is obtained by reversing the digits. If the 
product of these two is 1855, find the number, (n. m. 1877). 

Let x be the digit in the tens’ place, 

and y the digit in the units’ . 

then the number *=iax+y. 
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Also the number formed by reversing the digits is ioy+.v. 

By the question, .r+j'=8.(t) ) 

(iojv + y)(io_y + .r)= 1855.(2) I 

From (2), iojt 2 +ioi.rj/+io/ J = 1855.(3) 

Squaring (1) and multiplying by 10, we have 

io* 2 + 20.rj'+ iqy 2 =640.(4) 

Subtracting (4) from. (3), 81*^=1215 ; .rv = 15.(5) 

Now (x-yf — (,r + y)~ — 4x1’ = 8 2 — 4 x 15, from (1) and (5) 

= 64 — 60 — 4 ; .r-^=±2. 

Hence, we find .r=5 or 3 and r = 3 or 5. 

Hence the number reqd. = 53 or 35. 

Exercise CXLV. 

% 

1 . A man has in his purse sovereigns and shillings. If he 
receive as many sovereigns as he has in his purse, and pay away 
his shillings and an equal number of sovereigns he will have 8 
coins. But if he double the number of his shillings, retaining the 
original number of sovereigns, he will have 9 coins, liow many 
sovereigns and how many shillings were in lus purse at first"? 
(n. m. 1861). 

2 . Water is admitted into a cistern by three cocks, two of 
which are exactly equal. When they are "all open, ^ths of the 
cistern is filled in 4 hours ; and if one of the equal cocks is stopped, 
„ths of the cistern is filled in 10 hours and 40 minutes. In how 

many hours would each cock fill the cistern ? (a. i. k. 1889). 

3 . The fore-wheel of a carriage makes six revolutions more 

than the hind-wheel in going 120 yards; if the circumference of 
the fore-wheel be increased by one-fourth of its present sire, and 
the circumference of the hind-wheel by one-fifth of its present 
si/e, the six will be changed to four. Required the circumference 
of each wheel. * 

4 A railway train after travelling for one hour meets with an 
accident which delays it one hour, after which it proceeds at Jths 
of its former rate, and arrives at the terminus 3 hours behind time ; 
had the accident happened 50 miles further on, the train could 
have arrived 1 hour 20 minutes sooner. Required the length of the 
line. (15. m. 1866). 

5 . A letter-carrier has to go daily from P to Q in a prescribed 
time. If he goes a mile an hour faster than his ordinary rate. 
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he arrives at Q half an hour before the time. But if he goes a 
, mile an hour slower, he arrives three-quarters of an hour tpo late. 
Find his ordinary rate, and the distance from P to Q. (M. M. 1884). 

A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would have occupied 
4 hours less ; and had the speed been 6 miles an hour less, the 
journey would have occupied 6 hours more. Find the distance. 
(P. K. 1889). 

7 . A set of bearers on a journey perform one-third of the 
distance at a certain rate and then halt one hour to take their 
food. The remainder of the journey is accomplished at only two- 
thirds of the former rate, and the bearers reach their destination 
in 7 hours after first starting. Had they travelled at the former 
rate 4* miles further than they did before halting, they might have 
halted 22* minutes longer and yet reached the end of their journey 
in the same time. Find the length of the journey. (M. M. 1885). 

8 - In a quarter of a mile race, A gives B a start of 22 yards, 
and beats him by 2 seconds : and in a 300 yards race, he gives 
him a start of 2 seconds, and beats him by 10J* yards. Find the 
rates of each. (m. m. 

9 . A room of which the floor is rectangular is such that the 
addition of a foot to the height will increase the area of the walls as 
much as the addition of a foot to both the length and breadth, the 
increase in each case being 60 square feet; and if the floor be made 
square, the perimeter remaining the same as before, its area will be 
increased by 9 square feet. Find the length, breadth and height of 
the room. (M. M. 1868). 

10 . A horse'man travelling at a walking pace of 4 miles an 
hour meets a bandy going in the opposite direction at the rate of 
2 miles an hour ; after proceeding at the same pace for half an hour, 
he turns and canters back till he overtakes the bandy. If he had 
continued for another quarter of an hour before turning, the bandy 
would have been £ths of a mile further on before it was overtaken. 
Find the rate at which the horse-man cantered. (M. M. 1869). 

11 . A and B play four games of chance pf which A wins the 
.firsthand last, and B the other two. The amount which each 
stakes for the first game is half the whole sum of money possessed 
by both together, and for the other games half the money possessed 
by the loser of the preceding game. At the end of the fourth 
game, A finds that he has 18 shillings less than he would have had 
if he had won them all, and B finds that he has 0 shillings less than 
he had at starting. Find the amount of money possessed by each 
M first. (M. M. 1871). 
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12 - A main rowing against a stream meets a log of wood which 
being carried down by the current. He continues rowing in the 
same direction for a quarter of an hour longer and then turns and 
lows down the stream, overtaking the log i.J miles lower down 
than the point where he first met it. Find the rate at whi^h the 
current flows. (M. M. 1874). 

13 . A boat s crew rowed 3* miles down a river and up again 
;n 100 minutes. Had the stream been half as strong again, they 
would have taken 31^ minutes longer. Find the rate of the stream. 
v k. m. 1860). 

14 A merchant has a certain number of Back Bay and 
M a/agon Shares. The market rate for the two shares was Jis, 2000, 
but Mazagon Shares rose 10 per cent, and Back Bay fell 20 per 
' ent. The value of the two shares became in consequence 12.] per 
rent, less than before. Find the original market value of each 
share. (B. M. 1867). 

15 . A criminal having escaped from prison, travelled 10 hours 
before Iiis escape was known. He was pursued so as to be gained 
upon 3 miles an hour. After his pursuers had travelled 3 hours, 
they met an express going at the same rate as themselves, who 
met the criminal 2 hours 24 minutes before In what time after 
the commencement of the pursuit will they overtake him? 
'K. M. 1883). 

16 . A mail coach runs between two places A and B, and back 
again. A tra\ eller who starts walking from A 5 hours before the 
mail coach is overtaken by it half way between A and B. He then 
doubles his rate of walking and meets the mail coach on its return 
journey 3 miles from B. The traveller then goes to B at the same 
late and returns, and by the time he comes again midway between 
A and B, the mail coach reached A Find the distance between 
A and B, and the rate at which the mail coach runs. (M. M. 1878). 

17 . A gentleman went out for a walk ; and after having been 
out 12 minutes, was overtaken by his servant who had run from 
the house at thrice his master's pace. The master then bade the 
servant run back at the same rate to the house and bring his cigars, 
while he walked on at his former pace. If the master was one 
mile from the house when overtaken the second time, at what rale 
(lid he walk? (m. m. 1873). 

18 . A and B start together on a certain journey. When they 
have walked a distance of a miles, A finds it necessary to return 
home, and goes at twice his former rate. He then starts again at 
w/« times his original pace, and just at the end of the journey 
overtakes B, who since A left him, had gone at njm times the 
original pace. How long was the journey? (M. M. 1865). 


M. A.—27 
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19 . A and B (one of whom could do the work alone in a less 
number of days than the other) agree to reap a field for Its. 2a 
If they had worked together every day, the field would have been 
reaped in 15 days ; but at the end of 7 days A left off working for 
4 days*; and it consequently took 16 k days to reap the field. In 
how many days could A alone, and in how many days could B 
alone, have reaped the field ; and what part of the Us.20 ought 
each to receive for the work he actually did ? (b.m. 1869). 

20 . A person left Poona in the Sattara mail buggy at 2 p.m. 
and having proceeded a certain distance he went out of the buggy 
and returned to Poona on foot, walking at the rate of 3 miles an 
hour, and he reached Poona at 8 P.M. Had he gone 6 miles further 
in the buggy he would not have got back to Poona till 10 hours 
40 min. P.M. How far did he go towards Sattara and what was 
the speed of the buggy ? (b. m. 1870). 

21 . A person rows from Cambridge to Ely, a distance of 20 
miles, and back again, in 10 hours, the stream flowing uniformly 
in the same direction all the time ; and he finds that he cpn row 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the time of his going and returning. 

22 . Some smugglers found a cave, which would just exactly 
hold the cargo of their boat, viz- 13 bales of silk and 33 casks of 
rum. While unloading, a revenue cutter came in sight, and they 
were obliged to sail away, having landed only 9 casks and 5 bales, 
and filled one-third of the cave. How many bales separately, 01 
how many casks, would it hold? 

23 . A number consists of three digits, the right-hand one 
being zero. If the left-hand and middle digits be interchanged, 
the number is diminished by 180; if the left-hand digit be halved, 
and the middle and right-hand digits be interchanged, the number 
is diminished by 336 ; find the number. (B.M. 1887). 

24 . In a half-mile race A gives B 22 yards' start and wins by 
6 seconds. In a three quarter mile race he gives him 20 seconds' 
staff, but is beaten by 29 yds. 1 ft. In what time can each of them 
run a mile ? (M. M. 1892). 

25 . Two trains start at the same time from A and B for the 
junction C. The train from A should run at 24 miles an hour and 
reach the junction half an hour before that from B, which travels 
18 miles an hour. But the former is so retarded as only to run at an 
average rate of 22 miles an hour. The two trains arrive at the junc¬ 
tion at the same time. How far are A and B respectively from C, 
and how long were the trains upon the road ? (M. M. 1862). 

26 . A and B start from opposite ends of a straight course, each 
walking uniformly, A, who is the faster walker, at the rate of 4 mile* 
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an hour and meet at the end of 2 hours. If, when A reached the 
middle point of the course, they had interchanged their rates of 
walking, they would have met a quarter of a mile nearer the middle 
point. Find B’s rate of walking, and the length of the course. 
(M. M. 1870). 

27 . Two cyclists ride from A to B, a distance of 55 miles, and 
the first arrives 30 minutes before the second. They then ride 
fiom B to A, the first giving the second a start of 4 miles, and yet 
arriving 6 minutes before him. Find the rate of each cyclist in 
miles per hour. (n. M. 1901). 

28 . A and B start simultaneously from Poona to go to Kirkee. 
A would reach Kirkee half a hour before B, but missing his way, goes 
a mile and back again needlessly, during which he walks at twice 
his former pace, and he reaches Kirkee 6 min. before B ; C starts 
20 mm. after A and B, and walking at the rate of 2} miles an hour 
arrives at Kirkee 10 min. after B. Find the rates of walking of A 
and B and the distance from Poona to Kirkee. (it. M. 1868). 


CHAPTER XVIII. 

RATIO, PROPORTION AND VARIATION. 

I. RATIO. 

390 . The Ratio of one quantity to another is that relation 
which the former bears to the latter in respect of magnitude, when 
the comparison is made by considering, not by how muck the one 
is greater or less than the other, but what number of times it 
contains it, or is contained in it, i. e . what multiple , part , or parts , or 
in other words, what fraction the first is of the second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the mere 
numerical difference between 999 and 1000 is the same as between 
1 and 2 ; but no one would hesitate to say that 999 compared with 
*000, is much greater than 1 compared with 2. The reason is, 
that the mind considers intuitively that 999 is a much greater fraction 
°f 1000 than 1 is of 2 ; and this is what we should express by 
saying that the ratio of 999 to 1000 is greater than that of 1 to 2. 
Dn the other hand, we should say at once that 1001 compared with 
1000, is much less than 2 compared with i, the fraction in the 
former case being less than that in the latter. 

391 . The ratio, then, of one quantity to another is represented 
hy the fraction obtained by dividing the former by the latter. 
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Thus, the ratio of 6 to 3 is 3 or 2 ; that of 15 to 40 is or $ ; 

. _ ... 4 a 2 a 

that of 4 a to 6 b is or - . 

6 b 3 b 

392 . The two quantities compared (if they are not mere num¬ 
bers, or algebraical quantities expressing numbers) must be of the 
same kind, or one could not be a fraction of the other. 

Thus, the ratio of Rs. 9 to Rs. 12 is the same as that of 9 mds. 
to 12 mds., or of 9 to 12, or of 3 to 4, or of * to 1 ; since, in each of 
these pairs of quantities, the first is J of the second, and hence 7 
is the value of each of these ratios ; in saying which we may 
suppose, if we please, a tacit reference to 1, i.c. in saying that the 
ratio of Rs. 9 to Rs.12 is 2 , we may either imply that Rsx) is ;} of 
Rs. 12, or that the ratio of Rsxj to Rs. 12 is the same as that of J to 1. 


393. The ratio of one quantity to another is expressed by two 
points placed between them, as a : b , where a and b are the terms 
of the ratio ; the first term a is called the antecedent, and the 
second term b is called the consequent of the ratio. 

394. A ratio is said to be a ratio of greater inequality, of 
less inequality, or of equality, according as the antecedent is 
greater than, less than, or equal to, the consequent. 

Thus, the ratio 5 : 4 is one of greater inequality , the ratio 4 : 5 
is one of less inequality , and the ratio a : a is one of equality. 

395- Problems upon ratios are solved by representing them 
by their corresponding fractions, which may now be treated by the 
ordinary rules. 

Thus ratios are compared with one another, by reducing the 
corresponding fractions to common denominators, and ‘comparing 
„ the numerators. 


jjx. 1 . Compare the ratios 5 : 7 and 4 : 9. 

Here, 5*: and 4 : 9=?,. 

Now, 3,5- ii* *3 ; but 45 > 28, 5 : 7 > 4 : 9- 

Ex. 2. Find tlSe ratio of 4 : 

The reqd. ratio* — S J ■*t * 2 ■= • 

396. A ratio of greater inequality is diminished , and a ratio 
oj less inequality increased by adding the same positive quantity to 
both its terms. 


Let - be the given ratito, and let x be added to each term, the 
b 


resulting ratio being 


a + x 
b + x 


where x is a positive quantity. 
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a a+x ab + ax—ao- bx x(a — b) , . . 

Now, > - 7-—'=- -rrr -—:-= . ; and a-b is positive 

’ b b+x b(b + x) b{b + x)’ r 

or negative according as a is greater or less than b. 


Hence, if b e7>b 9 z.e. if a : b be a ratio of greater inequality, 

b b+x 



a+x 

b+x 


if a be 


b, i.e, if a : b be a ratio of less inequality. 


In like manner, it may be shewn that a ratio of greater in 
equality is increased, and of less inequality diminished, by subtracting 
the same quantity from both its terms . 


397. Compound Ratio. If the fractions denoting two or 
more ratios be multiplied together, the resulting fraction is said 
to be the ratio compounded of th.3 ratios represented by them. 


Thus, if a : b, c : d, c : f &c., be any ratios ; their compound 


ratio will be ace &c. : bdf &c., or = 


ace etc. 
bdj &r 


(i) The ratio dr : b 2 is called the duplicate ( i\ e. squared) 
ratio of a : b. 


(ii) The ratio a 3 : P is called the triplicate ratio of a : b. 

(lii) The ratio Ja : Jb is called the subduplicate ratio of a : b. 

Ex. 1 . What is the ratio compounded of 2 ; 3, 6 : 7, 14 : 15 ’ 
The reqd. ratio = % x 5 - x { 4 , =» or 8 : 15. 

Ex. 2 . What is the duplicate ratio of 2:3? 

The reqd. ratio™2* : 3^ = 4 : 9. 

398 . The ratio of any two quantities cannot always be ex¬ 
pressed exactly by the ratio of two integers. For, if either, or 
both, of the terms of a ratio be a surd quantity, then no two integers 
can be found which will exactly measure their ratio. 

Thus, the ratio of J 7 . 4 cannot be exactly e.\pressed by am 
two integers. 

399 . When the ratio of any two quantities can be expressed 
exactly as that between two integers, the quantities are said to be 
commensurable ; otherwise, they are said to be incommen¬ 
surable. 

Although the ratio of two incommensurable quantities cannot 
be expressed exactly by the ratio of two integers, we can always 
find two integers whose ratio differs from that required by as small 
a quantity as we please. 
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Thus, ^ 7 _ 2 *«25Jir_:66. S... 

4 4 

, . c s/7 • _ 6614378 , 6614370 

and therefore — is >-and <- 

4 10000000 10000000 

and it is obvious that any degree of approximation may be arrived 
at by calculating the value of V7 to more places of decimals. 


Ex. 1 . If find the ratio x : y. 

Multiplying crosswise and transposing, we have 
39*=26y ; /. 3X = 2y and /. xjy-%. 


Ex. 2 . If 2.r 2 — 11 xy 4-12jr = o, find the ratio x \y* 
Dividing by j 2 , 2 {fy -11^ + 12 = 0. Putting k for 



2>t 2 — 11 & + 12 = 0, or (2^ —3)(/ , “4)=o. 


/. 2/t — 3=0, which gives k—l 
and k — 4^0, which gives £ = 4 



Hence 



Ex. 3 . If ~ =4, find the value of ——— . 

J' 3* +y 

Zf 

7*-4? ^ 4 •V—4 ,.. 4 _ 5 

~~ 5 +i * T3_T " 


Ex. 4 . If 2c* : 3b be in the duplicate ratio of 2a-x : 3^-1, 
prove that x 2 = bab . 

24* /2a-x\* 

We have, = I —7-) . 

3^ \3^ -xf 

Multiplying crosswise and squaring, we get 
2a{()b 2 - 6 bx 4- x*) = 3b(4a 2 — 4 ax 4 * x 2 ) ; 

.% 1 Sab 2 - 12 abx + 2ax % ** 12 c?b — 12<zAr + 36X* ; 

♦ 

* a (2a — 3^) = 6a6[2a - 3d) ; x* = 6ab, 

since 2 a — 3^ is not zero, by supposition. 

400 . It appears from Art. 396 that by adding the same positive 
quantity to both the terms of a ratio, it is made more nearly equal to 
unity, and by taking x 9 the quantity added, large enough, it may he 
made to differ as little as possible from unity. The following is an 
illustrative example. 
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Ex. A is 32 years old, B is 5 years old. What is the least 
number of years after which the ratio of their ages will be less 
than 3:1? 

After x years, A’s age will be 32 +x and B’s 5+* years. 


32 -fr 

The value of the ratio -, when x is gradually increased, will 
become less and less than -VS and nearer and nearer to unity. 


■3 2 4“ x 

When ----- = $ we have * = 82 , and for this value of x the ratio 
5+* 

of their ages will become 3 : 1, and for any greater value of x the 
ratio will be less than 3 : J. 

Hence, the least number of years required is 9. 


Exercise CXLVI. 

1 . Which is the greater ratio : — 

(1) 3 : 4 or 4 : 5 ? * (2) 13 : 14 or 23 : 24 ? 

(3) 3 • 7, 7 11 or 11 : 15 ? (4) x+y : V or 4* : x +y ? 

(5) a + b : a — b or d l +b 2 : a 2 - b 2 y supposing a > /; ? 

(6) x 2 +y» : x+y or x° -by 3 : x 2 +y 2 ? 

(7) x 2 +y 2 : 1 or x' ] +y° : x* -x*y +x 2 y 2 - xy‘ +y* ? 

2 . Find the ratio compounded of 

(1) 3 : 5, 10 : 2f and 14 : 15. (2) 7 : 9, 102 : 105 and 15:17* 

(3) 169 : 200 and the duplicate ratio of 15a 2 : 26 b 2 . 

(4) 3 a : 4 b and the subduplicate ratio of 25^* : 49a 4 5 . 

(5) x 2 —9x4-20 : x 2 -6x and x*- 13x4-42 : x 2 —5X. 

(6) a+b : a —b y d 2 + b 2 : (a+b ) 2 and (a 3 — b 2 ) 2 : « 4 -£ 4 . 

(7) a 2 4-1 : a 2 - 1, a* 4 -1 : a 4 - 1 and ( a 2 - 1 ) 2 (a 4 - 1) : a H 4 -1. 

3 . What is the ratio compounded of the duplicate ratio of a 4 - b : 
a-by and the difference of the duplicate ratios of a : a and a : by 
supposing a > b? 

4 . Shew that the ratio a+b : a — b is greater or less than the 
ratio a 2 4- b 2 : d l — b 2 y according as the ratio a : b is one of greater 
or less inequality. 

5 . If a : b is a ratio of greater inequality, show that a : b is 
greater than a J +b* : 2 ab. (B. p. E. 1888). 

* 6- If 4 a : 5 b be in the duplicate ratio of 4a 4 -* : 5 b+x, find 
the value of x. 
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7 . What quantity must be (i) added to, (ii) taken from each 
of the terms of the ratio a : b , that it may become equal to c : d ? 

' 8- If 2AT + 5 : 3*-l- io be in the duplicate ratio of 3 : 4, find x. 

' 9 . If a : b be the subduplicate ratio of a—x : b -x, find x. 

10 . If ^ find the ratio .r :y . 

11 . If 7.r-4^/ : 3.1' + y = 5 : 13, find the ratio x :y. 

12 . If * and **, find the value of ^ . 

<74 a 7 7 /\hd-jac 

13 . If X =s ? find the value of . 

^ 7 

14 . If **= 10 , find the value of -—--- . 

b 3 2d - 5/^ 

1C ir 2*2-3/ 2 - . . 

* IO- It —■« ' , find the ratio „v : v. 

41 ^ 

16 . If 6 / 4 - 35.V 2 = 2c;.rr, find the ratio * : 


17 . If <2 : ^ be in the duplicate ratio of a+x : b+. r, find x\ 

(P. E. 1896). 

18 . What number must be added to each term of the ratio 
S : 5, to make it equal to the ratio 4:3? 

19 . A certain ratio becomes 4 : 5, if 2 be added to each of its 
terms ; and becomes 3 : 4, if 1 be subtracted from each of its terms ; 
find the ratio. 


20 . If from each term of the ratio a : b, the quantity 
be subtracted, shew that the resulting ratio will be a : fib. 


( p — 1 )ab 

pb-a 


* 21 . Two armies number 11,000 and 7,000 men respectively; 
before they fight each is reinforced by 1,000 men : in favour of 
which army is the increase? (c. E. 1879). 


22 . If x : y be the ratio a : b in its lowest terms, prove that 

— 1 :> , if b > a. (c. f. a. 1882). 

y +1 b + i ’ v 


v 23 . Two persons are now of ages 36 and 31 years. After how 
many years will the ratio of their ages be less than the ratio of 
17 : 15 ? 


' 24 . What is the greatest integer which when subtracted from 
both the terms of 8 : 13 will give a ratio greater than 1:3? 
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401. Many properties of ratios can easily be proved by assum- 
,ng a single letter k to represent a ratio, or to represent each of 
several equal ratios. 


Important Theorem, ff a: b = c: d—e: /= &o., 


then each ratio = 


t pa" 4 - qc" 4 -re n 4 - ... \ n 
\pt>*+ ’ 


where /$, q, r, &c., * are any quantities whatever. 






Then a=*bk, c—dl\ &c. 

a" = l )*/: n , r n = d*k n y c"=f n k", &c. 

/, pa' x —pb"k", qc n = qd H k n , re" - r/ n k”, &c. 

by addition, />a M 4 -+... = +?'f ,, 4-?/ M 4-. 

• Pf^ffqc* 4-re” -f... 

4 * qd" 4 - rf n 4-... ~~ w ’ 


# lfid x '+qc n + rc" + .._\''__i^a^ c 
\pb* + qd* + r/» + ...l d 

Hence the theorem. 


Corollaries. ( 1 ) butting*— 1 . 


each ratio = 


pa+qc + rc +... 
pb 4 - qd + rf 4 -. •. 


(2) Putting p = q-=r =... = *== 1, 

a 4 -c 4 -c 4 -... 


each ratio = 


b + d 4 -/T - ... 


* 


Thus, we see that each ratio is equal to the ratio of the sum 
<‘f all the antecedents to the sum of all the consequents. 


. . a-c c-e a-e 

each ratio — T - - ,= , - == :—-=... 

o-d d-f b—f 

Thus, we see that each ratio is equal to the ratio of the difference 
(f any two antecedents to the difference of the two corresponding 
< o?isequcnts. 

402. If-;,?, 

•n magnitude between the greatest and least of these ratios. 


r 


&c., are 


1 1 . • ci 4-c 4-£4-... 

unequal, the ratio 7 —;—7 — lies 

H t + d+f+... 



Suppose 


a 
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Let Then e - < k % See. 

o a f 

/, a~bi, c <C dk 9 e <c f/c, &c. ; 

/* a + c +^ +... <c (b +*/+/*+ — •)£» 

/* <£•*•*•<*, the greatest of the ratios. 

Again, let ^=*y{:' the least. T hen ~ > X*', A', &c. 

/• a > ^ > *i 5 fc\ £ > /£', &c.; 

/• ... > (b + d+f+ 

9 a +£*-f-£-h ••• _ jr. . . , r , 

• * z . ’ J r?, 1 — > a? z.^. > , the least of the ratios. 

O + a+J +... (/ 

Hence the theorem. 

it c a c e *u . <* + c+r 

1 If i-S-/’ pro ” iVd-f-\iSj) ■ 

\ . it c € J 

Let d~d"/~ k ' 

'Then dt = £A, c — dk, c=fk. Multiplying out, we have 


acc 


acc — bdffpy and /, and 


• m 




Again, adding the three equations, we have 

a + t r+i’ = (£ + rf+/)*, and y*k. 

, T _ <i + c + c lacc\ii 




Ex. 2. 



c 

7t 



, prove that each-* 


/ a b - 3 a*c 2 + 2i.'V \ J 
\d b -^d-+ 2 dy b ) • 


CL C € 

Let Then a = bi', c—dk, e=fk. 

a<W\t\ 3aV*-3iV*^S 2^ = 2rf 2 / fl /6 s . 

.*, a s - 3«V+2rV -(£ 6 - 3^W 2 + Jd 2 / 3 )^. 

. a 6 - 3a V 4 - 2 A 3 ,. , . /a 6 - yi'c* + 7 C*(* \ £ _ 7i 

wJ+Sy 1- *• \d b - 3 ^d 2 + 2 dy a j 
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6 . 


7 . 


Exercise CXLVII. 


x 


y 


1 . If t—= -= —., shew that ;i'4-_y-h2 ,a “0. 

^ —c c-a a-b’ ^ 

\e a b £ , . f 

2 . If —= - — = - , shew that a-b -\-c=o. 

x+y y + z z-x 


3 . If 


4 . If 


x + 2y 


\x —3 

a b 

c 

a 


2 x-z $y-3x + z 

' —-— » -, prove that each 

3y+x w — ^x+z r 

c * . ■ ab + bc + cd 

,* prove that each — „• . 

a P+c'+d* 


1. 


K t c a c e tlty*c+ 5^+4*** \ 

5 - lf <- r - r lhal each - v l 3 iv+ s V,+4/v) ■ 

1- hit 3<*<?e* - 4.aV + 5^ \ 

, prove that each = ^ \^r-m r *iN 




11 i 


c 
d 1 

<: 

rf‘ 


£ 

/ 


c at + se’e+t* aV 

/’ prOVC ^ 4 + S df+J*~ Pd* 


~ , e a c c / /a 45 £ — 2^ + 30 V\ /ir* 

S - f rf”/ ’ prove V V 7 - 2d*/+ 3b\-dV J ) ~ bdf 


II. GRAPHIC REPRESENTATION OF RATIO. 


a 


403 . To represent the ratio ^ graphically. 

Take an abscissa OA to represent b , and an ordinate AP to 
represent a on the same scale. 


AP 


a 


Then represents the ratio ^ 

raphically. The magnitude of the 
ngle AOP enables us to determine 
whether this ratio is greater or less 
than another ratio represented in a 
similar way. 



C Q 

If ^ be a second ratio, represent it by , and let OQ cut AP 


at D. 
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Then by similar as BOQ, AOD, qq— 


Thus, we compare 
of AP ancl AD. 


the ratios ~ and ^by means of the lengths* 


404 . A ratio of greater inequality is diminished by adding the 
same quantity to both its terms . 

f AB 

Let represent a given ratio, 

where OA is the abscissa and AB the 
ordinate. 


Produce OA to C and draw the 
ordinate CE. Make CD = AB and DE 

= AC. Then the ratio has been 

Ce 

altered to by adding the same 
quantity DE or AC to both its terms. 

CE 



The new ratio 

u< 

i. e. if the A^BD the L BOA. 


AB 


oc the old ratio ^, if OE cuts AB below B 


But the L EBD = 45 0 , for DB DE. 


/. the new ratio <: the old, if the L BOA :> 45° : r. e. if the 

AB . 


ratio is one of greater inequality. 


Exercise CXIjVIII. 

1 . By means of squared paper compare the ratio t ‘t with 


1 4 


\ t» ns 1 1 


TO JDf TiTi -16 


2 . On squared paper represent the ratios i, «li t't> an( l see which 
is greatest and which least. 

3 . Draw the ratio formed by the sum of the antecedents the 
sum of the consequents of the following ratios. 

(0 5* tL it- ( 1J ) S> ti- 

4 . Draw the ratio formed by adding 5 to the numerator and 
denominator of tv Compare it with 
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5. ]>y squared paper reduce 4, Fi to ratios whose deno¬ 
minator is 24. 

6. Measure abscissa* OA, OC equal to 9 and 13. Measure 4 
ordinates AB, CD equal to 17 and 21. Kind what angle the line BD 
makes with the line OC. 

7 . Find graphically what number must be added to each 
member of the ratio ,?£ to make it X V 

8 What number must be taken from each member of the ratio 
V, to make it $ ? 


9 . Two men share fts.20 in the ratio 5 : 3. Find their shares 
graphically. 

10 . Divide 69 graphically so that the two parts may be in the 
latio 9:14. 


11 . Show graphically that, if ^ ^are unequal, ^^ ^d^f ^ es 

<n ^alue between the greatest and least of them. 


12 . The marks gained in an examination-paper for which the 
maximum was 65 were 52, 40, 38. Find by a diagram what these 
Mould be if the maximum were 100. 


III. PROPORTION. 


405 . When two ratios are equal, the four quantities composing 
them are said to be proportional to one another. 


Thus, if then the four quantities a, b } c and d are propor¬ 

tionals . This is expressed by saying that a it to b as c is to d, and 
denoted thus, a : b : : c : d or a : b -( : d. 


The first and last terms in a proportion (viz. a and d) aie called 
the Extremes, and the other two (viz., b and t) the Means. Also 
d is called a fourth proportional to a, b and c. 


406 . When four quantities are proportionals, the product of 
the extremes is equal to the product of the means . 

For if ~ then multiplying both sides by bd, 
b a 


we have fxW* jX bd, or ad «= be. 
0 a 
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Hence, if three terms of a proportion are given, we can find the 
other ; thus 



407. If the product of two quantities be equal to that of two 
others, the four are proportionals , those of one product being the 
extremes , and of the other the means . 


For if ad^bc, then dividing both sides by bd y 


we have 






and a : b : : e : cl, in which proportion a, d are the extremes, 
and b, e the means. 


408. Four quantities are said to be inversely proportional, 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth, i. e. as the fourth is to the third. 


Thus, a, b, c and d are inversely proportional 


when a : b : : 


: -, *. e . d : c, for 
c el 


i r_ l .I_ d_ 

c ' d c d~~ c 


409. Quantities are said to be in continued proportion, 
when the first is to the second, as the second is to the third, as the 
third is to the fourth ; and so on. 


Thus, a , b, c , d, &c. are in continued proportion, 


when 


a 

b 


b 

c 



410. If three quantities a, b, c form what is called a continued 
proportion, so that a : b = b : c, we shall have = or the 
product of the extremes is equal to the square of the ?nean, and 
conversely . 

In this case b is said to be a mean proportional between a 
and c ; and c is said to be a third proportional to a and b . 

. 4 * 1 ; If three quantities are in continued proportion, the first 

has to the third the duplicate ratio of that which it has to the second. 

.. . r a b . a a b a a a % 

F or, if then - = ^x- = ^x t ; 

be c b c b b b* 

a : c is the duplicate ratio of a : b . 

Also, if four quantities are in continued proportion, the first has 
to the fourth the triplicate ratio of that which it has to the second. 
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c a a a a % 


. e a b c t . a a b - 

1lhen b*'c*~d~!>*b*h 

/. ^ is the triplicate ratio of « ; £ 


^ ’ 


412 . Propositions regarding four quantities <i, c and in 
pioportion, may be obtained, like those on ratios, by the use of 
fractions, and of these the most useful are the following 


a 


a 


b d 


fi) If then 1-^=1 + ;,, or -- ; 

1 b d b d' a c 

that is, ft : a—d : c. (Invertendo). 

... fr a c . a b b c a b 

(n) If , = ,, then ; X* = • x or = 
b d deed c d 

that is, a : c=b : d. (Alternando). 

..... T _ a c . a c a + b c + d 

( ,u > lf Td' lhen * + I= * +I) or -Y~~d ' 

that is, a+b:b-c+d. il. (Componendo). 

, T , a c , a c a-b c-d 

(,'•) If t - H , then j-l-j-l, or - j-. w . 

that is, a-b. b=e—d\ d. (Dividendo). 


(v) Since ^ 


a + b c + d .... 


d (iii) and b 


a-b c-d 


d 


(iv). 


a + b b c + d d a + b c + d 

b a-b d c-d a-b c-d 


that is, a + b : a-b = c + d : c-d. 

(Componendo and Dividendo) 


a — b r — d .. 


b d ... 


(vi ) Since - ^ ^ (iv) and ^ (i), » 

a-b b c-d d a-b c—d 

• • b a d c' a c 

that is, a-b : a=*c-d : c. (Convertendo;. 


a 


m a tn 


ma me 


(vh) If 3 = rf ,then ^x -^-x^.or ^ 


that is, ma : nb =mc : nd. 
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, .... ir a c . /a\ H / i \ n a 11 

If ,s“rf' ,hen W ■ U •“?" 

that is, tt w : b n = c u : d n . 


</«• 


413 . If a : b=*c : d y and b . : /, Z/^v/ a : c = c : f\ 

a c ybd.abcd a c 
I-or = .and = - -x =* x or = - . 
b d c f bcdr e f 

This is the proposition ex aequali referred to in Kuc. V. 

414 . If a : b — c : dy and r : /=</ : hy then ae : bf— c(/ : dh. 

_ a c -et> 0 aec ir ac eg 

hor b ~ <V anc /~ h ' * * b* f~ d*'h OI bf* dh ‘ 

This is called compounding the two proportions, and so v\e 
may compound any number of such proportions. 

415 . If four quantities foini a proportion, we may derive from 
them many other proportions all equally true. 


a c 


tna c 


Thus, if = ,, then ,= ,, or ma : = c : d, : 

n d mb a 

similarly, 

ma : b — me : d, a : *n.h— r : a : b = me : md ; 

, . ... a b b d „ 

and, in like manner, - : : d. a : =r : - , &'*. : 

’ ’ ij* * ii/ jjj 5 * 

that is, either the first or fourth terms of any proportion may be* 
multiplied or divided by any quantity, provided that either the 
second or third be multiplied or divided by the same. 

Hence we may get rid of fractions, when occurring in propor¬ 
tions, by multiplying the first and secondy or first and third, &(., 
terms hy the L. c. M. of their denominators. 

Thus, if i i f a : ^*b— (multiplying ist and 2nd by 36, 3rd 

and 4th by 200), we have 4 a : 3^=* 15 : 16. 

Ex. 1 . Find a fourth proportional to A’, $ and 

be ivi 


Since d= ^, (Art. 406), this is— 


X 2 . Find a mean proportional to 4 and 16. 

Since i 2 «=<w, (Art. 410), this is V(4 x 16)= V“(64)«8. 
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Ex. 3. If prove . (C. E. 188^1902). 

___ , /a\* a a a a b c a a* a 

We have y - j* j x j-3x -x y s , or 

Ex. 4. Ifa:£=r:rf r express (a+rf) —(£ + £■) in terms of a, b 1 
and c only. 

Since ~ = C -, /, ad=*bc y and /. d^^ C . 
o a 


Then (rt + rf)-(A + £) = + -(£ + *)« 


a 2 — — ac 4 - be 


a 


^ a(a — £) — r(a — £) ^ (a — £)(# — r) 
a a 

*■*» 

Ex. 5 . If a:b=c: d , show that if a be the greatest of the 
four quantities a, b, c, d, then d is the least. Hence show that « — b 
> c — d or (i + d z> b + c. 

Since a!b = c/d and a the greatest of the four, 

/, a/b is an improper fraction, as also cjd. 

/, c is greater than d. Similarly, it may be shewn that b is 
gt eater than d. Thus b and c are both greater than d y and „% d is 
the least. 

a • • . \ /• \ d b c ■ d 

Again since from Art. 412, (iv),-~ = , 

/, j^ — ^=an improper fraction. 


•\ a-bz 
and b + d-- 


c-d 1 ) h 

£+ rf / <2 


by addition, 
* 4 " ^ + c* 


Exercise CXLIX. 

1. Kind a fourth proportional to 

(i) 3, 5. 6. (ii).i2, 5, 10. (iii) 4 , l, l (iv) 2a, $b, 5 a*c. 

2. Find a third proportional to 

(i) 4, 6. (ii) 2, 3* (iii) l (iv) [a-b)\ a'-P. 

3. Find a mean proportional to 

(i) 4, 9. (ii) 4, 15 - (i'O if, It’s- (iv) 3^, 12^. 

M.A.— 28 
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(4) a-2b + c= 


4 . If a : bfyb : c, prove that 

( 1 ) — : a~b- -r : c . ( 2 ) a 3 4- — a(a + d)(^-^ + ^). 

( 3 ) a * + H l : d+c=a* — b l : <2 — 6*. 

(a-*)* ( b-c'P 

(5) mcP — nb~ : ///« — «£ = fid 1 4- qb 2 : 4- 

(6) a + b+c : a — b + c =* (a + b + c )' 1 : a 2 4- b~4 - c 1 . 

»■ 

5 . If prove that 

( 1 ) (a + 6){c + d) = b (c- + df =Ja + ^) 2 . 


( 


,) / L + * \ - ( 1 + A »{ft=iK±r.£> 

6. If a : ^ and m : n=fi : y, shew that 

4 - nb : //*# — nb —fic + qd : ^c.* — qd 


7 . If : b=c : d=e \f 9 then a — c : b-f—c : 

* 8. If tiy by c be in continued proportion, shew that 

a* n A-b 2 *+c**=*(a H + b* 4- c n )(a* ~b tl + c"). 

; 9 . If U ' 2 —_> ;2 )^ = (y- —c 2 ),!, show that a* is to .7 in the duplicate 
ratio of * and y. (c. F. a. 1S67). 

• 10. If y is a mean proportional between x and show that 
xy+y s ^ a niean proportional between .i 2 4 Vjr* and j/ 2 4-- 2 . (i\£. 1890). 

. 11 . Find in its simplest form a mean proportional between 

64- J27 and 8 - ^48. (p. k. 1902). 


416 . Many questions in Proportion may neatly be solved by the 
4 A 3 method explained in Art. 40J. 

Ex. 1 . If a : b=c : d , show that 

ma + nb : mc+nd = J(pa?+qb 2 ) : ^(fic^ + qd 2 ). 


Let ky then a~bk 9 and c=dk. 


• ma + n &__ mbk+ nb _ b(ml +n) b 

* * mc+nd~ mdk + nrt~ d(mk + n)~~ d' 
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& 

. N /f fid * 4- qb*) s!{ fiP k- +qb z ) _ b Jipk' + q) _ b 

an *j(pc*+9d*) p(Pk* 4- i/d' 1 ) dj^pk' + q) d' 


Hence, 


ma+nb K l{pa L + qb-) 
mc + rnf" Jipc 1 ^- qdr) 


each being equal to 


Ex, 2 . If a : b = c : d, prove that 

7a + \2b : 3^4-5/;- 70 + izd : 36*4-5 d. 


Let 



\ = /% fhen <i = U\ and c = dk. 

it 


• 7^4- 12/fr 7/^ 4 - 12/;_/a' 7^+ 12)_ 7/’ + 12 

•• 3 a+ 5 ^“ 3^ + 5^ ~ £(3*4-5) ~~ 3 ^ 4*5 ’ 

7 c- h 12^/_ 7d/c+ 1 2d ^ d(7&+ 12)_7/’+ f2 

an 3 < + 5 rf“ 3^ 4 -5^“ 7 [jt+ir 3 ^ 4 - 5 


Hence, 


7 «* + r 2£_7r + 12^ 

3 *+ 5 ^" ” 3 ^ + 5 ^ ’ 


each being ecjual to 


7*4-12 

3*+ 5 ‘ 


Ex. 3 . 

(<l£ I - £6" + Cil) 


If a, b , £ and // are in continued proportion, prove 
+ ^ + + ^ + (c. K. 1887J- 


that 


Let 




Then * = 


U' 


<> 


/•> •> 9 , J9 , *» 

D~ C“ <l~ 4- £“ 4-f 


.;£ £1, ab + bc + cd . 


.(•) 


ab be cd ub+be + td 


. • j I C H f I VI 

Agam, d = - 


'.(2) 


I' + C a + rf 2 

. « s + /j- + c~ nb + br + cd f . . 

* * ab + bc + cd~ P + c*+tP’ fr0m (i) and (2) ' 

Hence (<*£ 4- £<r 4-= Or 4- £ y + 6 “)(£- 4 -l - 4 - 7 /'). 

Otherwise thus : Let C =k. 

b c d 

Then c—dk ; b — ck — dl; 1 ; a=*bk=dlfi. 

N ow, (<z£ + / £ 4 ft/; 2 = (d* 3 X t/* 2 4- rf* 2 x rft 4- dk x rtf;- 

= {k<m A +&*+ 1 ;}- = * V 4 (* 4 4-**+i ) 3 , 
and (cr+£ 2 4-c-j (£ 2 4- <* 4- = idW 4- rf 8 * 1 4- dW){d-k'+dV < 1 +<* 2 ) 

= rf -* 2 (* 4 + P 4 -1 ).<A '* 4 4- & 4- 1 ) 

•^(^+^ + 0*. 

Hence (</£4-^'4-tt/^—(<r 4-£ 2 4-£ 2 / (£*4-r 4-rt^), for each is equal 
to the same quantity. 
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Exercise CL. 


1 . If a : 6 ~c : rf, prove that 


(1) a±b : a=c±d : c. (c. E. 1862). 

(2) a : b — a±c : b±d. (c. E. 1872). 

(3) ma — nb : a + b — mc-nd : c+d. (c. E. 1893). 

(4) ma + nb : mc+nd=b 2 c : ad 2 , (c. K. 1876). 

(5) 2 a h3 b ; 40 + $b = 2C + 3/af: 4^ + 5^. (A. E. 189#). 

(6) a : a + c=a + b : a + b + c+d. (a. E. 1894). 

(7) a' + b 2 : a 2 -^ = £ 2 + a« : c 2 - rf 3 . (a. e. 1889). 

(8) a 2 + c 2 : b' i + d 2 = ac : bd. (c. E. 1877). 

(9) a 2 + b 2 : a 2 - /; 2 = ac + bd : ac-bd. (C. E. 1879). 

(10) a 2 d-bc 2 =ac{b-d). (c. K. 1890). 

(11) {a i +c i ){b‘ i + d 2 )^{ab + cdf. (a. e. 1890). 

(12) N /(« 2 + c 2 ) : J(b : +d' i ) = ma + ?ic : mb + nd. (c. E 1880). 

(13) a 2 ±c 2 : /> 2 ±rf 2 =(«±<) 2 : (b±d)' 2 . (c. E. 1872). 

(14) (a + ^r) 2 : (b + d)* = a(a-c)- : b{b-df. (c. E. 1888). 

(15) (a* + ^) 2 : (A + d J ) 3 = a-b : c-d. (c. E. 1895). 

(16) ^/(3« 2 - 4 - 4c 2 ) : V{$a’- 6 c*)=* J(^ 6' 3 + 4d 2 ) : - 6 d s ). (c.E. 1900) 


(17) 4 {a + b)(c + d)~bd^ l '^- i> + . (C. E. 1874). 

(18) *-+ • +J- +A=, 1 { a + t + - + ~)- (B. ]’• E. 1884). 

ma nb pc qd bc\q p n m\ 

(19) — -—= {a + d)-{fi + c). (15. v. k. 1886). 

• a 


. . a* r 2 . . « r 

(20) ^ : -^is inversely as (m. f. a. 


j 88.11 


{21) /i i + ab-\-b' i : a 3 - ab + b- = c v + cd + d ' 1 : c'^ — cd+d-. (c. E. 1894). 

(22) pcd+gc 1 : pli 1 + qd ' 2 —ma 2 - nc- : mb 2 — nd 2 . (c. E. 1899). 

(23) a : c-V(d* + fi*) : iP^ + d*). 

(24) {la 2 + mb 2 )+ {Id 2 + me 2 )( ~■+ • 

<25) a*b~3ac 2 : ^ st -3^ s =rt- + 5^ : £ 2 +5*/*. (a. e. 1902). 
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3 . If b, c and //are in continued proportion, prove that 

J{bc)+ v ted) - + (m. k. a. 1890).^ 

3 . If : €:=<7 : r/, prove that 

1 1 : + ^ + : b ? ' + t, 3 + rf 1 . 



6 . 

7 . 


tc a b c , a +0^ + rt*n . _ Q CM 

,f r r i' pro ' ,e that rf">’+^+>.i'- (c - “■ ,w 

If.r : b — z\ c, prove that 


s 

4- ^ -L — ss 

1 " /}'■£ y-2 . 


«° #■ (4* i- 


(c. R. 1901). 


a* b ' 1 ‘ <r 2 (a + b+rf ’ 

If £: : //—a : then will tv/ : xy^tf + d ' 1 : (l\ K. 1892). 

If a : ^ — ^ : <r, shew that a 2 + ab + b'* : b'* + bc + c“=za : 6'. 

(\. R. 1895). 


8. If a : b :: c : d and />:</:: r : s, prove that 

ap + cr‘. bq 4 *ds :: J{acfir) : J( 6 dqs). (a. K. 1896). 

4 




417 - The following examples will illustrate the converse theorem 
onsidered in Art. 407. 


Ex. 1. If (a 4 -b 4 -c 4- d) y a - b - c + //) — (n - b + c - d)(a +b-c — d), 
\o prove that a, b , c, // are proportionals. (C. I'. \. 1*893). 

We have {{a + d)+(b + c)){(a + d)- {b+c)\ {(/* - d) - (£ - 1 *‘}((<* - d) 

+ or (a+d') i -(b + cf = (a-df-( < b-C)~, Art. 124 

or (rt + rfj* —(a — df={b + 0 3 — (3 — r) 2 , by transposition, 

•\ 4a//=4^, or ad=bc. Hence a : 3 = f : d\ 


Otherwise thus :—Wiiting the equation in a fractional form, 

a\b+c-Vd a + b-c-d 


we have 


a-b+c-d a-b-c+d‘ 


Hence, by Comp . ^ Divd ., 


a-f c a - c 


or 


a+ 6* 


3 + // 3 -//’ « —£ 


3 +rf 

3 ~rf* 


Again, by Comp . Divd., 




a : 3 = r : </. 


Ex. 2 . If + 3 : 3 +£—c+rf : d+a, prove that 
- a^c or a + b+c + d—o, (C. E. 1891). 
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We have (a+ Art. 406. 

a* + (b + d)a + bd=c* + (b + d)c + bd. 

Transposing and reducing, 

a 1 -c* + (b + dXa- r) = o, or (a-c)(a + b+c+d) = o. 
either a-c=o i.e. a=?c 7 or a + j + f+rf=*o. 


418 . The following is an example of ‘ k y theorem explained 
in Art. 401. 


Ex. If a : b~c : d~e :f show that 

Each ratio — V(a* + d+e*) : $T(b‘'+d v> +f :> ). (C. E. 1882) 


Since 





J 


r 9 


b'~ d' 


c __ a" + c~ + / 
/*“’ F + d*+/ 



Each ration 


V \* ! +>+/’/ 


Exercise CLI. 


1. If 3 « 4 - 4 ^ : 5^ + 6^ = 3c + 4^/ : 5^-f 6</, then will a : £ = : d. 

(C. K. 1897). 

2 . If (2<z + 3^-f 5r + 4 //)( 2 ^ —3^- 5r + 4 rf) = (2rt + 30 — 5^-4^) 

x (2zz — 3^ + 4^ — S^), then will : /'=<; : d. 

3 . If (pa + qb + rc+sd)( />a — qb — rc + sd) = (/>a — qb + rc — sd) x 
(/>a + qb — rc — sd), shew that ad, ps, qr are in proportion 

(if. P. e. 1890). 


4 . If a : b = r : d~e :f show that 

(1) Each ratio = (/*<r ’+ qc* + r<> ? ')^: (p 6 ‘ K + qd' , + rf ? ')K (a. e. 1893). 

(2) Each ratio*=(a 3 -jarr + e : (b ’ 1 - 3bdf+P)K ( M. F. A. 1887). 

, , /a + 2 c+ 3c\* ac+cc , 00 N • 

< 3 ’ .(i+ 3 +y) - 6 Mf ”• E - ,887) - 

(4) rf+c'+e* : i’ + it'+Z^-ee : df. (c. K. 1876). 

(5) a* + c' + e* : b*+<P+f* = ace : bdf. 



If ab^cd—ef^ show that 
ab+ce+ea d l + c*+e* 


bdj{b + d+f) d*jf' r +P~b* + Pd* “ 


(n. p. e. 1889), 
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If x : y**y : find the simplest value of 


xyjjte+y+j*? 

(xy +yz+zx)*' 


(C. E. 1892). 


7 . What number must be added to each of the numbers 3, 5, 7, 
10 to give four numbers in proportion, (c. E. 1893)* 


'8. If x and y be unequal, and x have to y the duplicate ratio of 
.r + s tojy-t-r, prove that z is a mean proportional between x and y> 

9 . If a, c and d are in continued proportion, show that b + c 
is a mean proportional between a + b and c + d 


10 . 


If b is a mean proportional between a and prove that 
a 1 - f ) 1 + c 1 


a 


-2 


— b~' 2 + c~ 2 




11 . If a : b-=c : r/, prove that 


a* + g* + (* + f/* 

a-* + h-*+r*+W-* 


5=5 abed. 


m ir x v 4l A -T- + /I- , (x + yY + (a + bV 

12 . If.* = " , prove that • , + - 7 =-7—-—7 —-rjr ■ 

a ^ r .r+rt + + ^) 

(A. E. 1899). 

13 . H a : b :: c : d, and if x be homogeneous with a , £ and 

r/, then fr*+.r* : :: 1 +x"[o' : (m. m. i860). 


14 . If r+2iy : /* +3^7 + 3.*: : ^4-4^, prove that or : 

2^ + 5^, and that y + 2x : x + $y = 4a + 15b : 7a + 10b. 


IV. PROBLEMS IN RATIO AND PROPORTION. 

419 The following are illustrative examples. 

Ex. 1 . Divide 39 into two such parts that the greater increased 
by 6 shall be to the less diminished by 3 as 5 to 2. (c. K. 1859). 

Let x be the greater part, 

then 39 — x is the less part. 

By the question, x + (> : 39 — — 3 = 5 : 2. 

\ 2(.r + 6) = 5(36 — x) y or 2 „r 4 - 12= 180 — $x. 

/. 7^-*68 ; *=24, and 39-*=. 15. 

Hence the parts are 24 and 15. 

Ex. 2 . A certain number consists of two digits ; the left-hand 
digit is double the right-hand digit, and if the digits be inverted, 
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the ratio of the number thus formed to 60 is 4 : 5. Find the 
. number, (c. E. 1874)- 

Let x be the right-hand digit, then 2x is the left-hand digit, 
and the number=*+ 2* x 10=21*, and the number formed by invert¬ 
ing the digits=2* + iox*=i2*. 


by the question, 


12*_ 4 

60 ~ 5 ; 


Hence the number=2i X4 = 84* 




Ex. 3 . Two vessels contain mixtures of wine and water in the 
ratios of 8 to 3 and 5 to 1 respectively. In what ratio must liquid 
be drawn from each vessel to give a mixture in the ratio of 4 to 1 ? 

Let * be the number to be drawn from the first, 
and y .second. 

Since 8 + 3=11, /, in first, \vine« T M r and water = T 3 1 , 
and since 5 + 1=6, /, in second, wine—'; and water=£• 

Now, x quantity drawn from first, will contain wine and 
water, andy quantity drawn from second, will contain ~y wine and ! v 
water. 

•\ By the question, ftx+Zy : + : 1. 

•\ + or = 

.\ and x :y= 11 : 24. 


Exercise CLII. 


1 . Solve the following equations :— 


(1) 6 x — a : 4 x — b :: 3 x+b : 2* + a. (m. m. 1859). 

(2) * : 27 :: y : 9 :: 2 : x-y. 

(3) x+y + i : x+y + 2 :: 6 : 7 ) 

y + 2X :y — 2x :: 12*+ 6^-3 : 6y—izx - 1 j 


( 4 ) 


ax + by 


cz 



by + cz 
ax 


= x+y+z. 


a b b c c a 

- + ~ + - + - 

( r\ -j. _ 

a + b + c cab 


(c. F. A. 


1871). 


2 . What number is that to which if i, 5 and 13 be severally 
added, the first sum shall be to the second as the second to the 
third ? 
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" 3 . Find two numbers in the ratio of 2£ : 2, such that, when 
diminished each by 5, they shall be in that of i£ : I. 

4 . A's present ^ge is to B' s present age as 8 : 7 ; 27 years ago 
their ages were as 5 : 4. Find their present ages. (a. k. 1900). 

5 . Three numbers are in the ratios 2:3:5, and the sum of 
their cubes is 4320. Find them. (P. K. 1900;. 

6 . Two numbers each consisting of the same two digits are 
in the ratio of 4 : 7. Find the numbers. (P. E. 1896). 

7 . Find two numbers in the ratio i£ : 2%, such that when 

increased by 15, they shall be in the ratio 1^:2$. (P. K. 1899). 

8- A and B trade with different sums ; A gains /\\r.20oo, 
/> loses Rs.$oo, and now A's stock : B } s : : 2 : £ ; but, if A had 
gained Rs. 1000, and B lost A’j.850, their stocks would have been as 
J 5 : 3 r Find the original stock of each. 

9 . In a certain examination the number of those who passed 
was 3 times the number of those who failed. If there had been 
16 fewer candidates and if 6 more had failed, the numbers would 
have been as 2 to 1. Find the number of candidates. 

10. A quantity of milk is increased by watering in the ratio 
of 5 : 4, and then 12 seers are sold ; the rest, being mixed with 
J seers of water, is increased in the ratio of 7 : 6. How many 
seers of milk were there at first ? 


V. HARDER RATIO AND PROPORTION. 


420 . The following are typical solutions of some harder ex¬ 
amples in Ratio and Proportion. 

f v « 

Ex. 1. If ™ —-- , = ~ , find the value of 

b + c-ii c+a-o a + b~c 

(b-c)x + (£-a)jy + (<i-b)z. (c. K. 1878). 

Let each of the given ratios —k ; then 

x «(b + c - a ) A, y = ( c 4- a - b ; k, z = {a + b - c) k . 

• ' 

/, the given expression = \{b - c)(b + c— a) 4 - [c - a)U +a-b) 

4- (a - b)(a 4- b - c)\i 

= [b~ — c 2 — a[b — c) 4- c l — a 2 — b(c—a) 4- a 2 — b ' 1 — c[a — b))k 

= [ 3 - - <* +* - + a* - P - \a[b -c) + b{c - a) 4- c[a - b)\]/c 

=oxi’-o. 


Ex. 2. 

c o a 


1 x y 

then - = > 
a b 


z 

* 

c 


V 
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Let each of the given ratios — /*; then 

ay — bx^ck\ * 9 acy — bcx~c*k, multiplying by r, 

cx — az~ bk ; bcx — abz — tfk, .:. h 

bz-cy — ak\ abs - acv = a 9 /', .I. a 

Now, adding the equations, we have 

o = (a 2 4 - b 2 4 - c 2 )/’, /* = o. 

► nv-bx .xv 

. . =o, and . . r t y.*Jix~o, or ay — bx ; , , = 


Also 


cx — nz 


b 


o, and ^.r—'i5*=o, or cx — az ; 


Hence 


x 


a 


z 

b” c ' 


X _ z 

a c' 


Ex. 3 . If a(y + z) = b(z + x)-=c(. f+v), prove that 

v — z _ z - x _ x — v 
a{b — c) b\C—a) c(a - b )" 


Let each of the given ratios -/* ; then 


a = 

k 

• 

/. b — c-k 

( 

'-i 

1 =/■---. v z 


j' + rr 


\z + x 

.r + rj 

' {x+y)(z+.r) 

/; = 

k 

• 

• 

c — Cl — k( 

f I 

' \ 

r* - 

= k, - 


.?+ x ' 


v r + j/ 

y + z! 

(x+v){y + ?) 

r== 

k 

_ _ _ • 

• 

/. a —b~ k\ 

(*- 


-/• X ~ v 

— A , v « V 


Jt' -f- V 


u'+s 

z + x! 

(y+s)(c + x) 


a{b-c)-P. 


v - 


(.r +yYv + z)(z + x) 


or 


r — z 
a(b — c) 


Similarly, 


jr-* ^(x_+y)(y+z)(z+-r) 
b(c — a) /’ 2 


and 


r -r _ (x+y)ly + si)(z +■ .r) 
c[a-b}~~ / ,2 


^*t+ v)(_y+ ^Xs-Kr) 

7,2 

a 


y 

Hence *, 


r — tr 


s* — .r 


r-r 


a{b — c) b[c-a) y(a-b)' 


Otherwise thus :— 

k k k 

Wc have rf r= v , s*-Kr== , x+y—~ . 
' a b c 


1 1 i\ k\b -c) m . y-s __ k 
\c bf be ' "a{b-c) abc 


Similarly, the others 
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Ex. 4. If 


ix — y 2 y — z 22'— .v 


shew that 


2 a+b 2 b + c 2 c+ a * 

3 (a 4 - /' 4 - r)(.r 4 - 4^p 4 - 3sr) = (ja 4 - &b + 9<r)(;t* 4 -j + 



Let each of the given ratios = /* ; then 

^_ sumof numerators __ .r+^'4-2’ 

sum of denominators”" 3 ( n + b + c)' 


a 1 be-fi' 2 'L~ r-^'r 

S0 * ^(2rl+^)+^(2^ + c) + r{2c+ a) 

_ x{ 2 p - r) +y( 2 q - p) + z' gr-q ) ( ^, 

~~ a{2p + r) + b{2g+f>) + c[ 2 r + (/) . 

where p , q and r are any quantities. 

Now, give such values to p , q , r, as to make 2/;-r-i, 2.q—p 
-4 and 2r — ^ = 3, so that the numerator of (2) becomes .r 4*4?' + 3~- 


Solving the above equations, we find f = 2, y —3 and r=3- 


/, from*(2)/'= 


.r 4 - 4 V 4 - 3s_ 

<4 4 - 3) 4 - /'(6 4-2)4- -h 3) 


r 4 -4 r 4 - 32 
7 « 4 -8^4-9/ 



Hence, 


.v 4 - p 4 * 


a -P 4 .P + 3 - ^ f rorn and (3). 


• • 


3(<z + (5 + r) 7'i + $b + <)c 
:M +b + c)(x + 4 _r + 3- ) = ( ~a + 8£ + or)(.r + r + ")■ 


Exercise CLIII. 


•1 a . . a + b-c 6 + c-a c + a-b 

1 . Assuming that-— = —-- — - , and that <i + b + c 

a + b b r c C+It 

isnot = o, show that a — b=-c. (c. K. 1873). 

2 . If., -- - .,- y . = ;-- - . find. 

(£-c)(^ + c — 2 <z; (£■-«)(<: +rt — 20; (« — />,'(«+ ^ — 20 

the value of -r+_y + zr. (C. K. 1889). t 

o T/ . b-c c-a a + b + c ^ _ L 

3 . If . —y* " 1 " — 1 — \ i 5 then each of these 

4- ox bz 4- ex cy 4- ns cix + by + cz 

Mtios=- 1 -, supposing a + b + c not to be zero. 

x+jy + s rr b 

a - . r a — b . b — c c+a , , 

4 . Shew that if-h-f-—.— =i, and a-b + c is not = o r 


a 


Iren - aU 1 . (c. E. 1875). 

HOC 
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5 . If X : ax + by-\-cz-y : bx + cy+az = z : cx+ay + bz } shew that 

i 


each of these ratios = — , supposing x+y+z is not = o. 

a 4 - o 4- c 

(C. E. 1902). 

; 6. If a{y ¥ s) = b(st+x) = c(x +y\ prove that 

a —b b — c c — a 
x 2 ~y l ~ y 1 - s' 2 ” z 2 - .r 2 ’ 


7 . If 






-, prove that 


y+z z + x ,r 4 -j 

a(b~c) b'r - a) c{n - b) 

x 


— t* 


8. If £ " 


y~ — Z* £"* — X* 

' b-h' c-c' 


»» i> 1 

- — y- 


(M. F. A. 1887). 


// - b" c'-c 


n , prove that each of these 


ab 1 — ab __ /V — b'c _ — <r'<? 

a"// “ - JV = < : V' - c r V ‘ 


9 . If 


-r r 


r = - ," prove that 

b+c—a c+a-b a + b — c 

(a + b 4 * c)( 4 - str 4 - at) = (x +y -f 4 - by 4 - cz). 

10 . If.r : (b-hc)—y : c+a=*z : (<? + £). prove that 

a : (y 4 -~—A') -b : te 4 -.v—j/)s=r: (,r 4 -j' — .7). (C. K. 1903). 

■w 11 . If (<z 4 - £ 4 - c)x = (b±c'- a)y = (c 4- a - = (<* 4 - 3 - t')w, 

show that " 4 - - 4 - -- = - . (c. K. 1905). 

y ~ w x y J 

x + 2y y + 2Z Z + 2V 

12 . If - - — t-= - T , show that 

3 a—c 3 b—a 3 c — b 

2>(x +y 4 - z)(ga 4-8 b- c) = 2(rt + b 4 - < 0 ( 6 * +U/ + 72-). 

yz zr 

x - - y- 

13 . If ■ ' c --—. and x and y be unequal, then each ot 

1 -yz 1 — zx ' 1 

the*ratios is equal to .r 4 -^ 4 -~ or x ml +y m ’ 1 +z~ l . (b. p. E. 1S92). 

14 . ltH -Vr 6 * - - 3 * - ~|±£ .--frjfctg-, prove that 

8a + i$b- \2C 4«~3<5 + 4t 3(rt-6/$ + 2<r) ’ r 

<7.r +7 - 3 ^)( 9 « - 75 ^ + 38c) = (3.r- i6j/ + 14ir)( 1 ?« - 6£ - 2c). 

4 3 , d + c 2 d 

ac~ P ’ pr ° Ve that r 
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10. If (b + c)x — (c+a)y*=(a +b)z, show that 

x —y y-z z- x 
d l - b 2 b 1 c~ - a 2 ' 

17. If (a 4- b)( y+z - ,v) = (b + c)(z + x —y) = (c 4- «)(* 4-y - xr), then 
.r-j _ y-r £r~;r 
c~ ~d~ <7^-7* ~ b' r - c' 1 * 


18 . If 


, show that 


^ 4- r — a ^ ^ a + ^ — t 

[a 4- £ 4- cJW^y 4- z) 4- _y(s 4- x) + *(x+y)) - 2 (x +y f z){ax + by 4- cz). 

19. I f a(x -y) + d 1 — b[y-z) + b 2 - c{z - x) 4- c~ } then 


each = 


ci 4~ b 4* c 
a’ l + b~ 1 + c~ 


20. If a+ y ~ T ~=b + 




z~ — r‘ 2 i - _ v- 

, . . " - then each = c4- : -r • 

/> — 4 : c — a a —b 


21. If a lx 4- bmy + cnz = apx 4- bqy 4- crz — ax ' 2 4- by 1 4- cz' 2 = o, 
prove ?hat *(?nr-n$)+y[np-lr) + z(lq — w/) = o. (p. K. 1887). 


VI. VARIATION. 

421 . When two quantities are such, that their ratio is constant , 
that is, remains the same, whatever values we give to the letters 
they contain, one of them is said to vary as the other. 

The sign used to denote variation is « (read varies as). 

422 . Hence if A °c B, (where A and B are used to denote, 

not numerical or constant , but algebraical or variable quantities, 
such as admit of different values by giving different values to the 
letters they contain) then, according to the above definition, the 
\alue of the ratio A : /> will remain constant , whatever may be the 
\alues of the quantities A and B themselves. If then we put m 
to denote this constant value, • 

we have ^ =*» ///, or A = mB ; 

so that, when one quantify varies as another , they arc connected by 
(t constant multiplier. 

423 . Hence also if A ©c B, and b be any pair of values of 
A and B , then for any other values of A and B , 

we have A : B*=m**a : b 
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that is, when one quantity varies as another, if any two pairs of 
values be taken of them, the four will be proportionals : 

or since A : a :: B : b, 

we may state this by saying that if one of them be changed from 
any one value ( A) to any other value (a), the other will be changed 
in the same proportion from the value ( B) corresponding to the liist 
to the value ( b) corresponding to the second. 

424 . The following terms are used in Variation :— 

(1) If A=mB , then A is said to vary directly as B. 

(2) If A — then A is said to vary inversely as B . 

(3) If A —mJJC\ then A is said to vary jointly as B and C. 

B 

(4) If A = m , then A is said to vary directly as l> and 

inversely as C. 


425 . The following results in Variation are deserving of notice, 
(i) If A B and B °c C , then A oc C. 

For let A=/nB , B = nC\ then A=mnC and m \ A <>c C, since 
m, 72, being constant, so also is /////. 


So also, if A /> and 2 > «c ,, then A *>c - 


C 


C" 


(n) If A C and /> C, then A + B c C ancl >l(AB) : >c C. 
For let A=;nC, /> = nC ; 

then A ±/>--=mC±nC=(m± 7 i)C, and A±B C; 
and f( AB) = v /(///Cx;/C)= V (mnC~) = C, 

and therefore J{AB) C. 


(iii) If A oc BC, then B =c and C <=< ^ . 

For let A = 01BC, then B= - 1 . ^7,. or 77 ,; so C . 

7 n C c B 

(iv) If A oc B, and C Z>, then AC *c 

For let A = mB, C=nD ; then AC^mnBD, or AC ^ BD . 
<(v) li A B, then /i’ 1 
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(vi) If A B, and P be any other quantity, 

then AP BP y and ^ . 

426 . If A ec B when C is constant , and A C when B is 
onstant , then A *<- BC when both B and C are variable . 

Since A Z>% when C is constant ; 

/. A = mB , (where tn does not contain B as factor).(l) 

Again since A C, when Z>* is constant; 

/, //* B « 6”, when is constant ; 

A tn C; 

/. m~nL\ (where n does not contain C as lactor).(2) 

Also n , being a factor of ///, does not contain C. 

Hence, troin (i ) and (jl, we get 
/. A = nCI>\ (when n is independent of B and C). 

A 

Note- The following is an illustration of tJie above. 

In a triangle, the area the base when the altitude is constant, and «c 
as the altitude when the base is constant. When both base anti altitude are 
tunable, the aiea base \ altitude. 

fix. 1 . If a b 9 and io vvncn b*= 4 , find b when a = V* 

Here a —mb, m being a constant. 

The statement, that it=io when b — \, enables us to find ni. 

From (1) jo = ;//X4; /, m—\. 

Thus the relation between a and b is a — r ,b. 

Hence, when a=V> vve have = :]£. 

• a _ j *■ v j — ’» 

Ex. 2. lfj/ = thc sum of two quantities, one of \yhirh ,t*~and 
die other ®c and when ar=i,j/ = 6, when .r = 2, y = 20; express y 
in terms of x . 

Let + of which ^ a' and q ‘-c a 2 . 

Also let fi = mx and q~nx\ where m and n are constants. 

y — nix + nx 2 . 

Putting y — 6, x= 1, we have 6 ^m + n .(1) 

Also, putting y = 20, „r = 2, we have 20 = 2m 4-4/; . .. . (2) 
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Dividing (2) by 2 and subtracting (1), we get 
^ = 4 and /, m*= 2. 

Hence y—2x+4x 2 is the required relation. 


Ex. 3 . The wages of 100 men for 6 months amount to Rs> 10800. 
How many men can be employed for 7 months for ifr.4536. 

Denoting the number of men by a, of wages by w , and of 
months by d , we know that w °c a, when d is given, and tv d, when 
a is given. 

w oc ad ; w — mad. 

The first statement gives io8oo = w x 100x6 ; 

/. ;«=i8and /, w—\Sad 

Hence when 7^=4536 and d= 7. 


The no. of men = 



Exercise CIiI^. 

«• 

1 . If a oc ficy and when a = 1, £ = 2, r = 3, express a in terms of 
b and c. 

2. If xy °c r 2 4and 3, 4 be contemporaneous values of -r and 
V, express .r/ in terms of .r 2 ^ 2 - 

3 . If a oc and when £ = 3, a = 4, find the value of a when b = 5 

4 . If r <*c i/.r-, and when x = 8, 10, find the value of ^ when 

.r= 9 . 

5 . If x °c p °c y and q i/v, and if when j=l, .r=i8, 
when y = 2, a = 19find a* when ^=*11. 

g. If jrssthe sum of two quantities, whereof one is constant 
and the other *cx inversely, and when .r — 2, y = o, when 
find the value of when x =6. 

7 . If j/ = the sum of two quantities, whereof one is constant, 

and the other xy, and when x — 2, - 2^, when x= —2, y~ 1, 

express y in terms of x. 

8 . If j^the sum of three quantities, which vary as .r, a 2 , x'* 
respectively, and when at=i, 2, 3,jv = 6, 22, 54, respectively, express 
V in terms of x. 

•» 

0 . If >'=the sum of three quantities, of which the first <=< 
the second oc .r, and the third is constant: and when at= i, 2, 3 r 
y=* 6, 11, 18, respectively, express y in terms of x. 
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10. Given that z ^ x -yy, and y „v 2 , and that when x= J, the 
values of y and z are \ and ± ; express z in terms of x . 

11 . If x varies directly as y and inversely as z, and x=a, when 
i r = b and z = c, find the value of x , when^ = <*- andz^c*. (C.i .a. 1877). 

n> 4 W J J 

12 . If x ^ " and z 2 ®c - , shew that .r «c - <>c ~ . 

jr y s 

13 . If ar 4* b <l «=< ar — b- prove that a + b a — b. 

14 . Given that .r + y varies as z +- , and x-y varies as z~ - 9 

2 z 

find the relation between x and z , if z = 2, when x = 3 and _y = 1. 

(H. P- K. 1 

15 . If x, y, r be variable quantities such that y+z — x is 
amstant, and that (.r + v-s){x+z— y) varies as yz, prove that x +y + z 
varies as vs. 

mw 

16 . If x + v varies as z when y is constant, and if x+z varies 
.is y when z is constant, shew that when both y and s vary, then 
1 +y + z van os as yz. (c. V. a. 1871). 

17 . Find how soon 20 men will earn /is. 30, if 3 men earn Us. 9 
in 16 days, (m. f. a. 1885).- 

18 . Nine horses having 4 feeds a day can be kept for 3 weeks 
lor £12. Ss. o\d. ; what will be the cost of j 5 liorses for 36 days with 
3 feeds a day ? 

19 . With a capital of AY450 a man gains /is.gg in 11 months. 
What profit does he make in 10 months on a capital of /is. 1000 ? 

20. Prove that the volume of a sphere whose radius is 6 inches 
is equal to the sum of the volumes of three spheres whose radii are 
3, 4, 5 inches respectively. [Given the volume of a sphere (radius) 3 ]. 

21 . If 2 varies as (x-ha)(y + b\ and is equal to (a+b)* when 

x-b and y — a, find the value of z when x — a + 2b, y-- 2a+ b. \ 

* 

22 . The area of any triangle varies jointly as any side, £nd the 
perpendicular let fall upon it from the opposite angle ; express the 
area of the right-angled triangle ABC in terms of the sides AC, BC, 
containing the right-angle, it being found that, when the sum of the 
two sides is 14 feet and hypotenuse 10 feet, the area is 24 square feet. 


M. A.—29 



CHAPTER XIX. 

ELIMINATION AND SPECIAL ARTIFICES. 

I. ELIMINATION. 


427. Elimination is the process of obtaining from a given 
system of equations containing one or more algebraical quantities, a 
new equation free from those quantities and involving only the others,. 
The result thus obtained is called the Eliminant of the given 
equations. 

Thus, to eliminate x from the equations 
ax+b=o .(1) and cix + V** o, 

we have, from (1) x= — bja , and from (2) x= - b' ja\ 

Equating these values of x, we get 

— ~ ^, or a'b = ab’ ; /. e . a f b — ab'*= o. 

a a: 

Thus, we obtain an equation free from the quantity x and 
involving only the other quantities which occur in the given equations. 
The result a'b — ab '—o is called the Eliminant . 


Ex. 1. 


Eliminate x from the equations 

AjP + Bx + C** o.(1) \ ( 

A’xs + B'x + C^o .(2) / 1 


1864).* 


From (1) and (2), By the Rule of Cross Multiplication % we have 
.r* _ x _ r 

Re-BTC 9 * CA'- C'A “ AB'- A'B ’ 

# X 2 I ( x y 

•• BC-B'C x AB'-A'B~ \CA'-Ca) ’ 

{BC-B'C){AB'-A'B) = {CA'-C'A)\ 
which is the required Eliminant 


Ex. 2 . Eliminate jr and^ from the equations 

a'x + b'y—c 1 , a!'x + b"y = c". 

From (1) and (2), we have ax + by-c=o \ 

dx + b'y-d =o J 
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By the Rule of Cross Multiplication , 

_ x _ y t 

— be* + b'c** — a'c+ac'^ab' — a'b * 

b'c-bc' , aS-a'c 

Substituting these values of x and_y in (3), we have 



or a’{b'c - be') + b"{ad - a’c) = c"{ab' - a'b). 

a"{b'c - be’) + b’\ac' - a'c) + c"(a'b -ab') = o. 
t.e. a"{bd -b'c) + b''{ca' - c'a) + c"{ab' — a'b) — o. 


Ex. 3 . Eliminate x, y and z from the equations 
ax + by + cz => o . (1) 1 


••• ••• 


(2) 


/ 


ax + b'y + c r z~ o ... 
a f x*±b n y + c r z = o . (3) 

Krom (1) and (2) by the Rule of Cross Multiplication , we have 

-stt=7/zr„-w^r*' su pp “'- 

Hence x=*k{bd — b'c), y = k{ca‘ — da), z=k{ab' —a'b). 


Substituting these values of x,y and z in (3), 

a''{be' - b’c)k + b"{ca' - d a)k + c"{ab' - a'b)k— o, 

a'\bd — b'c)+b''{ca’-c'a) + c"{ab' — a'b)~o, dividing out by k. 


Ex. 4. Eliminate x andj>» from the equations 
ax + by=c, bx-ay^d, x 2 +y 2 = 1. 

Squaring (1) and (2) and adding the two results, w$ get 
a 2 x 2 + b 2 y 2 + b 2 x 2 +a 2 y 2 = c* + d 2 . 

(a 2 + b 2 )x 2 + {a 2 + 3V - «* ■+ eP ; {a 2 + b 2 ){x 2 +y 2 ) - c 2 + d*. 

But from (3 )x*+y 2 =i, .*» a 2 + b 2 = c 2 + (P. 


Ex. 5 . Eliminate x from the following equations 


*' + ^+3\*+Z 


K) 


m, x' 


~i) (C. F. A. 1865). 
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( l\s j I 

x + x f =m, x + ^=m* .(3) 

(2) =ft > x-l = ti' .(4) 

✓ 

Adding and subtracting (3) and (4), we have 
2x — 7 /r* + and 2jx = m s — n ^. 

Hence 2 ^x‘' =(;^ +n%) r jn^ — 77$), or 4 = 7/7$ —^ 5 . 


Ex. 6. Kliminate ,r and_?' from the equations 

x+y=a 9 .r 2 = <$, x*+y' = c. 


Squaring (1) and subtracting (2), we get 

2 xy = a 2 — b , or — £).(4) 

Again, cubing (1), x'+y'+- 3 xy(x+y) = d J .(5) 


Substftuting (1), (3) and (4) in (5), we have 

c 4 - 3 x £(<z 2 — b)a = or a? — 3^ 4- 2^ = o. 

Ex. 7 . Eliminate jr, j/ and s from the equations 

x\y+z) — a 9 y\s + x) = b 9 z\x +y) = c, xyz=*a. 

Adding (i), (2), (3) and twice (4), we have 

* a + b + c + 2<f— x*(y+s) +y i (z+x) + z-(x +y) 4-2 xys 

= (JK + *)(* +*){* +>').(5) 

Again, multiplying (1), (2) and (3), we have 
abc=x 2 y 2 z\y 4 - z)(z t x)(x +y) 

= d\a + b + c + 2d), from (4) and (5). 

Ex. 8. Eliminate x and y from the equations 

x +y + z — a 9 yz -f zv + xy~ b y xys — c. 

w 

We have identically , (" - x)(z -y)(z~ z) = o, 

or z* — (x +y + z)z 2 + (yz + zx 4 - xy)z — xyz = o. 

Now, substituting" from the given equations, we have 
s? — as 2 + bz — o. 
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(0 * 


.r 

— -=a — & 

X 


0 


Exercise CLV. 


x from the equations :— 

(2) „r s + 3 =4( rt " + /> s ) ] 

(3) a + c=--dx ] 

X 

m 

X 1 

3 -* + *3 = 4 (« :i -^ s ) 

X 

ft 

1 

II 

' ft, 
1 

x and y from the equations 
y =*b\ xy—c\ 
x + b f y=c\ x 2 +y 2 = 1. 

x and y from the equations 
=x +y+xy — x 2 +y 2 —1=0. 

• 

• 


, , y — z z—x , x-y 

(1) — =a, -= — —~c. 

y+z z+x x+y 

(2) y 2 + z u =* ayz, z 2 + x 2 — bzx, x 2 +j 


z —x 


t \ x 

3 y+z 


y r Z 

(Z* ~ •” Vi C» 

z+x x+y 


, \ y 2 2 . x 

U) - + - =«, + 

y x z 


r . x y 

~=by ~ +- ^C. 
y 


X 


( 5 ) 


ax 


__ by _ 




by+cz cz+ax , x+y 

5 . Eliminate x % y % z from the equations 

ax + by=z, by + cz=*x y cz+ax =y. 

6 . Eliminate x from the equations 

ax 2 + bx + c— o, a x* + b'x + c' =o. 

7 . Eliminate x from the equations 

c /x\ b . x (a\" a /a\ b . a 

s'i.-.U) + , °« +s U • 32 , _ U) +, °x +s 



8- Shew that if ax* +by z +cz 2 = ax + by + cz**yz + zx +xy = o, 
. then abc=*{b + c — a){c+a — b)[a + b — c). 

9 . Eliminate x } y, z from the equations :— 

(1) x 2 (y-z)=a,y 2 (z-x)=*b, s 1 (x -y) = c, xyz~d. 

(2) x +y + z=*a^yz+zx+xy = b) x*+y 2 + z*=*C) Xyz = d. 
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10 - Eliminate a, b, c, from the equations 

bz+cy—a, az+cx**b, ay + bx=c. (c.f.a. 1870&A.I.E. 1893). 

11 . Eliminate / and m from the equations 

/*.r + and -lx + my*=* o. (P. E. 1902). 


II. SPECIAL ARTIFICES. 

428 . The following are typical examples with their solutions. 

Ex. 1 . If x(b — c) +y(c — a) + z(a — b) = o, 

, bz-cy cx — az ay - bx 

prove that -r— - — -= — , . 

b — c c — a a — b 

We have a(b — c)+b(c — a) + c(a — £) = o, (identically) 
and x{b-c)+y(c-a) + z(a-b) = o, (given) 

/, by the Rule of Cross Multiplication , we have 

b — c c—a a — b 
bz — cy cx — az ay— bx 9 

it bz — cy cx — az ay- bx 

Hence "r "■■* " =-= -. 

b — c c — a a — b 

Ex. 2 . If x*=cy + bz, y = az + cx, and z=bx + ay , 

jr 2 v s S’ 3 


1/ 

shew that-„= • 


1 -a 2 \ — b 2 l — c 2 ' 

From the given relations, we have 

x — cy-bz— o...(i\ cx~y + az=o...(2), bx+ay-z=o...($) 
From (1) and (2), by the Rule of Cross Multiplication , 


x - y 


ac + b bc + a 1 — c 


( 4 ) 


Similarly, from ( 2 ) and (3), = ^ 


and from (i) and (3) 


y 


ab + c 1—b 2 bc + a 


Hence, from (4) and (5) we have 


(5) 


( 6 ) 


(ae+b)(i-a 2 ) (1 -e*){ac + b) 9 


or 


1 —a 2 1 - ’ 






SPECIAL ARTIFICES. 


45 * 


Similarly, from (5) and (6), we have 

x* y 2 x 9 

— 11 ———— — ss - — — .j_ or — 

(1 — a 9 )(ab + c) (ab + c)(i — b 9 ) ’ l-« s 
Hence the result. 


r 

1-d 9 ' 


Ex. 3 . If ax+by + cs — o, and ajx+bly + cjz=o, prove that * 
ax 9 + by s + cs 9 + (a + b + c)(y+z)(z + x)(x +y) = o. 

m 

From the given relations, we have 

ax + by + cz= o ) 

and ayz + bzx 4 - cxy = o J 

By the Rule of Cross Multiplication , we have 

= yyrji)* suppose - 

/, a = kx(y 2 —z 2 \ and /, ax* = kx*(y % ~ z 2 ). 
b = ky(z 2 —x 2 \ and /, by*=iy A (z 2 —x 2 ). 
c=k.%{x 2 —jr 2 ), and /, cz % = kz\x- —y 2 ). 

lly addition, a + b + c = l’{x(y 2 — z*)+y(z 2 — x 2 )+w(x~— y*)\ 

= Ky~ z)(z - x)(x - J')- 

and ax* + by" + cz* « y 3 — z 2 ) +y\z 2 — x 2 ) + z\x 3 — j/ 2 )l * # 

= — k(y 2 — z 2 )(z 2 - y j )(^r 2 — y 2 ). 

. + V + CZ* , . v,_ . -X/- . . A 


a + £ + c 


* -(. 7 +*)(* + *)!*+>')• 


Hence ax 3 + + cs* + {a + b + c){y + s)[s + x)(x +y) ■*o. 

Ex. 4 . Having given x~by + cz + du, y**ax + cz+du> 

z - ax+by + du, u*=ax+by + cz y 

. . abed 

show that - -- ,*»i. 

i+/* i+b i+c i+d * 

Assume ax + by+cz+du **& 9 .(5) then, 

from (1) x+ax or x{ \ +a)~£ ;*fvom (2)^(1 +b)*ek 

from (3) z(\ +c)**k and from (4) u(\ +^) = & 

.\ x(i +a)*=y(i + 6 )**z{\ +c)—u( 1 +d)=*k m 


x= —— 


1 +a 1 y 1+b* 


z=' - and u 

1 +c 


k 

1 +d m 
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r, ak bk ck , dk . r . . 

Hence —. - + z . •, + —+ r —from (5) 


1 4-a 1 +b i+c l+d 


or 


11 c 


d 

+ -' ■.= 1. 


1 + a l+b i+c l+d 


( rr __ ^\2 

Ex. 5 . If „r, y , r, are unequal, and if 2a-3y = ——, and 

f X — y)^ ( 1 / 

2a- 3s = - —- then will 2 a- 3 / 1 '=" - - - , and A'4-V4-sort¬ 
s' J at 

We have from (1) 2oy — 3y- = (r —.r) 2 , ^ 
and from (2) 2as — $z z ~{x -yJ 

•\ by subtr. 2 a(y - z) - 3 ( y 2 - s 2 ) = (s - r ) 2 - (r -_y ) 2 

= -{y-z)(y+z-2x). 

Dividing by y — s % which is not=o, we have 
2a- 3( y+c)** -(y 4-5-2.r) ; 

/. 2 a=* 3 (y + #)-(y + 3 r- 2 x) = 2( r r+y + z); m \ a=~x+y + z. 

Again, since, (z - x )' 1 or z 2 -2zx+x 2 = 2ay — jy 2 , from (1) 

= 2 (x +y + z)y- 3 y\ from (a 
= 2 xy —_y“ + 2/5-. 

/. .y 2 - 2y;r 4 -s 2 or (y- z ) 2 = 2.ry 4- 2xz - x 1 = 2.r(;r 4 -j' 4 - s') - 3^ 2 

= 2a.r — 3-f 2 , from (a) 

=x(2a-$x). 

. (y ~ s ) 2 

- • — J ~ 3 - r * 


( a ) 


6. If 
prove that 


x 


x 


y 


z 


l{?nb + nr — la) m(nc+la — mb) n(/a + mb ^ 
l _ m 



We have 


Xifiy 4 -cz~ ax) y(cz -tax- by) z[ax 4- by - cz )’ 

z 

n 


x 

/ 


y 

in 


then k a 


mb + nc — la nc 4- la — la 4- mb — 

V , s' S' .r .r y 

' - 4- - —h 7 ~ ^4 

m n n l l ?n 


— suppose ; 


2 la * 2/;^ 2>w 


ny + mz_lz + nx_ mx + ly 
2lmna 2lmnb ~~ 2lmnc 1 
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2 nxv 


_ J^ny + Mz) y{lz 4- nx) __ z(mx 4 ly ) 

2 bnnax ilmnby 2 /mncz ’ 

__ #;ry 4 - /yg 4 ray _ /rag 4 - lyz 

ra ~~ Ay cz ' 

2 lyz zmxz 2 nxy 

by 4 ‘Cs — ax cz 4- ax — £y ra 4 - by — cz 9 
2 /xyz zmxyz znxyz 

' x(by 4 -cz - ax) y(cz 4 -ax — by) 2 (ax 4 -by - cz) 

Hence dividing by 2 xyz, we have 

/ _ in _ w_ 

.r(/y- ax) y(cz 4 ax — ^y) g(ra 4 £y — cz) * 

Othcnuise thus : Let each of the given fractions = 

/; y + cz — ax __ /y4<;g~ra 

* Cn ' / 2 a* - (W* - ncf (la 4 nc - mb)(la 4 mb - nc ) ’ 

also £ 4 7?^ - /#) ’ 

• x Wy+ C3 r._ ax L 

9 # l(/a + nc-mb)(la + mb-nc)(mb + nc-la ) 7 


’ * .r(£y 4 - ra) k l (mb + nc - /aj(#r 4 A* - mb)(la + mb - ;*£*) 

similarly - --—=same thing, &c. 

Exeroise CLVI. 

1 . If {bx-ayf‘ — {b i -ac){x i -az), prove that 

(by — t.r) 2 = (b 3 - ac)(y* - f«). 

2 . If ,r(_y 2 -z 2 ) = (£ -c)yz and y(z~ -x z ) = (r-a)zx, 

prove that z(. t 2 — _y-) = ( a — 

3 . If ax + by + cz = o, and aj'x + bjy + cjz ^o, 

then will ax i +by i +cs* + (a + b+c)(yz+zx+xy)=o. 

4 . If bz + cy<=a, az + cx = b and ay + bx = c, 

a 3 V 3 c ' 3 


prove that 


i-.r 2 i-y 3 i -z 3 ' 


5 . If ——4- 1 -H---i, prove that 

i+l+lm i+tn + mn \+?i+nl 

lmn= i or (i + /)(i +m)(i +»)= - i. (n. v. E. 1889). 


either 
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6. If (a + b4-c)(a+b+d)=(c+d+a)(c+d+b), prove that each 
of these quantities is equal to 

( a - c) (a - d)(b - r)(b - d) 

[a -l b — c—d j* 

7- If 0 £-£(‘* + 0)(/+?)+/ty=*o, and erf-i(c+rf)(/» + y)+^r=o, 
shew that 

>2 / (<2+£-c-</) 2 


8. If 


tex-y-zf (2 y-z — x) % ( 2 z-x-~y)* 

x y z 


9. If cP — £*bs£ 8 — ^=c 2 — a 2 , shew that 

ab — <?hc-a* ca — b* , 0 . 

— r+ -i- +- = o. (B. m. 1891). 

a-fl v 7 7 

10 . If a(by + cz — ax)~b(cz + ax — by) = c(ax + by — cz\ 


prove that 


a b c 


11. If ax*** by* =* ex' and i/x+ i/y + i/V= I, find tjie value of 

if (ax 2 + by*+cz 2 ). - * 

— c — a , a —b _ - t 

12. If-i- -I—-h -—o, prove that two of the quanti- 

l+bc i + <™ i + ab r ' ^ 

ties <: must be equal to each other. 

-13. If (a + b + c)* = a* + + £*, shew that 

(a + b ft being any positive integet. 

-14. If x 2 —yz =*y 2 - zx y and if x and y be unequal, then will 
each of the expressions = *(;r a -fy 2 4* s 2 )^* 2 — xy. 


15 . If 


x < y* v-2 __ 


y+z 

given that x and y are unequal. 


—y\ prove that each = — z* being 

z+x y ’ r x-\-y ’ 


16. Having given 


V + z 


y _ z+x 


i — x % m 4 -nyz ’ I —y 2 m +nzx ’ 


prove 


that, 


x+y 


' if x. y be unequal, -« = . ——. 

^ ^ - <r2 tn+nxy 


17. 1( a, b, c be unequal, and a+J-——--, 

ab _ 

then each = H— , ■ - —» , and if a + £ + r— t, then each of these 

ar+F+c- 

expressions vanishes. 



CHAPTER XX. 

INEQUALITIES AND MISCELLANEOUS THEOREMS. 

I. INEQUALITIES. 

439. Inequality is the method of determining which of the two 
given algebraical expressions is the greater of the two. This is best 
done by shewing that if a and b be real quantities , and a >■ b , then 
a - b is a positive quantity . 

430. Most of the results in Inequalities may be obtained by the 
application of the following general theorem : — 

The sum of the squares of two unequal quantities is always 
greater than twice their product. 

That is, a 2 4 * ft 2 > 2 ah. 

For, let a and b be two real unequal quantities ; then a — b is 
positive or negative, according as a r> or -c b. 

But since the square of every quantity, whether positive or 
negative is always positive, 

(<z — b ] 2 or a* 4- b' L — zab is a positive quantity. 

/, a 2 4 -£* > 2 ab. 

Note. If a=b y then a A + b 2 ~2ab. Hence a 2 + £ 2 is never less 
than 2ab. 

Ex. 1 . If a } b and c be any unequal positive quantities, prove 
that (b + c)(c+a)[a + b) 8 abc . 

Since b*+c* > 2 be, b*+c 2 + 2 bc or (b+c ) 1 > 4 be. 

Similarly, (c + a)* > 4<ra and (a + £) 2 > 4/2/;. . 

Hence, by multiplication, we obtain 

(b + c) 2 (c + a)*(a + b ) 2 :> 64 aWe 2 . 

Ext. the sq. root, {ba)(a + b) > 8 abc. 

x y 

Ex. 2 . A man receives -ths of Us. 10 and afterwards - ths of 

y x 

Rs.io. He then gives away Rs. 20, Shew that he cannot lose by the 
transaction, (c. E. 1881). 
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The total sum received 


(?■:) 


= ^ + of AV.io. 


20= io I - 




Since to |" + 

<y 

= a positive quantity. 
/, he cannot lose by the transaction. 


Ex. 3 . Which is the greater, J$ + Vy or + Jio? 

JS + J7 > or < ■/$ + «,/io, 
according as 12 + 2 ^(35; or < 13 + 2 ^(30), squaring, 

„ » 2 V(35) > or <c 1+2 ^(30), 

„ „ 140 >orc i2i+4v/(3o), squaring, 

„ „ i9>or<4^(3o), 

., 361 >or< 480, squaring. 

Now, we see that 480 >-361, therefore v/3+ N /io + J7. 


Exercise CLVII. ' 

(All the quantities below are real, positive and unequal). 

1 r> .u . a + b - al> , , a b" 1 1 

1 . Prove that-> ,, and that + . 

2 a + b (r a b a 

P 

2 . Shew that the sum of any fraction, aqd its reciprocal, is :> 2. 

i \ 

3 . Shew that 

(i) + (i'b + dd 2 . ( 2 ) a l + b-+c* > bc + ca + ab. 

(3) ab{a+b)+ac{a+c)+bc{b+c) ■> 6 abc. 

(4) a* + P + c* > h\ab{a + b) + <ic{a+c)+bc{b+c)). 

( 5) a* + a 4 b*+aW + b* > (a* + 6*)*. 

4 . If x 1 —a 1 +b 2 and/ 2 = ^ 2 -f rf^shew that .ry >■ ac+£</or + 

5 . If a > by shew that a 4 — b 4 < 4 a\a — b) and > 4 b'\a — b). 

6 . Shew that {a + b + c)^ 7> 27abc. 

7 . Shew that abc > {b + c - «)(c + a - £)(<z + £ - c). 

8- Which is the,greater :— 

(1) 3 + J 5 or 4+ n '3? 

(3) a- 3 +i or * 2 +’r ? 


( 2 ) VS+^Mor ^5 + 3 ^ 2 ? 

(4) 2(i+a s + a 4 5 6 7 ) or 3 {a+a?) ? 
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9 . A man receives {x + ia)jy of Ks.$ and again j/(.r+2a) of 
Aj.5. He then gives away jRs 10. Show that he cannot lose by the 
transaction, (p. E. 1889). • 

r 1 1 

« 

II. MISCELLANEOUS THEOREMS. 

431. Meaning of A jo. Rv actual division, we get * * 

A ' 

- = A 4-A.r + A;tr 2 4- Ar^-f Ax* + ...to an infinite number Of terms. 
1 - x 

If in this result x be made equal to unity^ the left-hand side 

A A 

becomes - or — , and the right-hand side becomes 
i -1 o ’ 0 

A -f A 4-A 4-A -pA + ...to an infinite number of terms 
= A x 00 =00. 

Hence A/o = oo, {an infinitely large number ). 

432 If the sum of the s(jiia?‘cs of any number of real quantities 

be zero , then each of the quantities is separately equal to zero . 

# 

Let A 2 q-B 2 4- C 2 + .. = 0, where A; B, C,...are all real quantities. 

Now the algebraical expression for which A stands may be 
either positive or negative, but its square is always positive ; hence 
A 2 is essentially positive. Similarly B 2 , C 2 ,...are all essentially 
positive. Now, since none of the quantities A 2 , B 3 , C 2 ,...is negative, 
their sum cannot be equal to zero, unless each of them be equal 
to zero. Hence A 2 = o, B 2 = o, C 2 = o, &c. and /. A = o, B =0, C = o, 
&c. Hence the result. 

Ex. 1 . If a^ + b' + c^^bc + ca + ali ,and a ) and c be all real, 

then a —b — c. 

Multiplying by 2 and transposing, we get 

'id 1 4 ib~ 4 2 c l — ibe — lea - lab = o. 

Re-arranging terms, we get » 

(£ 2 — 2 &t 4 -c 3 ) + (c 2 - 2ca + fl s ) + (// s — 2 ab+b' l )= o, 
or (b — c)*+ (c - a)* 4* (a — by = o. 

Hence b — c= o, c — a — o and a~ b = o, or a = b=c. 

Ex. 2 . If (ar + by + cz ) 2 = (a 2 + b 2 4 -c 2 ) 0 ** 2 4 -.y 2 + * 2 ), prove that 
x/a=y/b=z/t. (c. F. a. 1^869). , * ’ 

Multiplying out and cancelling like terms, we have 

■2 aixy + lacx 2 4 - 2 beyz =« 2 (y 3 + z*) + b\z l 4 - xT) + <?{x* 4-j' 2 ). 
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Transposing and re-arranging terms, we have 
(a 2 y* — 2 abxy + fix 2 ) + {fix 2 - 2 acxz + cPz*) +( fiz 2 — zbcyz + fiy 2 ) — o, 
or (ay — bx ) 2 4- {cx — az ) 3 +( 3 # - * o. 

Hence ay—bx** o, cx—az=o and bz — cy=* o. 

/, ay=*bx 9 cx=az and bz~cy. 

/, y\b=*. r/«, xja^sjc and zjc=*yjb. 

Thus Xj'a=y/b=:z/c. 


433 . If A xB=*o, then either A=o or B=o, but not necessarily 
A=o and B =*o. 


For, if Aaa, and B =0 
or if A =0 and B = i 


then AB=o. 


Also, if A=o and B«o then also AB=o. 


434 . If in finding the value of an expression, it assumes the 
form 0/0 (which is indeterminate in value) for any particular 
value of any symbol, we must by suitable transformation change 
the expression into another of equal value, such that, it may not 
take the form 0/0, for the proposed value. Fractions which assumes 
this form, are called vanishing fractions. 

. X 2 — 

Ex. 1 . Find the value of —, when x=a. 

x-a 

Here the expression assumes the form o/o, when a is substituted 
for x. Now, to avoid this form, we proceed thus :— 


x — a 


—x* + ax +a 3 = a* + a 3 + a* =*3« ? . 


Ex. 2. Find the value of , when x 

x 3 - 4* s + 6.r - 3 

. (.r-1 )(3x-5) 3*- 5 

The expression = 

V {x— l)(-* 2 — 3-T + 3) 


.r* —3* + 3 

3-5 
1-3 + 3 


- 2 . 


Exercise CLVIII. 

1. If a 2 + 0 s +2*»2(tf+ 3), prove thata = 3— i. 

2. If (a + £) l +(£+c) s +(f + d)*— 4 (ab+bc+cd), then a—b-*c=*d. 

3. \{a*’‘+b 1 +c t = 2 (a+b— 1 ) prove that a and c=»o. 
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4. What is the only solution of (.r + 2a) 3 +y 2 =■o ? (p. E. 1889). 

5. If I +.t x'+yy'= s/((i+i:*+y)(l +x' i +y a )l 

then x=x' and y*=y'. 

6. If (a-tf + ib-dY+icP+b* - i)(£*+rf*-i)=o, prove that 

+<**)« 1. 


7. 

a 

9. 


If x 2 +y 2 +2**(i + .r)(i +;/), prove that;r=j/»i. 

If rt s + ^ 3 +t 3 = 3a^, show that either a+b +c=o or a=b = c. 


Findthe values of, (when x—a) 


<0 


.r 


2 o 

- — a m 


x — a 


(2) 


* 8 - a 3 


x 


2 _ 


a 


( 3 ) 


■v 4 - a 4 
.V s - a* 



x° - a« 
x* - a *' 


10. Find the values of 

/ . A 


: (r) 


+ r-36 


.r 3 - 4 a: 2 + 8* - 15 


, when * = 3« 


/ v 2^ s -3^ 2 -f-i , 

(2) {{-x )a 1 vvhen ;r=I * 


T 


REVISION PAPERS IV. 

, } Paper I. 

1. \ Resolve into factors \-n 

A* ft 

(i) 12**+ 7#- 12. > (ii) 4 a* + 0 a —£ s —rf a + 4«0 + 2a£ 

»»' , .«.»*■ »-*•**-*• II Mjllll •*-—*•* 1 *'* iw 


2 . Divide (a 2 — £ 2 ) 2 — (a 2 — 3^ + 2# 2 ) 2 by (a — £) 2 . 

3 . Find the G. c. M. of 15-tr 3 — 4^r 2 — 53*4-30 and 

/15* s - .r a - 31.1:- 15. (c. F. a. 1882). 




a o* , r x*+(a-b)x-a 6 . r , 0 , N 

*• S,m P' lfy ii+(«+7)r+a- (c- »• A. 1S63). 

5 . Prove that (x + y ) 7 —x 7 +y 7 + 7xy(x +y){ r 2 + xy + y 2 ) 2 . 

<CT If 2 s=a + b+c, prove that 

(s - a) 3 +(s~ bf + (j - - 3(5 - a)(s - J)(j - c) 

= $(a 8 + 0 s + c 3 - 3 <zbc). (c. F. a. 1878). 
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7 . Solye'the equations :— 

•"W *; 3 + 3 *f- 2 - f . (c. F. A. . 875 ). 

<’) MV) + 2 ('<r) + -,C. 3 ) (c - r - A - lS79) - 


8 . A number has three digits, the sum of which equals 10 ; the 
first and third exceed the second by 4, and the first and second 
•exceed the third by 8. Find the number, (c. F. A. 1867). 


Paper II. 

1 . Multiply x J)( ‘ q ~ l) +yW-i> by 

2 . ^'fSvide (x 2 + 2xy-sv 1 )* — (** —^xy + sy *) 1 by (* — y) 2 . 

; , 

^ V 3 . If ^ + ^ + ^—0, prove that 

(fc + ^= o. (m. f. a. 1888). 


4 . Find the G. c. m. of 6 x* — yx 2 + 2 and 2x ’ + 6 .r 2 - x — 3. 

(c. f. a. 1878). 

5. Resolve into factors the expression :— , 

(/* +1 )(■**+.r+i)(.r+i)-(,r R +[)( y 4 -J' + 1 )(y + I). 

(M. F. a. 1887). 

6 . Prove that {y+azy + {z + axy + (x + Liyf-$(y+a2X2+ax) 

x (x 4 - ay) = (1 -f +y‘‘ 4 - 2? — 3 xyz). 

7 « Solve the equations :— 



2X(X + I) 
X + 2 


7 = 2 (* ~ 2 ). (C. F. A. 

X -4 



-- 4 - 

x - 4 x 



(c. F. A. 1872). 


1869). 


8 . A bag contains 160 coins consisting of half-crowns, shillings, 
six-pences and four-pences, and the values of the surtof money 
represented by each denomination of coin are the same ; how many 
of each are there? (c. F. A. 1874). 


Paper III. 

1 F ind the value. of J (*-~) + yf 

+ N /(« 2 - zab + 4^ a ), when a=»|, £=-5. 
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2 . Multiply together x— i + x+2+ ^3, * — 1 - */i, 

and *4-2- ^3. 

,>3. If dfl—fl + c 9 , prove that 

(a + b 4- f)(^+ c - tf)(a + f ~ # )(a + b - *:)«»4#V. 'V.. 

J C- ve <&**+*-1 w 62T s *+Tijr+3 2 ^*+ 9 r-f 4 

4. Simplify — o- x -- • 

r 2x a — 5^ — 12 9^ a -i jr*— 16 

5. Divide x n - 6 { 4 a + b)x + (a + 2^)(a 3 + 3i a ) by x+a + 2 b. 


14 


6. From the equation ——7— „ . 

4 y -5 2-.v U—2XJ-5) 

value of xjy . 

7 . Solve the equations :— 


o, find the 


(■) i^-S, ;+ r -7. 


(2) -+~“ 29, — *2. (P. !. E. 1889). 
*' x y x y 

(c. F. a. 1887). 

( 3 ) 3^-2^=-15, * — 2jt = f, x+y + z~2$. (C. F. A. 1879). 

8. Take any number, the one next to it, and a third equal to 
the product of the first two. Add together the squares of the three 
numbers and prove that the result will always be a perfect square, 
whatever the number <you choose to start with. (a. i. e. 1893). 

Paper IV. 

1 . Prove th at {x +y ) h =+ y h -f 5 xy(x +y)(Jp+xy +y % ). 

2 . If (2:+^ =3, prove that 2r 8 -f ~-»o. (c. F. a. 1883). • 


3. If .r- 


1 


1 —y 

tion between x and v . 


—— , z— -and nr* — . find the r*la 

I — J2T l-U l-V 


4. Extract the square root of the expression 

(x$rry^)(x^y^-y + 2x^y-£)-\-x*y+x*y (m. f. a. 1893). 

5 . Eliminate x and y from the equations 

T 1 , , 1 

x+ .V +-4 and -rv-f— 
x y *y 

, V 

6- Solve the equations 


(«) 


x-7 


-£Z£«*-U-£Z1S. (p. 1 . e. 1891 *. 


*-9 2? — 11 X-I5 X— 17 
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(2) J(x-y) = V'O'+l), X+jy = 6. (c. F. A. 1883). 

( 3 ) bz+ey=a k ox+az**b, ay + bx — c. (c. F. a. 1870). 

7 . Prove that x A +ax n + bx 2 +cx+d will be a perfect square for 
all values of *, if [a L — ^b) 2 ^(>^d and c*=a*d. (a. I. E. 1891). 

8- A merchant buys goods at 24 guineas the cwt., and by 
retailing them at 5^. 3//. the lb. makes 10 per cent, more profit than 
if he had sold the whole for ^240. What weight did he buy? 
(A. E. 1897). 


Paper V. 


1 . Resolve into their simplest factors :— 

(1) 8 ( 2 x+y'f+(x — 2 y'f* (2) (2« — b) 4 ~{a-2b)*. 

2 . Prove that (x +y)(x+y — 1 )(.r 4 -y - 2) 

=x{x -1 )(* - 2)+ $x{x -1) v+3 xy[y - 0 +y(y - i%y - 2). 

3 . Determine tn and n so that .r 4 +a.r' + w.r 2 + a + « may be 
an exact square. (M. F. a. 1895). 

4. Resolve into four factors the expression a\b + i)-fi s (r + a) + 
r 3 (tf + £)i 2(b*c* + c 2 d l +drb*) + 4abc(a + b + c). (m. f. a. 1888). 


5 . Plot the points (10,10), (15,18), (30,22), (39,10). If the 
quadrilateral joining them represents a field, each square unit re¬ 
presenting one-tenth of an acre, find the area of the field. 


6 . Solve the equations :— 

3 ±*x_S + ** ml _ . 4^-2 

1 +2X 7 + 2X 7 + i6^ + 4-r 2- 


(p. r. K. 1890). 


( 2 ) I 2*£±3 + _ 4 £+i 

J~A'S x + 3 ’S*-! 


52 = 0. (C. F. A. 1863). 


(3) *+y + z = o, a 2 x +b 2 y + e 2 z =o 


y 


t*-c i + <*-a* + a'-b* 3 


7 . . Eliminate x and y from the equations :— 

(1) ay + bx = bh) ky + hx = b'\ and x*+y l =b'K 

^i) x 2 —y 2 ax — by, 4 xy**tx+qy f and x 2 +y 2 = 1. 

/ 

8 . A and B travel together 120 miles by rail. A takes a.return 
ticket for which he has to pay one fare and a half. Coming back 
they find that A has travelled cheaper than B by 4a. 2 p* for every 

00 miles. Find the fare per mile.* (p. E. 1890). 
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Paper VI. 


1 . Draw the graphs of + ^\y =■ 1 , 4^-3 y-o, y—x = 2. 
What do you deduce as to the three simultaneous equations ? 

2 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 



-5 

- 1 

3 

7 

11 

15 

v = 

7 

4 

1- 

- 2 

-5 

-8 


3 . If x—fia — b — c,y=fib — c — a and z—ftc-a-b, prove that 

X' +y ? +£*- yeyz=(p 4 -1 )*( p - 2 )(a* + b* + r - 3 abc ). 

4 . Prove th at (x +yf = x* +y* + &xy(x- -b xy +y 2 )* + 

4x*y\x* +xy -by 2 ) 2 + 2.x 4 y\ 

5 . Simplify ~’-5* + 3_3tf± £= 4 2<3.>-<-,3*-10) 

r 2 JT - 3 X— I 3 ^ + 2 


6. Solve the equations 

0 ) (C. K. A. 1876). 

N J x - a-b x-c-d 


(2) v/(2r + 2)+^/(.r-3)=5. (P. 1 E. 1890). 


7 . If 2.r = a+- and 2y = b+\; find the value of 

a 0 


xy+ </(*-- 1)- 


8 . Eliminate x,y and z from the equations :— 

(1) y 2 +z\—iayz, z 2 -f x l = ibzx, x 2 -by 2 * 2^r/. 

(2) i/x + I+1 /ar«i/a, x -by 4-2' = a*- + /“ +s* = „r n +y +2* = r/ 8 . 


Paper VII. 

1 . Find the values of 4-r- 3** for integral vahies of x from -3 
to 3. Tabulate your work. 

2 . Divide (a + ^ + (^-d 2 ) 2 + (a-^> 4 by 3 a* + b\ 

3 . Find the l. c. M. of 3 (x*-x*y *) 9 6 (x*y* +y 4 ), • 

9(* 8 - x 2 y +xy 2 -y *). 
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5 . 


Simp%'{£--g- 3 (£+£) +5}- (*,-•-$ 

c . ,• 2z a 4-54r4-4 4* 2 + 8*4-6 

Solve the equation — f -*=---. 

M x+2 2X+3 

Test your solution. 


6 . Solve the equations 3*4-47+14*0, $x-2j'+6= o. 
Deduce the solution of the equations 

-+ - +14 = 0 . 5.- -4- 6 **o. 

V y x y 


7 . If four positive numbers are in continued proportion, show 
that the difference between the extremes is at least three times as 
great as the difference between the means, (p. E. 1900). 

8 . I bought a horse and carriage for /fa.800. I sold the horse 
at a profit of 20 per cent., and the carriage at a loss of 4 per cent., 
and found that on the whole transaction I had gained 5 per cent. 
What was the original cost of the horse ? 


Paper VIII. 

1 . Multiply a s + 4 a 2 b + 8 aS* + 83 * by - 4 c?b 4 - 8 ab 2 - 8 b*. 

2 . Extract the square root of 

x%v 2 + y 3 4- z 1 ) + 2x( y 4- s){yz — X s ) +y % z % - (M. M. 1890 ). 


3 . Resolve into factors :— 

x 2 + 6x- 187 and x 4 - 5** + 9** - 7* + 2. (P. M. 1901). 

4. Find the G. c. M. of 

jr 3 -2a.r 2 -5« 2 jr—i2(2 8 and.t a ~7^ , + i3^ 2 Ar-4<2 !T . (A.R. 1891)- 


5 . Simplify ~~ ~ + *~ 2 - v ^ } * 

6. Solve the equations : — 

( \ + + ax+i a(ax— 1 ) 

1 ^a*(x+a) ax +1 *x + a + ax +1 



a+c b + c a-c 
x-2 b x-2 a x+2b 


b~-c 
x + 2 a 


. (m. m. 1888 ). 


7 . A man*row< to a place 48 miles distant and back in 14 hours. 
He finds that he can row 4 miles with the stream in the same time 
as 3 miles against the stream. Find the rate of the stream. 

(P. E. 1897 ). 
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8 * A man spends Rs.700 in 45 days ; make a graph and read 
off from it his expenditure in 17, 32 and 41 days, to the nearest 
rupee. • 


Paper IX. 

1 . Divide or 5 +.r 4 + 4- :ir3 + 2i^ 2 +232r-40 by .r 2 + 4^ + 5, using the 
method of detached coefficients. 

2 . Find the H. 0. F of * 4 - 8;r* + 1 >r 8 -- 30* 4 -8 and .r 4 -4.v n - 
1 i.r a - 50^+16. 

/ 


3 . Simplify 


1 _ I_2 a 

x-a x+a x* + a 2 


1 


IH17 A , 1 1 

1 \x* + ax+a* x*~ ax+c£ l ) 


x*-a* x* + a? 


4. If ab + bc+ctf—o, prove that (a+b+cf~a?+b'+A-$abc. 
(M. f. a. 1894). 


5 . If 


a 


b + c c^cl a + b 
equal to £ pr - 1. (M. F. a. 1895). 

6; Solve the equations :— 
(x-a \ 3 ~x-2a-b 
1 \x+b) ~x+a+2b' 


, shew that each of these fractions is 


, v ax b x , 

(2) -+- =a + b . 

x-b x-a 


( 3 ) 3 ^-i 


S 


~ + 6. (p. 1. e. 1891). 


3 Vjt + 7 

7 . Simplify the expressions 
. . a*x m — fix'**** . . lx* r\ / 

(» ■ < 2 >l ;-i){ 


( 3 ) 


a - bx A 
T 


*' y*\i i*+y ^ 3Lzf\ 

y x)\x+y x-*y)' 


(*» -6*)(a* - *) T (b* - c*)(b 2 - a 2 ) T (A ~ a*)(e * - b*) ' 


8 . A man travels part of a journey on a bicycle, find then for the 
last 72 miles takes a train which travels four times as fast as he did 
on his bicycle and arrives at his destination in 3* hours from the 
start. If he had travelled the whole way in the train he would 
have saved ij- hours. Find the length of the journey in miles., 
(B. M. 1902). 

P*p0t X. 

L If the coefficients of x 4 and of x in the product of 2 x s + $x* 
+ax^io and — — icxr-f 4 are equal to one another, find the 
value of a. 
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2 . Find the g. c. m. of 4.V 6 - 209* 2 +15 and 15** - 209** + 4. 

(m. f. a. 1891). 

% 

3 . Prove that if ;r-f- y + 1 - = c, then 

y z x 

(i -bc)x -f (i -ab)x ml +2b*"(i -*r*Xj' + (i - 

= (i -ab)z + ( i -ai)** 1 + 20 . (B. P. E. 1891). 

4. By addition or subtraction, after multiplying by a numerical 

factor if necessary, prove that the expressions 4- 2X* + 2X 2 + 2X + 5 
and ix K - 5.r a — 5*+ 2 have no common factor in r. (n. P. E. 1895). 


5 . In the same diagram draw the graphs of 

y — - r +3* 2p — # = 8, and 2v 4 -5^=20. 

What do you deduce as to the roots of the different pairs of 
equations ? 


(1) 


6- Solve the equations : 
(x + a)(x + 6 ) x -c-d 


(a. e. 1900). 


(x + c)(x + d) x-a — b' 

(2) x + 2y + 3?=a,j' + 2z + 3x = b, z + 2x + 3y=<\ (m. f. a. 1894). 


7 . If 


+ a *-P-t* + d* 


a—b+c—d 

ac — bd _ 
a-b+r—d a-b-c+d’ 


a + b + c + d 
ad-be 


, show that a+b*=c + d and 


(m. f. a. 1892). 


8- The denominator of a certain fraction exceeds its numerator 
by oi\e. Two other fractions are formed, one of them by adding’ 
9 to the denominator, and the other by subtracting 6 from the 
numerator, of the original fraction. These two fractions are equal. 
Find the original fraction. 

9 An old clock increased uniformly in value from Us .45 in the 
year 1890, to Afr.85 in 1899. Find graphically its value in 1893, 1894 
and 1897, to the nearest half-rupee. 

10 . A, B, C, D are four railway stations. From B to C is 2jj 
miles more, and from C to D 5^ miles less than from A to 6. A 
train starts from A and travels at the rate of 14 miles an hour. At 
B an accident happens to the engine, which causes a delay of 6 
Hours. After this the train proceeds to C at half speed. There 
another delay of * an hour occurs and then the train moves on to 
D at a speed further diminished by one mile an hour. A man starts 
from A at the same time as the train, and travels straight across 
country to D, a distance of 58 miles. Including stoppages he 
avej*ageS'3 miles an hour and reaches D just with the train. What 
is the distance by rail from A to D? (m. m. 1880). 



CHAPTER XXI. 

QUADRATIC EQUATIONS. 

435. Equations in which the square of the unknown quantity, 
and no higher power, is found, are called Quadratic Equations 
or equations of the second degree. 

436. Quadratic Equations are of two kinds :— 

(i) Pure Quadratics, in which the square only of the unknown 
quantity is found, without the first power. 

Thus, .r 2 -9 = o, 3^=12 are Pure Quadratics . 

(ii) Adfected Quadratics, where the first power enters, as 
well as the square. 

Thus, x 2 — 3.1: -f 2 = o is an Adfected Quadratic . 


I. PURE QUADRATIC EQUATIONS. 

437. Pure Quadratics are solved, as in simple equations, 
by collecting the unknown quantities on one side, and the known 
quantities on the other. We shall thus find the value of x 2 , and 
thence the value of x (taking the square root), to which we must 
prefix the double £gn (±). Such equations therefore will have two 
equal roots, with contrary signs. 

Ex. 1. Solve the equation .v a -9 = o. 

Here, by transposition, x 2 = g, /, x= ±3. 

Note. If we had ‘put ±x~ ±3, we should still have had only 
these two different values of x , viz. x= +3, *== — 3 7 since -x=* +3 
gives x= -3 and — ,r = — 3 gives x— +3. 

Ex. 2 . Solve £( 3 * 2 + 5)-K* s + 20 = 39 - 5 * 2 - 

Multiplying by 24, the L. C. M. of the denrs. 8 and 3, we have 

3(3* 2 + 5)- 8 (* 2 + 2 i)~ 93 6 - 120* 2 , or * 2 - 153 = 936-120** ; 

By transposition, x 2 4 - i2o.r 2 =936 +153 or 1 si* 2 ® 1089. 

* 2 =^ 7 -=9 and /. *=±3. 
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Ex. 3. Solve * - 1 - 7 + ——= 1 2. 

x*-ll 2* i ~9 

By division, (s+^^n) + (? -*■ 


X* - II 


- 54 or ~—=—y—(dividing by 18). 

2*- - 9 .r* - 11 2* a - 9 ' 6 3 ' 

. 4(2jr* - 9) = 3(.t* - 11), or 8* a - 36 = 3* 2 - 33 ; 

. 5**= 3 ; .*• ** = $ and.*. *=> ± V?. 


Exercise CLIX. ' 

Solve the following equations : — 

1 . t** = 14 - 3**. 2 . x i + s = 1 rx t ~ i 6 . y 3 - (jf — 5) a =25. 


ia 

15. 

17. 

19. 

30. 


-3 _J __7 
4** 6* 2 ~~ 5 


5 . 8 * 4 - 7 = 6 -^. 
* 7 


(2,r - 5 ) 2 =* .r 2 - 2 o* + 7 3. 

8. 

(2*-3)(*+i)«3(a*-i). 

10. 

zt^+ro 50+^r 2 

IS “ 7 2 S ' 

12. 

4 * s + 5 2* 2 ~5 7 * 3 - 2 S 

IO 15 ** 20 

.14- 

r* 

4 - 4 =4 
*-3 *4-3 

18. 

* 4-1 j * 4-2 2 * 4-3 

a:-3" 

18. 


6. _3—j.,_3.. _g 

l+x i-x 
*' J 4 - 7 *= 7 (* 4 - 3 ) 4 - 4 - 
(.v- 2)(*-5) =.10. 

4 ** 15 * 2 4 - 8 

-- a — = 2 *— 3 - 

46 

14* 2 4 -16 2* a 4-8 _ 2* 2 

21 8* a -n — ~J~‘ 

X + 3 *~3_2*- 3 

* 4-2 *-2 X-I 


X,+ 1 X 4-2 

x -i + * — 2 


1 i x +18 
11*- 18' 


x(x - s )(x - 9) = (* - 6)(* 2 - 37). 

(x + 7 X* 2 - 4) =>* (* 4-1X* 2 +14** + 22). 

*4-4 *- 4 „ 94 -* 9-* g 

*—4 ~*+4 9-* 94 -*’ 


33 .. 35 if- 

*-4 2*4-3 


24. 


1-* 14-* 14-**’ 

3 * 4-1 *-3 5 

4*4-3" 4 *-3 9 
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II. PURE QUADRATICS INVOLVING SURDS. 

438. The following are illustrative examples. 


. 1. Solve - - 


.Simplifying the first member, we get 


— ax. 


2 X X 

y or J *= Hence, x 
X* -12 - X % ) X J ~I 9 


—o : 


and 


* i . , i a+i 

a or r-i= ; # # .r- = i + . 




Ex. 2. 


Solve 


V(a 2 -Kr“)— „r 



4. r 2\ 

By Com#. &* Divd. - v - -- 


£-f<r 


a 2 /£ + <r\ 3 . a* /b + c \ 2 \bc 

Squaring, ^ or-,+ 1-^-^ ; .. _ = ^ ^ j - , } ; 

. x*_ (b-c)* , . * d . 

• * a a “ 4^ ’ ' ’ « 2 v '(^) * * 2 J(bc)' 


Exercise CLX. 


X 

2 . 

3. 

5. 

6 . 


Solve the following equations :— 

2X 3 4-2Z-M = J(x* + &r* 4-8.r 2 +4*4-49), 


n/( 4*+3)“ ■/(!■*■-3) = As*)- 


V(HfWfei) 


</(3* a + i6) + s /(3^ ! -i6)=8+4>/2' 


4 

n/3‘ 


4. 


2rt* 


r + V '(.v 2 + i) 


= 6. 


.r- IQ _ * — I g _ 2* - 2 5 

J{x - 5) + ^5 + Ax + 5)-2^5 31 V(2JT-5)-3Vs ■ 


a + >/(«*- **) _ 
«- j(a*-x*r A - 


s/f.r 3 + T) 4- •/(**-!) 

v'(.r“ + l)~ ^(* s - J) = 


8. 
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Q - T - 0 4 in a+x+ J( 2 ax + X a ) . 2 

x 4 - v '(jt 2 - i) s ‘ u+x- j(2ax+x*) 

11 y ( 2a3 ~ ^ \/{2u - x) Ja + ^ 

\/{2a‘ s -x*)-b -J{2a -x)~ K 'a-S' 

12 N ^+O+y/^-I ) V( r 2 + I WOr* -J) _ -, , . 

^(x i +1)~ *#(**- fr vi?+1) + •/-1)~ 41 " I; 

13 . J{x" + 2 At: + a 2 ) + \f {x‘ l - 2bx + (>-)= 2 J(x 2 - b"). 



_.5_ 

x+ J(3“ 




5 







ax + J(a'-x 2 - i) 
ax- J (<t s .r 2 - i )** 1 


Iir. ADFECTED quadratic equations. 

439. An Adfected Quadratic may always be reduced to the 
form, X s +px + </ = 0, where the coefficient of r 2 is + i, and fl, q 
represent numbers or known quantities. 

Now, in this equation, we have .r a +px — — y, and, adding (ip ) 2 
to each side, we get r 2 4 -/.t' + -}/ 2 =>^ 2 — q : (by this ste’p, the first 
side becomes a complete square \ and taking the square root of each 
side, prefixing, as before, the double sign to that of the latter, we have 

x + ifi=± V(-f/» 2 -?X and /. x= —},p± J{ty 2 -q\ 

which expression gives us, according as we take the upper or lower 
sign, two roots of the quadratic. , , 

440. From the preceding we obtain the following' Rule (called 
Completing squads) for the solution of an adfected quadratic : — 

Reduce it to its simplest form ; place the terms involving x 1 and 
x on one side, (the coefficient of \ 2 being +/,) and the known quantity 
on the other . Then, if we add the square of half the coefficient 
of X to each side, the first side will become a complete square ; 
and taking the square roof of each , prefixing the double sign to the 
second, we shall obtain, as before, the two roots of the equation . 

Ex. 1 . Solve x 2 + qx = 8 . 

'Here, x 2 + 7 x + (l ) 2 = &+- 4 £=-\'• 

Ext. the square root, x + J — i S, 

whence x= - i or-8. 

Ex. 2 . Solve 7.r 2 -13^ = 2. 

Dividing by 7, the coefficient of x 2 , we have „r 2 — = 

Completing the square, x* --y-*F (\ J) 4 =*r + “HS- • 
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Extracting the square root, 

x==s tJ = 2 or — |. 

Verification. When .r=2, 

the left-hand side = 7(2)* - 13 x 2 =- 28 — 26 «=* 2 

= the right-hand side. 

/, 2 is a root. 

When x= - the left-hand side = 7( — 4 ) 3 — 13 * - i 

_i 1 1 n_l 4 

— T + ~Y“-Y" — 2 

= the right-hand side. 

— y is also a root. 

441. The general form of an adfected quadratic is 
ax 2 + !>& + €= 0, 

where a, b, and c are any quantities whatever, positive or negative 
integral or fractional. 

We now proceed to solve the above equation. 

By transposition, ax 2 + bx= — r. 

Dividing both sides by a , x 2 + -x= — ^ . 

___ ( bV _ f **- 4 ^ 


/, / b ' 2 

Completing the square, .r 2 + ^r+ ** 


4 a 1 a 


Extracting the square root,,r + -- = ± —-• 

a 

. Jb 2 -iac 

•• 2 c* • 

The .above formula may be used for the solution of any quadratic 
equation. 

Thus, in the equation 25.iT 2 — 7 x — 86 = 0, 

^ = 25, £ = -7, c= -86 ; 

* _ + 7 ±_v'7 3 4x2 5 x (_- 861 

5 ° 

_7*J86i9.7±93_ sor . r 

50 / 50 

442. The above formula may be simplified when the coefficient 
of x is an even number, as 2 b. 

-2 bdz J]2b) 2 -4ac -b± V b*-ur 

Thus, x — ---—- =. - 


-'^ = 2 or -1?,. 
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Exercise CLtXX 

Solve the following equations :— 

1. * 3 -io.*r+i6 = o. 2. -r 3 + 6r+ 4=* 59. 3. x*-x— 2 io* 

4 . **-140*13*. 5 * **-*=42. 6. ^* + 4^*140, 

7 . ;r s + i9.r=20. 8- -* 2 + 32.t-«*330. 9 . ** + 13*= - 12. 

10. fx ' 1 -2<jx— 1008. 11. 2^ a ~3T=- 54. 12. 13^f a -22* = 1911. 

13. * 3 +IlI.r = 3400. 14. lZr a +*= 1740. 15. 3^r 2 — a:** 102. 

16. x* + 3^ 2 » 4ax. 17 .2r 2 -3a,i +2a 3 = o. 18. x* + 2a6**d* + 2ax 

443 . Solution by factorization. Transpose all the terms to 
the left-hand side , and resolve into linear factors . Equate either 0/ 
the factors to zero . 

Ex. 1 . Solve x* + 4x = 5. 

Transposing all the terms to the left-hand side, we have 

.t 2 + 4x — 5 - o. 

factoring, (x + 5)(* - 1) = o. *• 

Hence, x 4 - 5 = 0, ,r= - 5 or x - 1 = 0, /. *=1. 

Ex. 2 . Solve 2* s - 1 i*+i2 = o. 

Here, factorizing, (.r — 4)(2* —3) = o. 

Hence, * — 4=0, * = 4 or 2* — 3 =*o, jit = J. 

Verification. When * = 4, 

2.r- - I IX + 12 = 2 X 16 - I I X 4 + I 2 = 32 r ^ 44 + 12 = o. 

4 is a root of the equation. 

When *=£, 2* 3 - n*+12 = 2x7-11 x 5 +12 

■ = * —-V +12= -12 +12=0. 

/, | is also a root. 

444 . It is important to observe that if x — a is a, factor of both 
sides of an equation , a is a root of the equation . 

Ex. 3 . Solve 6*(4*+5) + 7(4* + 5)«o. 

4 x + 5 is a common factor ; /, 4x -1-5=0 gives a root. 

whence x =—7. 

Again, dividing by 4*+ 5, we have left 

6 x +7=0 ; whence x** — 

Hence the required roots are -£ awd - 
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Exercise OEXII. » 


1. 

4. 

7. 

10 . 

12 . 

14. 



Solve the following equations 
2 X *~ $ x +2 = o . 2 . 7* 2 

2 ( 5 *- i2)=.r 2 . ' 5 . 3* a 

x 2 - 13.1=68. 8. J+: 

5 ,r(2*-3) + 7 ( 2 .r- 3 ) = o. 

4.r* + 13^= 12. 

(a 2 — i 2 )x 2 — 2 ax + i * o. 
x 2 + 2(6 - c)x + c 2 =2 be. 


3.1 = 160. 3 . .v s =4(.r + 8). 

102-= 57. 6- 5^=370- 13-v. 

■ a = 3-r. 9 . x 2 - 4X =4 (x - 4). 

11 . .r li + 4 , 8;r+ 2-87-0. 

13. acx 2 +(bc-ab)x-b 2 = o. 

15. abx 2 - ( a 2 + b 2 )x + ab= o. 

17. abx 2 - (rt + b)cx +c 2 = o. 


445. Sridhar Acharja’s or Hindu method. An equation 
of the general form ax 2 +b'jc + c - 0, may, however, be solved as 
follows, without dividing by the coefficient of x 2 . 

Transposing, we have ax 2 + bx— —c. 

Multiply every term by 4 a and add b 2 to each side ; 
then 4a 2 x 2 + Qabx + b 2 =b 2 - $ac ; 

Taking the square root, 2ax + b= i Jb 2 -^ar 

. , , „ -b-t JW-ieTc 

Ex. 1 - Solve 2-r 2 + 3* +1 =0. 

By transposition, 2x* + 3x= — 1. 

Multiplying both sides by 4x2 or 8 and adding the square of 3 
or 9 to both sides, we have 

16;r 2 + 24.V + 9 = 9-8 = !. 

Extracting the square root, 4^ + 3= + 1. 

+r»-3+1= -2 or-4 ; *= or-i. 

Ex. 2 . Solve 3** + 14* + 3=0. 

By transposition, 3* 2 + i4.r= —3. 

Multiplying both sides by 3 (for here the coefficient of the 
second term is a multiple of 2), and adding the square of -'/• o* 1 7» 
i. e. 49 to both sides, we have 

9 * 2 + 42 .r + 49 =■ 49 - 9=40. 

Extracting the square root, 3^+7= ± 2 N /(io). 

3 *= -7±W(io) and x=*i(- 7±2 v 'io). 
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440 . When the exact values of the roots of an equation cannot 
be found (as above), we may approximate them, to an$ degree of 
accuracy. 1 


3 . Solve the equation 5^-9*—4=0. 


We have x= - 


_ 9 ± v814-4x5x4 


10 


-, Art. 441 


9±Vi6i 9± 12-688 


10 

21-688 


10 

3-688 


, approximately 


-or - 

10 to 


= 2-17 or --37, correct to two decimal places. 


Exercise CLXIII. 

Solve the following equations :— 

1. 9 r 2 —24*4-16 = 0. 2. 21.V 2 - 17*4-2 = 0. 3. -3** = 2(*-4). 

4 . 5* 2 4-14^= 55 - 5 . 3 * 2 -1 i.v-2o=o. 6 - 8a' 3 -9* 4-1=0. . 

7 . i4i.r‘ J -88*-45=o. (m. m. 1895). 

8: i29.r 3 -34*-8o=o. (m. m. 1896). 

9 . i5o* 3 =299* + 2. 10 . 9*"= 18.V+16. 11 . 7o.v 2 = 35 4-2;. 

12 . 7* 2 4-32*= 15. 13 . 25.L- 3 - 7* = 86. 14 . ii.v--=3(2* 1! 4-i). 

15 . 3 (* — 2) s = 8(* 4- 2) 4 -3. 16 . (.r 4 -1 o) 2 = 144( 100 - 

17 . [x~ l 2 )(.r- 2i) = i(*~ ])(i 4 -a*). 18 . (5*“ 3 )( 3 * + 0 = I- 

19 . x* +12 * 5 + 3-r ? 4- 7x 4 -1 = (x 2 + 7* 4 - 4 )(* a 4 - 5* - 4). 

20. (*4-1 )($ x - i) = 28(*4-1)- 16(3*- i). 

21. x 2 -ax + ^ab+^b{x-b) = o. 22. 2(x - 2a) 2 =(3* - 2/)(3<2 - b). 

23 . a{6 — c)x i + b(c-a)x + i\a — b) = o. 24 . x' 2 — 2ax + a* — b = o. 

25 . 4(a 3 + ^ ! +* 2 ) 4 -l 7 «^= lo[a+b)x- 

J 26 . (J-b 2 )(x*-i)=\abx. 27 . (P - a*)(x' 2 + 1)= 2 (a 2 4- b*)x. 

Solve the following equations, giving the values of the roots 
correct to two places of decimals :— 

28 . **=2(1-.r). 29 . 8** -24* = 5. 30 . 3* 2 - 4*=156. 

31 . 118* - 2 ^* 3 *= 20 32 . (* +1 )(* - 4)+(* 4* 2)(* — 3) =o. 
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IV. ADFECTED QUADRATICS INVOLVING 

FRACTIONS. 

447 - If the given equation involve fractions or brackets, they 
should first be cleared away, as in the following Examples. * 

Ex. 1 . Solve the equation | x 1 — 3) = |(.r- 3). 

Clearing of fractions, we have 6(.r 2 —3)=.*—3. 

* 

6jt*-.v- 15 = 0 ; /. (3A--S)(2.r + 3)=o, (factorizing), 

w * 

/, 3^ —5=0, which gives x—s or 2.1*+ 3 = 0, which gives x=—:j. 

Verification. When x=Z f the left-hand side= V * 3 )— — i* 

.the right-hand side = ^(.* — 3)= — J. 

/. S is a root. 

When x = - 5, the left-hand side = 4(4 — 3)= — 1 1 J 1 . 

.the right-hand side = *( - 4 — 3)= — YV>• 

. /, - J is also a root. 


Ex. 2 . Solve - — 5 = 3 ' r --- 7 -. 

4 x + 5 2x 

Multiplying every term by 4.1*, we have 

8 .r 2 - 20X , 8.r‘ J - 20.r 

lx -=6.1-14 /. .r+ 14 ~--. 

x + s * .1 + 5 

Multiplying crosswise, (r+i4)(r+ 5) = 8.r 2 — 20,1% 

J V 

/, +19^ + 70 — 8/ 2 - 20A', or jx* - 39^ * 70. 

• • x * -.r «= i o , . , ji ^-7 rtiuj —io-t- r777J — ioo- 

* r 

Ext. the sq. root, .r- 45 = ±tS ; /. ■* = i v± tJ = 7 or- ii{. 


Ex. 3 . Solve ——? + 3 ^—i=j. 

3*-5 2^-3 

«T 

Clearing of fractions, we have 

2{(2.v - 3) z + (3-T - 5) z l = 5(3 r .~ 5)( 2 - r - 3), 
or 26*' - 84* 4-'68 = 30.V 2 - Q5jr + 75, or 4* 2 - 11*= 

• i-2 1 1 y- _ ' . • y?_J LvJ.ni\2_M 1 \2 _7 _ 

Ext. the sq. rjot x--?-** ± g- ; /. a* = y± f = i J or 


- 7 - 

_ r 

x. ' 


/ 
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IX — 1 \x *— C I 

Otherwise ihus \ Let —~ =*y, then - --■« -, 

3*~5 ' 2 X -3 V 

and the equation becomes ^ + 

°r (2^~i)(j-2)«*o; ^=*2 or f 


(i) When 

3*-5 

then 2^-3 *6.r- 10, or 4^** 7. 

** 1^. 


(ii) When 

then 4X -6 = 3**- 5, 
*= 1. 


Exercise CLXIV. >< 


Solve the following equations :— 

1 - *-£+ is**- 2 . t V*-U=.;V(ii^+ 1 8). 3 . ta- 2 =3^-8 

4. 


7 - 


10 . 


12 . 


14 . 


16 . 


18 . 


21 . 


23 . 


25 . 


x + 22_ 4 + 9-r-6 
3 ’ _ * _ 2 

4£+7 + S.Tf = 4 f 
19 3+j- 9 

» + *. 3 ^_- 2_ 41 

AT- I 3* + 2 5 


1 + 1 


8 4027 

8 ‘ x-$ + x~' 3 ‘ 


A A -*-8 

9- - r “ a . — 2 

-v 3 + S 


• X + 4 2 X-S 
11 *-3 jr+T“ 7t - 


at+2 a: + 4 jt+io 


13 . 


15 . 


4 _ 5 _ _ }2 

x + 2 x+4 x +6 


x+2 X + 7 yc + l 


12 + 4 


=, - 32 ~ 
S-x ' 4 -A- x+2 

I I 


x— I A' + 3 


ttV 


19 . 


n. *L+J_ «£+ 7 _,. 

3 *~3 9 

J*_ . y-a 20 48 _ 16 s 

jr +4 2 jt -3 “ 2 .JT +3 -r +10 


3 £r- 7 + 4*- 10 
X 


3 s- 


*+5 

2 * 4 - 9 + 4 *~ 3 = 3 + 3^ — ^6 


4 * + 3 


18 


8 x 


Jx+36 ,, _ 

«w-8l + 5 5Ar-8 


21 

*» S^S-T-V- 
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27 . 


31 . 


40 . 


■v+ 5 . x + 6 
x+6 x+7 


~4 X+S ). 28 . 7 -t£+ 

\.r + 9 / 7 -x 7 +x 


29 . (?£=i\ a _ 4 £r 5 . 

\ 4 * - I / *-1 


OA *4-2 A-2 * 

30 . — + 

* - 2 X + 2 


*+*+ L., 3£±? . 32. ~ + 'I- (m.m. .892). 

x + 6 ^ 2X+4 3*4-4 5 x 3 


33. It 3 f_ 6 7 . 5 f = 16-* . 34> 

1-4* 7*-25 28*-193 

35 . x -'- x -l = 2l x -^- x --S\ 

x — 2 *-4 Var-3 x — b] 
3& iiT3’72 : +G- S(M ' M - ,897) - 


. 3 + = _ 8 

5-X 4~X X+2 


(m.m. 1893). 




37 . ^ Z . 3 + £_-_4 ,^ 

at- 2 A- ( 4 


38 x -.+ 3 + x * ~ x+l -2 m x '- 2 * + 


X - I 


jr — 2 


* — ' 


3*- 1 _^ x+ 1 _ x-10 

3* — 9 A —7 .r u — ioa 4-21 


(M. M. 1898) 

l±i. 39 . *±U*t 2 = 2 *±I3 

3 -r - 1 x - 2 x +1 

(M. m. 1899). 

. (M. M. 1899). 


Solve the following equations, (giving the values of x correct to 
two places of decimals ):— 

x + \ x — 3 A n / . 4 - 5* At 3 -v+t 3-r-i „ 

41 . -•— +--=o. 42 . s(*—1) = -—- 43 - ---—■— =2. 

x + 2 x - 4 .r +1 31-1 3-f+i 

44. _L. 4. . L 4- -!— = a 45. \.- l ^i„^4-_£- 3 _«-J. . 

* 4-3 A' 4-6 *4-9 a- 4 -3*4-2 .r a 4 - 5 * 4-6 *4-2 


448 . Literal Equations. The following are typical examples 
vith their solutions. 

^ » 

Ex. 1 . Solve the equation - 4 -— = — 4 --_ . 

a x a b 

T1 .. /1 i\ 

By transposition, —— — **• Xr"’ 

Hence, „r -0 (being a common factor) = o ; /, * = £, 

and dividing by* —we have 1 • 

•\ bx = a 2 > and /, x^a^jb. 


M. A .—31 
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2 7 y 

Ex. 2. ' Solve —--4- =?a + b. 

x-b x—a 

Clearing of fractions, we have 

a\x — a) 4- b‘ 1 {x — <$) = {a + b){x — a){x - £), 
or (« 2 + b' L )x — o' — b ? * (# + £)r 2 — {a 4- b) 2 x + 4- b). 

w 

Transposing, (a + b)x~ — 2 (a~ + ab + b 2 )x + (a + b)(a 2 + b 2 ) — o. 

Factorizing, {(a + b)x — (<z 2 +^ 2 )H r “ (« 4-£)} = o. 
x-(a + b) = o, and /, r = rt + ^. 

Also (<24-^).#—(/V 2 4-^ 2 ) ==0, and . 

\ a+t 

Exercise CLXV. 


Solve the following equations : — 





2. 

a x b x 


1 . 1 

1 . 1 

-4--= 

+ A 

* — a .r — 0 

a b 



b 




b + c . c + a 
- * * - 4- * == 2. 

x —a x - b 


1 — 1 -I _ 1 

x-ii — b x a b ' 



_b = a_i_b 
x — a x — b b a * 


7 - cvv+ «r* =(rt+ * );r2 - 


8 . 

ix — ciK ' 1 ix — a\ 

\x + a) $\x + a) 

4-6 = 0. 

9. 

x+a x+b 
x+b x+a 

10 . 

a —bx a + bx 

2 — = ——. +1. 

ax - 0 ax + b 


11. 

X , X 

- 4 “-, ; 

x+a x+b 

12 . 

x + a^x + b -a 
x—a x—b x + a 

x — b 

= 0. 

;r 4 £ 






- c -+- c . 
c+a c+b 


V. ADFECTED QUADRATICS INVOLVING SURDS. 

Jf 

449 . The following are illustrative examples. 

Ex. 1. Solve v ; (- r + 3)+ x / (.r + 8) = 5 x /^r. 

Squaring, X + 3+X + 8+2 -/{x + $){x + 8)=2$x. 

Transposing, 2 J(x + 3)(x+8)s=>23.y- 11. 
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Squaring again, 4r 2 + 44.r + 96=* 529,^- 506*+121, 
525.^-550^ + 25 = 0, or 2i.r 2 — 22# +1=0. 
Factorizing, {x- i)(2i.tr-i) = o ; .'..r=i or y \. 

Ex. 2 . Solve J(sa + x)+ . 

v(5 a+x)' 

* * 

Multiplying every term by ^( 5 «+i'), we have 

5 a+x+ J(2^a‘ > — .r a )= i2«, or V(25rt a -x*) = ja — x. 

Squaring, 25a- —a' 3 =49 a 1 - I4rt.r+;r 2 , 

2.r -i - r 4 < 7 .r — - 24a 2 , or x- - yax+ 12a 3 =0. 

Factorizing, (.r- 3«)f.r~4fl) = o ; x-^a or 4 a. 


Ex. 3 . Solve (T9 + 8 J6)x' 1 +2(17 + 6^6^=53 + 20 x /6. 

Multiplying both sides by the coefficient of x a (for the coefficient 
of x is even), we have 

(19 + 8 Jb)' l x l +2(i7+6v/6)(i9 + 8 J6)x 

= (53 + 20 ^6X19 + 8 V6). 


Add the square of 17 + 6 V6 to both sides ; then 

(19 + 8 v f 6) 3 .r a +2(17 + 6^/6X19 + 8 Jb)x + (1 7 + 6 J6) 4 
= (53 + 2 ° \/6)(i9 + 8 «y6) + (i7 +6 JG)* = 4(618 + 252 n /6). 

Extracting the square root of both sides, we have 
(19 + 8 ^/6).v + (17 + 6 v6j)= + 2(18 + 7 v /6). 

.*.(•9 + 8 J6)x= -(i7+6s/6)±2(iS + 7 J6), 

= 19 + 8 VC or -(53 + 20 V6). 

53 + 20 v /6 


a'= 1 or — 


19 + 8 -/6 


Exercise CLXVI. 

Solve the following equations : — 

1 . x+ >/(x-2)=i$. 2. J(2^r + 3)x J(3^ + 7)=i2. 

3 . 3 N /(ii2-8.r) = i9+ J(3X+7). 4. J(x + 3)+ J(x+6) = 3 Jx. 

5 . \Z( 3 - r ~ 3 ) + J ( S X ~ l 9 )= V(22r + 8). 

6. v/(2.r +1) + J( 7 x - 27)= J(3x +4). 

7 . 2 V(4* + 5)-*/(8.r-4)= v /(2;r + u). 
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8. 7^(5*-5)- >J(l x +45) = t\/( io.r + 56). 

9 . 2jx+ W + -/(7.v + 2)=i. 10 . n /(.v + 4) + 2 J(x- 8)= . 

„ s/ x +9 3 J x -3* io n /(i*-x)_ _3 

~JT~ "9-3* ' 5 2+^(l2-*) 

1_ 123 + 41 </.r 20 y/j- + 4* _21-*_ 

~$Jx-x" a 3- J x (5 J*-*X3-s/*)' 

14 . (4 + 2 v/3).r a + ( x /3 + i).r=2. 15 . (3 + 2 j2)x 2 + ( j2 + i)x-: 

16 . (6-2 v '5)jf 8 +J( > /5-i)Ar + i = o. 

17 . J(x' 1 - 8.r +15) + V(.r 2 + 2X - 15) = J(4X 2 - 1 &x + 18). 


18 . 

20 . 

21 . 



(x - c) Jab — (a—b) Jcx— o. 19 . (a 1 - b)x 2 + 2 Jb.x - 1 
a+x+ s/(2ax +x 2 )= V(ax - x 2 ) + d(2d 1 - ax - x 2 ). 
b-x+ J($b 2 -2bx-x 2 ) = J(^b 2 + 4<5.r +.v a ) — N /(/; 2 - x 2 ). 




o. 


V 450. Nature of the roots of a Quadratic Equation. 

From the general form of the quadratic ax 2 + bx + c=o, 

u — b + r .. , 

we have a=— --(Art. 441.) 


1 . Hence four cases may arise as to the nature of the roots. 

(i) When b 2 = 4ac, the cjuantity within the radical sign is zero, 

and the roots become -—, *>., — ^ , — — . 

2 a 2.a 2 a 

Hence, in this case, the equation has a pair of equal roots. 

(ii) When <V 2 - 4x0 is a positive quantity and a perfect square, the 

roots are real, unequal and rational. 

a 

(iii) When b 2 — i,ac is a positive quantity, but not a perfect square, 
the roots are real, unequal and irrational. 


(iv). When b 2 — <\ac is a negative quantity, the roots are im¬ 
aginary. 

Hence, if any equation be expressed in the form ax 2 +bjc: + c= 0 , 
the roots will be real and different, real and equal, or im¬ 
possible, according as 6 s >, = , or < 4 ac. 
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So also, in the form x 2 +px + q= 0 , the roots will be real and 
different, real and equal, or impossible, according asp* 
or «c 4 g. 

2 . Also it is clear that if b — o, the roots are equal in magnitude 
but opposite in sign . 

VI. EQUATIONS SOLVED LIKE QUADRATICS. 

451 . Many equations, though not actually quadratics them¬ 
selves, may be put into the form of quadratics, and thus solved. 

452 . Equations reducible to the form ax ln -1- bx n + c= 0 , 
where n is either positive or negative, integral or fractional. 
Assume x n = s y } then x 2,1 = y 2 and the equation becomes 

ay 2 + by + t'= o; whence y and x. 

Ex. 1. Solve * 4 - 26 .r 2 -f 25 = 0 . 

Let »x‘ J =jy, thenj/ 3 — 26^ + 25 = 0, or — i) = o. 

v-25 = o or j/-1=0, /, ^=25 or 1. 

Hence x= Vy— ± 5 or ±1. 

Ex. 2 . Solve Vx + 7 >/.r = n6. 

Let \fx = jk, then Jx=y 2 , and we have 
y + 7 y* = 116 or 7 y*+y — 116=0. 

/. (j-4)(7^ + 29) = o ; whence ^ = 4 or -V®- 
Hence x —y* = 4* or (--V) laa * 2 56 or 294jJ5f. 

Ex. 3, Solve .r " 4 — 9 .r ' 2 20 = 0. 

Let x~ 2 =y> then + 20=0, or (^- 4 )(^~ 5 )~ 0 * 

/• y=4 or 5. Hence ^r“ a or \fx 2 =*\ or 5. 

/, x 2 =i or * and or ± 1/^/5. 

Exercise CLXVII. 

Solve the following equations :— 

1. .r 4 —25 x 2 + 144=0. 2 . x* — f)A'~ 4-4 = o. 3 . x n — 6 x*= 16. 

4 . ^' z -2^r' 1 =*8. 5 . 3*4-2 1=0. 6. 2:-5^-i4*=o. 
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7 . 3 jx = x-io. 

10. 3# 4 - 5^ +14 = 0. 
13 . r z +x' /; =756. 

16 . {x* - 9) 2 =3 + 11 (x 3 • 
18 - 4/1'^ (.r^ — 2) =■ gx ^ - 
20 . x- s +x~*’=2. 


8. — 4T~ 2 — 5 = O. 9 . 2X^ + 2X~ ^ = 5. 

11. .r‘ T -^- 3 = -6. 12. x z + 7x*=\$. 

r> _ 1 .3 3 

14 . x* — x= 56X 15 . x 1 4-27X 1 - 28 . 

-2). 17 . (x 2 - 1 )(x 2 -2)4- (x 2 - 3)(x 2 - 4)=* 4 + 5. 

4. 19 . (x"^ +2)(.r’^ + 5)=x' 1 + 8. 

21. (x +1 )* - x 2 (x 2 - 1) = (x - 1 )* 4- 2(x a + 3). 


453 . Any equation which can be put into the form 

' A (ax 2n 4 - bx n 4 - c) 2 4- B (ax 2n 4- bx H 4 - c) 4 - C = 0 , 

may be treated as a quadratic, of which the roots are the values of 
ax 2w 4- bx n + c ; whence x may be found. 

Ex. 1 . Solve x 2 4 - 6 J(x 2 - 2x 4- 5) = 11 4 - 2X. 

Observing the quantity under the radical sign, we may put the 
equation in the form, 

(x 2 - 2X 4 - 5) 4-6 \/(x 2 - 2x4- 5)= 11+5 = 16. 

Assume ^(x 2 —2x4-5) then y~ 4-6^ = 16 ; 

y j 4-6y-i6 = o, or (^-2)(^4-8) = o ; /. y=2 or -8. 

(i) Let x 2 — 2X 4 -5 —y 2, =4 (ii) Let x 2 — 2x4-5 =>' 2 = 64, 

/, X 2 -2X4- 1=0 /. X 2 - 2X4- I = 60 , 

/. (x-1 2 = o and x= J, 1. x- 1 = ±2 v /i5, & x= 1 ±2 ^15. 

Ex. 2 . Solve c;x 4 4 -42X 3 4 - 55 x 2 4 * 14x^=728. 

Here, completing the square with the first two terms, 

(9X 4 4 - 42X 3 4 - 49X 2 ) 4 - 6x 2 4 -14x = 728, 

or (3 x 2 4-7x) 2 4-2(3X 2 4-7x)-7 2 8==o. 4 • 

*> 

Assume 3 x' 1 + 71 —y, then y l + iy - 728 = o ; 

.*. {y + 2%)(y-26)^o ; .*.,?=-28 or 26. 

(i) Let 3**+ 7*==)'=26 (ii) Let $x 2 + 7x=y = - 28. 

then 3.r*+ 7x - 26 = o 3^ 2 + 7jr + 28 = o, 

(„r—2X3*+ 13)—o . _ -7± *J{ - 287) 

x~2 or. -4$„„ •* 6 . ’ 
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3 . Solve (1+.r)^ + r \(l -.r)* = (i- a: 2 ) 5 . 


A 

Dividing both sides by (1 —x)'\ we have 


/i+v\ !7 3 _/i+.v\ 7, (i+x\ r> yx +-*-\ Ti , *'• 

\ 1 —x) + 16 \i — x ) ’ 01 \x-,r) \i~x) Tli °‘ 

I 

( I + X\ 5 

—_ v ) " J', then y l — v + f = o ; y = \ or 


o) Let 

1»._ /-* _# t* 7^* J ^ ^ 267 


Qi) Let | ±J=r=(*)« = ,. 

/“V,_ L (L, 7 ’J.*_ f * 1025 


By Comp . 6° /?zW. = —“ By Comp . Divd. = —, 

7 ^ .r -78)’ 7 7 .r -1023’ 

• V_ 7sI * 

• * - Y -r-2 »T* • • — TttSV 


Exercise CLXVIIL 

Solvq the following equations : — 

1. V (x + 13) + 5 y(.r +13) = 22. 2. V(.r + 7 ) + W(^+ 7 )- 5 - 

3 . 5* -7.tr 5 ~&J(yx ‘ 2 -5x4-1) = 8. 

4 . a - 2 - yx + 7 J( 1 i,t - 2x i + 2) = \x + 21. 

3 . 2x" — 21 + 2 J(2x - - 7-r + 6) = 5-r - 6. 

6. 3- r (3 --t) = 11 - 4 J{x l - 2,x + 5). 

7 . .r 2 -.r+5 y(2r a -5 at + 6)■= J(r + ii). 

8. 9* — 4 * 2 + V(4.T 2 -9,r+u)= 5. 

9 . .r 2 +.r* 2 +:r + r" 1 = 4. - 10 . a* 2 +a*" 5 +^-;r” l =2. 

11 . 1 5 X “ 3 * 2 + -4 n/(* 2 - 5 - Y + 5 ) = i6* 

12 . $T(i+jr) 2 - §f(i -jtr) 2 = 3 ?T(i -,r 2 ). 

13 . X 2 - 2.v + 2X - ^/.r = 6. 14 . x* - 2 X* -f x x = 36. 

15 +£) f_ 8 _zJl>Zt r2 + * + 6) - 2} 

3 


454 . Consider the equation 

(x +!*)(& + r/)(a> + r)(x + *)—*, 

where p^ r,\r are quantities such that the sum of two of them is 
equal to .that .of the other two^ i.e., p + r=q +s. 
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We have {x+p){x+r) x.(x+q)(x+s) <=&, 

' {x^4-{p+r)x+pr)y.{x 2 + {q+s)x+qs)=k, 

or (xt+tttx+pr) x(x 2 + mx + qs)=l’, for p + r=q+s=m, suppose. 
(x 2 + ntx) 2 + (pr + qs)(x 2 + mx) 4-pqrs=k. 

Assuming x 2 + mx=y, the equation becomes 

_>' 2 +( pr + qs)y +firqs — /c, or j y 2 + (pr + qs)y + prqs -£ = o, 

which is a quadratic in 70 Whence x can be found. 

Ex. 1 . Solve (x+ i)(x + 2)(x + 3)(x+4)=24. 

Here, (.r + i , .(- r + 4) * (* + 2)(.r + 3) = 24, 
or (x 2 + $x + 4) x (x 1 + sx + 6) = 24. 

Assume x a + 5x=y, then (y+4)(y + 6 ) = 24. 
j' 4J + 107 + 24 = 24, ory(y + to) = o ; /=o or -10. 

(i) Let x s + 5x=jy = o (ii) I.et * a + 5.r= -10, 

then x(x+$) = o, .'. x = oor -5 then x 2 + 5-r +10 = 0. 

••• ■*=}( — 5 ± J —~i 5). 

455 . Next, consider the equation 

(x + a)* + (x + ft) 4 =■ 2c 4 . 

Let x + a=y, then x + b—y+b — a—y+p, suppose. 

Hence the equation becomes 7' 4 + (j/+;>) 4 = 2£- 4 , 
or jr 4 + (jr 4 + 4j v*p + (yy-p 2 + 4 yp 3 +p*) — 2c*, 

Adding p*, 2(y* + 2y''p + 3y 3 p* + 2yp*+p i )=p* + 2c*, 

or 2(y 2 +py +p 2 ) s =p* + 2c*. 

Whence ,y a +£y+/ 2 = ± Ji{p* + 2< A )i a quadratic in^. 

Hence four values of y, and therefore of x, are determined. 

Ex. 2 . Solve (v + 2) 4 +(.r- i) 4 =257. 

% 

Here, expanding and adding, and dividing by 2, we obtain 

x K + 2x* + 15,r* + l 4 jt — 120 = 0, or (;r 2 + .r) a + I4(^r* + jr) — 120 = 0. 
Assume x*+x=j/, then j/*+ 14^ — 120=0 ; \ y= 6 or —20. 

(i) Let x 2 +x =^ = 6. (ii) Let x 2 +x—^y= — 20. 

x a +x — 6=o, .\ ** + * + 20 = 0, 

•\ (* + 3)(*-2)=o, /. X = 2 or -3. *=i(~i± •/ -~ 79 )* 
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Exercise CLXIX. 


Solve the following equations :— 

1 . x*~4x s + 2x 2 +4x= 15. 2. .r 2 - zx Jx + Jx - 6=o. 

3 . x*+4x‘ i + yr n /(-v 2 + 4 ) = 4 - 4 2 J(x*+x + ())-3v 2 -3x=(y 

5 . 4^ v /(x 2 + 2«.r 4- 3 s ) 4- 2.r z 4 - \ax = \b' 1 . 

x 2 4-1 . . x 4-1 


6 . 


4 -j. ,- = 13. 

x sfx J 


_ x 4 63 220A , : , 

7. „ 4--;-= 2 7 4- 49-V J - 1 1 96 


8 . n/(t4-5)4- \Jx 4-2 Jix 1 - 4- $x) = 25 — 2.r. 

9. sf(x + a)+ 'Jx-i J(x 2 4 - ax ) 4- zx+a. 

10 . 2x4-2 J{{x+<i){x + b)\ + -J{x4-a)4- J{x4-b) = c~a-b. 


11. *-- 4 -- i -o = £( 1 22-® - 29.V 4 -1 7 ). 

8^-30x4-27 I2x 2 —35x4-18 v ‘ 

12. .r 2 - 4 X •!x 4 - 5-v — 2 Jx— 6 . 13 (x - 2) x 4-{x- 4)* 

14. (I2,v~ i)(6jr— i)(+r- 0(3*-0 = A- 


= 272. 


15. .r 2 — 5* - 2- 




* 8 - 5 - r 


- = 0 . 


16. -r 2 4- 3-r - £ 4- - =0. 

-v 4- 3* 


456. Resolution into Factors. Many equations of higher 
powers than the second can conveniently be solved by using factors. 

Ex. 1. Solve 2.V**— Jtr 2 = 1. 

By suitable transposition, we have, 

— -jr s +r or .1 2 (x - 1)= -*(.r 3 -i) = -(x- i)(.r 2 4-* +1). 
„r - 1 =0, or x = i and ,r 3 = - (at 3 4-* 4-1). 

/. 2Ar 2 +jr+ 1 =0, which solved gives x~\{- 1 ± ^-7). 

Ex. 2. Solve * s - 2 px 2 4- 2 px— 1. 

By transposition, (.r 3 — 1) — 2 px(x — 1 ) = o.. 

Now jr- 1 being a common factor, x- 1= o and /. 2:= 1. 

And (,r s 4-,r4- i) — 2/^=o, x*-( 2 p- i).r-|-1 =0, 

whence x=j{ 2 p- i±\/(?P — — 4J = £{2/— i± 
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Ex. 3 . Solve x i + 2a.x*^2X + ... (c. F. A. 1874). 

a 

By transposition, ^ -f 2ax^x 2 -^ =0, 


or 




» 


I 


x" — =0 7 .e. x = 
a 


Ja' 


1 


or r 2 H- h 2ax = o, whicb solved gi ves x = -a± 

a 


V ("’-a) • 


Exercise CLXX. 

Solve the following equations :— 

1. x 3 — 81*4-3 = 0. 2 . 3a n -22.r— 15. 3 . x 3 —6ar s + I2a 2 x^8a*. 

4. 25 X 4 -** 5x*-x- i = 0 . 5. (x -1 ) a + (zx + 3) ? * — 2jx* + 8 . 

6 . (r + i) 2 (r + 4)-2. 7 . x ?, -f7r = 49(x-M). 8. x s +x 2 + 4 = o. 


9. 

x 2 -I- 


10 . x 2 --i= . 


11. 

i ' 2 — ^ = i 


X 1 


4 X 


r 

4X 

12 . 

----- + 

0 

+ 

1 

i- 

t; 2 

— " + - - + 

7 

• 

13 . 

.r 2 _ 3 

”8 

x- I 

X + 2 X - 

3 x +1 * - 2 

*+3 


2x - 5 x - 17 


14. 27x 3 +2ix + 8-o. 15. x*- 76x4-240=0. 

16 - </2(rt+.r) + 7 J{ax-x-)-= V2(a-Kr) + J2(a-x). 

17. (a - x) s + (£ - x) 3 ■= (tf + £ — 2.r)\ 18. (rt - x) 4 + (0 - x) 4 — (a 4 - b - 2 x) 4 . 

19. %{a-x)+ if(6~x)= V(a + i-2x). 

20. V(fl-r) + 4 f(A-x)=V(a + £- 2 x). 


457. Reciprocal Equations. An equation is said to be 
reciprocal which is not altered by changing x into i/x. 

E^. 1 . Solve x 4 + 6x n —23x 2 +i2X+4-o. 

t 2 4 

Dividing by x 2 , x 2 +6x — 23+ +“ a = o. 

X X 

•v(*H7>) +6 (* +? r)- 2 3-°' or (• v+ *) ,+6 (* + ;)-"- 0 ' 

► 

2 

Whence x+ -= -3 + 6 = 3 or -9, and /. x 9 —3* or x 2 + 9x= -2. 
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(i) Take x- — $x= -2. (ii)' Take x l -2. 

x l - + 2 = O. /• X - - \ i \^(V “ 2 ). 

/, (.r — i)(jt-2) = o, and /. x =' 1 or 2. j — J(-9 L ^ 73 )* 

Ex. 2. Solve ;tr fi 4* 2 „r 4 — 3 .x* — jar 8 + 2 .r + 1 = o. 

The equation may be written (,r fi -f 1)4- 2x(x s + 1) — 3 -f 2 (.v -f i) -o, 
where each bracket is plainly divisible by x+ 1 ; 

Dividing, the original equation b> .r + j, we have 
x 4 + .r 3 — 4X 2 4- x 4- 1 = o, a reciprocal equation of the 4th degree. 

Dividing by .r 2 , „r 2 -Kr -4+ - + ^ = 0, 

•X- x 

(*'+' r ,) + {*+',)- 4 -°,°' (*+!)'+(* + r)- 6 “° 


.\ * 4 ^ = or 

(i) Take 1 =-2.v 
# \ .r 2 — 2Jtr + 1 = o 


- 3, and /, ,r 2 + 1 — 2.r or - 3*. 

(ii) Take x 1 4 1 — — 3# 

/. .r 2 +3^+l=o 


(r-i) 5 =oand .r=i,!. ! i(~3± s/5)- 

Also corresponding to the factor x+i, we have x+ i=oorr=-i. 


458 . Exponential Equations. The following are illus¬ 
trative examples. 

Ex. 1 . Solve 2 Sx+8 4- 1 = 32.2*. 

We have 2 2x+8 —2.2 ac+4 -f 1 =0, since 32 — 2.2 4 . 

Taking the sq. root, 2 Xt4 — i ~o : /. 2 X+4 = 1 = 2°. 

Hence x + 4 = 0 and /. x = — 4. 

Ex. 2 . Solve 3*4-3-* = 9J. 

We have 3*+ ' =-- V, or 3 2 * 3 * + 1 =0- 

•\ 3 * s=s -V-db-u <1 =9 or i*= 3 2 or 3 ’ 2 ; x=±2. 

459 . Binomial Equations. The following- are illustrative 
examples. 

• Ex. 1 . Solve A' s +1=0. 

Here, (x+})(x 2 -x + i) — o; /, either 1=0, z; e. ;r=-i, 

- or ^r 2 ^-,r+1 =0, which solved gives ^-3) 
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» 


1. 

3. 

5. 

7 . 

9. 


1. 

3 . 

5. 

0 . 

8 . 

9. 




Ex. 2. Solve .r* + 1 = o. 
Dividing by x\ jr s 4-~ 2 = o, .*. 

X* 



Taking the sq. root, x + 


1 — i J2 y and 
x 


.\ x 1 ^ J2.X + 1 


whence x = 


± 1 ±sf - 1 



Exercise GLXXI. 

Solve the following equations :— 

x 4 + 6 x s +6x+ 1 = 5 j. x \ 2. 4-t' 4 - 4 x* - 7. r a - 4* -f 4 = o. 

x i + 4x s + 3x 2 + 4x + 1 = 0 . 4. .r 4 + 7^ + S.r 2 + 7 ^ + 1 =°* 

12(.r 4 +1) — 56 (a ** + x) + 8g,r 2 = o. 6- 4* 4 — 1 6x 3 -f 23** - 1 6x + 4 = o. 

+ 6.r+ ** = 23. 8 . 4 * a - 20 - s (*+^ = - ^ ■ 

6*’ l + 6~*=iJ. 10. * fi -f 1 =0. 11. jt 6 -i=o. 12. x n ~ 1. 


Miscellaneous Equations. 


Solve the following equations :— 
X 4 — 2X^ — 2X l -f 3^= I 08 . 

■* a + 4 -r 2 - 4 = 34 

**- 4 + **+4 15 ' 


2 . V(^T + 2l) + sj(x + 2l)= 12. 


4. .v(«+ 4 ) + ^(_‘+ 4 ) 


IO. 


A" — l8 

n/*- n/ i8 


+ 


J(x— 18) 

Jx 


= Vx- 




N /(.r — 18)' 


„ 841 , 17 232 1 

27-r 2 -y + = -— —s + 5 

3 x i 3 3-r 3^ 


_ .. 4 I 7 .r —8 

7. .r' + V+J*- -j— 


s + -4-+ 21 


X —*1 X + 2 X -3 


- s -+ -J-+- 2 !- 

.r + X ;r -2 A +3 


(a+.r) ;r -5(a*-^*) a = -z&a-x)' 5 . 10. 4* 4 + ^tr=4* ! '+ 33. 

6 * Jx — n* + 6 Vx — i =o. 12. 2 * z — x — 2 .rV(x — *■*) = i£. 

3 {(* - i ) s - x )" 1 + 2 x = 341 + 2 (.r - i) 2 . 14. Jr 4 + V-** - 1 7*= 8 - 
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15. 


x' n i ~.r‘ M 

4 -- - — 


i +x 


- n 


-n 


16. 8A3«) + 343 tl 24 .f 3 " ) -'^ + 3. 


3 / a 4 + J .r 2 +x A \ ( ax \ a 
5\a'-a*v*+x*)~ W-x*) ' 


i6x-3 

, _ x‘* — 4 -*' — 8 , 

l8 ' ^ + 2 . r+ „)- 2 ^ 2 - 


19. 


x , — 3x — a* + — . 20. x* + I i =« 4 + -n • 21. ■**+— = 2 a a x. 

a 1 x* a* x 




7 x+ IQ 
* 2 -4*4-5 



2* + 4 
- 2 * + 2 




(r. e. 1901 ). 


24 . .r G 4 - (* 4 - J ) 6 + 1 = 2 (- r 2 +-*' + 1 ) 3 . 25 . 2* +1 + 4* = 288. 

26 . (.r 4 -1 ) r ’ 4 - (* — 1 ) r ’ = 19{(* 4 -1 ) 3 4 - (* — 1 )*}. 27 . 3* +l + 9*~ 108. 

28 . (2x — 1 )(* +1 )(2x + 5)(.v+4) = 70. 

29 . V(2-f 2 + gx — 1 ) + V (2x l - 7_r 4- 7) = 6. 

30 - x(x — 1 ;(.r — 2) =9.8.7. 31 . (a- + 2)(a + 3)(^ + 4) = 3-4-5. 


VII. PROBLEMS PRODUCING QUADRATIC 

EQUATIONS. 

460 . In the solution of Problems, depending on Quadratic and 
Higher Equations, there may be two or more values of ihe root, 
and these may be real quantities ox impossible. In the former case, 
we must consider if any of the roots are excluded by the natuie of 
the question, which may altogether reject fractional , or negative , 
or surd answers ; in the latter case, we conclude that the solution of 
the proposed question is arithmetically impossible. 

Ex. 1 . Divide 12 into two parts so that the square of one of 
them may be four times as great as the square of the tfthcr. 

Let x be one of the parts ; then 12-A' is the other part. 

/, By the question, a 2 — 4(12 —a) 2 . 

Taking, the sq. root, a — i 2(12 - a) = 24- 2* or ** -24 + 2A. 

ThQ former gives a = 8 and 12-* = 4. 

Hence the parts are 8 and 4, which is the arithmetical solution. 

The latter gives x = 24 and /, 12 - a = — 12, which answers the 
condition symbolically . 
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Ex. 2 . What number, when added to 30, will be; less than its 
square by 12? 

Let x be the number. 

/, By the question* 3o+„r=.r 2 -12 ; or x 2 —.r- 42 = 0. 

/. (x- y)(x + 6) = o ; whence x — j or -6. 

Hence the reqd. number is 7. Here the latter root is excluded. 

Ex. 3 . A person bought sheep for ,£33. 15J. which he sold 
again at £2. 8 s. a head, gaining thereby as much as one sheep cost 
him. How many sheep did he buy ? 

Let x be the number of sheep bought. 

Then is the price of a sheep in £, 
x 

and 2\x is the selling price of the sheep in £. 

ry ^ ^ O'? 

A By the question, 2L1 -33 = - 1 , 

5 4 x 

• * A I r 

which reduces to 48.1 2 — 675.1' — 675 =0 ; whence x = 15 or —J • 

16 

Hence, the number of sheep bought =15. 


Ex. 4 , A person bought a number of oxen for Air. 120 ; if he 
had bought 3 more for the same money, he would have paid A\y.2 
less for each. How many did he buy r 

Let x be the number of oxen bought. 


120 

Then r ~ is the price actually given for each in Rs. 
x 

120 

and r ^- is the price of each, if 3 more be bought. 

I “70 1^0 

Ry the question, 

which reduces to * 2 + 3*r- 180 = 0 ; whence *=12 or 
Hence the number of oxen bought =12. 


- 15 - 


Ex. 5 . A’s rate of travelling is one mile an hour less than B 3 s, 
and B can go 21 miles in 20 minutes less than it takes A to go 
20 miles. How many miles an hour can A travel ? 


• Let x be A’s rate of travelling in miles per hour. 
Then x+j is B’s rate. 
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Now A takes r ° hrs. to travel 20 miles, and B takes - 2 -~ hrs. 

X X-jrl 

to travel 21 miles. * 

QQ 2 T 

/. By the question, “—^ - , (for 20 min. = £ hr.) 

x a 4 * 1 

which reduces to x z -f 4,1' — 60 = o ; whence „r=6 or — 10. 

Hence A’s rate of travelling per hour is 6 miles. 

Ex. 0 . A reduction of 2d. a do/en in the price of eggs will 
give 6 more for 3.9. 6 d. ; find the price per dozen. 

Let x be the price of a dozen eggs in d. 

12 

Then we can obtain x 42 eggs, for 3.9, 6 d. or 42^. 

x 

Also, when (x 2)d. is the price of a dozen eggs, 

12 

we obtain ~ x 42 eggs, for 3.9. 6 d. or 42^. 

^ ■” 2 

12 12 

/. By„the question, “ x 42-X42 = 6, 

wC M JT" 

which reduces to x“ - 2x — 168 = 0 ; whence x = 14 or — 12. 
Hence the price of a dozen eggs is 14 d. 


Ex. 7. A person invested Rs. 10660 in the 3 4 per cent. Govern¬ 
ment Securities when they were at a certain rate per cent, premium. 
If he had invested them at a price r 4 per cent less, his annual 
income would have been increased by Rs.$. 4 a. Find the price of 
the Government Securities. 


Let x be the price of the Government Securities in Rs. 

10660 

Then, the lirst income = A\y. -- x 3$, 

Xt 

and the second.= /v\r. I0 ^°x3i. , 

x — 1 \ 


. ,, , 10660 . 10660 . . 

. . By the question, - x ^ -- x 3 V = 5 {, 

a ” H X 

which reduces to 2x l — yc — 21320 = 0 ; whence 2:= 104 or — T02L 
Hence, the required price is Rs. 104. 


Ex. 8. A number of two digits is less than four times the 
product of its digits by 11, and the digit in the tens* place exceeds 
the digit in the units’ place by four. Find the number. 
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Let x be the digit in the units’ place. 

Then x+4 is the digit in the tens’ place. 

The number®* io(.r+4)+^ = 1 ur + 40. 

Four times the product of the digits = 4x(x 4-4). 

/, By the question, 4x(x + 4) - (1 i;r+40) =11, 
which reduces to 4_r 2 4 - $x — 51 =0 ; whence x = 3 or — V". 

Hence 3 is the digit in the units’ place, and 34-4 or 7 the 
digit in the tens’ place, and therefore 73 is the required number. 

Exercise CIiXXII. 

1 . There are two numbers, one of which is \ of the other, and 
the difference of their squares is 81. Find them. 

2 . The diffeience of two numbers is | of the greater, and the 
sum of their squaies is 356. Find them. 

3 . Determine two magnitudes whose difference is £ and the 
sum of whose squares is (£)*. 

• * 

4. There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128. Find them. 

5. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part ? 

6- What two numbers are those whose difference is 5 and their 
sum multiplied by the greater 228 ? 

7 - What two numbers make up 14, so that the quotient of the 
less divided by the greater is of the quotient of the greater 
divided by the less ? 

8 . A labourer dug two trenches, one 6 yards longer than the 
other, for Rs. 356, and the digging of each cost as many rupees 
per yard, as there were yards in its length. Find the length of each. 

9 . Bought two flocks of sheep for Rs. 360, in one of which 
there were 5 more than in the other : each sheep in each flock cost 
as many rupees as there were sheep in the other flock. How many 
were there of each ? 

10 . By selling a horse for Rs. 240, I lose as much per cent, 
as it cost me. What was the prime cost of it ? 

11 . There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is Jess by 1 than the 
square of its double. Find it. 
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12. There is a rectangular field, whose length exceeds its 
breadth by 16 yards, and it contains 960 square yards. Kind its 
dimensions. 

13 The plate of a looking glass is 18 inches by 12, and it is 

to be framed with a frame of uniform width, whose area is to be 

equal to that of the glass. Find the width of the frame. 

14 . Two partners, A and B, gained AV. 140 by trade ; A’s 

money was 3 months in trade and his gain was Rs 60 lcs-» than 

his stock, and B’s money, which is Rs. 50 more than A’s, was in trade 
5 months. What was A's stock P 

15 . A person bought 38 sheep for Rs. 7r. 4 a. ; but having lost 
a certain number n of them, he sold the remainder for n annas 
a head more than they cost him, and so gained upon the whole Re. 1. 
How many sheep chd he lose ? 

16. A and B distribute A\v. 50 each in charity ; A relieves 5 
peisons more than B, and B gives to each 8c/. more than A. How 
many did each relieve ? 

17 . A and B take shares in a concern to the amount altogether 
of A 's. 5000 ; they sell out at f>ai\ A at the end of 2 years, B of 8, 
and each receives in capital and profit Rs. 2970. How much did 
each embark ? 

18 . Two trains each run a distance of 330 miles. One o 
them, whose average speed exceeds that of the other by 5 miles 
an hour, takes half an hour less to travel the whole distance. Find 
their average speeds. 

19 . In 100 minutes a boat’s crew row 3 \ miles down a river 
and back again. If the river runs at 2 miles an houi, what is the 
pace of the boat in still water ? 

20 . A battalion of soldiers when formed into a solid square 
present 16 men fewer in the front than they do when formed into a 
hollow square 4 deep. Find the number of men. 

21 . Mr. Gladstone was born in the year A. 1809. In the 
year A. D. .r 3 he was x — 3 years old : find x. 

22 . A and B set out at the same time ; A from C to go to D 
and B from D to go to C ; they meet on the road, when it appears 
that A has travelled 30 miles more than B, and that at the rate he is 
travelling, he will reach D in 4 days, and B will arrive at C in 9 days. 
Find the distance of C from D. 

23 Ten minutes after the departure of an express train a slow 
train is started, travelling on the average 20 miles less per hour, 
which reaches a station 250 miles distant 3A hours after the arrival 
of the express. Find the rate at which each train travels. 
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24. A rides from P to Q in one hour at a uniform speed. B rides 
for one-third of the way 2 miles an hour faster than A, and for the 
rest of the journey 1 mile an hour slower, thus taking 40 seconds 
longer. Find the distance from P to Q. 

25. The men in a regiment can be arranged in a hollow square 
4 deep ; if the number of men be increased by 129 they can be 
arranged in a solid square having on each side 10 men less than 
were on each outer side of the hollow square. Find how many men 


VIII. THEORY OF QUADRATIC EQUATIONS. 
f 

461. A quadratic equation cannot have more than two roots . 

If possible, let the general quadratic equation 

ax' + bx + c^o 

have three different roots, a, 0 and 7. 

Since, each of these values of x satisfies the equation, 

we have aa? + ha+c=o .(1) 

a & 2 + bp + c-o .(2) 

ay 2 + /*7 + r=o .( 3 ) 

Subtracting (2) from (1), a(a ' 2 — P*) + b(a - 0) = o. 

Dividing by a — 0, which by supposition is not equal to zero, 

a(a + 0 ) + b = o .(4) 

In the same way, subtracting (3) from (1) and dividing by a — 7, 

a(a + y) + b^o .(5) 

Subtracting (5) from (4), a\0 — 7)=o ; 

either ^ = o or 0 — 7-0, 

which is impossible, for a is not equal to zero, nor is 0 equal to 7, 
by hypothesis. 

-fence the quadratic cannot have more than two roots. 

462. If a and 0 are the two roots of the quadratic equation 
ax* + bx + c= o, then 

b , c 
a-f 0= - - and n0= - . 
a a 
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Solving the equation, we have 

_- b + >J{b* - 4 ac) _ -b- J(b 2 - 4 ac) 

x “ * or 

2 a 2 a 

-b+ «'(b 2 - 4ac) , „ - b- J(b 2 - 4 ac) 

Let a=-——, and / 3 = ——— -—~ . 

23 2a 

. , „ - ^ + *'(0* - 4«f) , - b- Jib' 1 -4<zc)_ -2 b b 

• v a + P= --1-—-— ---• 

2a 2a 2a a 

, _ (- bf - {b 2 - 4ac) 4ac c 

and a/ 3 =---r.—-—- = — -= . 

4 a 1 4 a 2 a 

Since the equation can also be written in the form x 2 + ^.r + ~ =0, 
. a a 1 

we may express these results as follows :— 

When the coefficient of x 2 in a quadratic equation is unity, 

(i) the sum of the roots is equal to the coefficient of x 
with the sign changed ; 

t 

(ii) the product of the roots is equal to the constant term. 

Note. If a and 0 be the roots of the equation x*+px+q = o, then 

a -f/ 3 = —p and a /3 — q. 

e 

463 . If a and 0 are the roots of ax 2 + bx+c= o, then 

ax 2 ■+■ bx + c = a(x — a)(x — 0). 
t tf c \ 

We have ax 2 +tx + c=al x 2 + -x + - ) 

V a/ 

= a[x 2 — (a + 0)x -f a0], Art. 462. 
=*a(x-a)(x— 1 3 ). 

Note. If a and 0 are the roots of x 2 +px+q=o f then 

x' 1 +px + q = (x - a)(„r - j6). • 

Ex. 1 . The quadratic whose roots are -4 and 7 is 
(* + 4)(.r~7)=o, or x 2 -3*-28 = 0. 


Ex. 2. If a and 0 are the roots of x 2 +px + q — o, find the values 
of (i) a — /3, (ii) a* + fls, (iii) a? + 0\ 

We have a 4-/3 = —/ and a0 = q. (Art. 462). 

(i) Since (a - 0f=(a + 0) 2 - 40.0 ~ (-p) 2 - 4q ^p* - qq } 

/. ± n/(^ 2 -4?)- 
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(ii) a 2 + / 0 3 - (a + 0 )* - 2ct)6 = ( - pf - 2? — p 2 - zq. 

(iii) a 3 + = (a + frf - 3 a£(a + ff) = (-^) r ' + 3/ty = + 3 A/- 

Ex. 3. If and 6 are the roots of ax 2 + bx + £=o, form the 

equation whose roots are ^ and ^ . 

1 6 a 

We have a-f/3~ and tijS--- . 

^ a 


The sum of the roots of the reqd. equation 

^ a /3 a“-f /6“ (a 4 - ftp — 2a/3_ //>“ 2^ \ c 

i6 a a /3 a /3 \tv a) a 

_ V 1 - 20.C 
ac 

The product of the roots—- x --1. 

/3 a 


Hence the required equation is 




.r+i=oor ircA 2 -(fP 


2 ac)x + ac=o. 


464 . To find the condition that the equations ax 2, -f hx + f = o and 
el x 2 + b f x + d = o may have a (Ottunon root . 


Let n be the common root of the equations. 

Then by supposition, ad 1 ha o.(1) | 

a'a 2 + b'a + c'= o...(2) } 

From (1) and (2) by the /\Wc of Cross Multiplication , we have 

a- _ a __ f 
A:' - /»V #1' - c'a ah' - * 


Hence a 2 = 


£ 1 ' - h'c 
ah' — 


and a = 


cd -da 
ah~dh ’ 


Therefore 


ad'-a'£ 



or {ah' - a! b)(bc’ — b c) — (ca f -c’af, the reqd. condition. 


465. If a is positive and a, 6 arc real roots of the equation ax* 
+Sx + c*=o, the expression ax 2 + tx + c vanishes when x—a or and 
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1 L Graph corresponding to the equation 

3.r‘ J - 4 y l + 6 x — 8_y - 7 = o. 

The equation may be written thus : — 

3 (.r+i)“- 4 (/+i) a = 6 , 

(i -f- 1 ( y 4 -1 

* ' - = 1, which represents a hyperbola, whose 

O T/O 1 1 k ' * 

- J/ ~ _ m m * j 

centre is the point ( —1, — 1), semi-transveise axis s i 2 and sem 1- 
conjugate axis >/]. 



a- 


Graph of - . 

m l 


(l 

Let y — ^ ; then xy-a\ which 

represents a rectangular hyperbola, 
whose* centre is the origin and 
whose asymptotes are the axes of 
r and j', (as shewn in Fig. 8). 

The transverse axis is the line 
AA' which bisects the angle 
between the axes of co ordinates. 



Fig. <S. 


N.B. In a rectangular hyperbola, CN.PNaa constant, whirls 
.jives the equation xy = a' 2 . 


16. Graph corresponding to the equation 
xy -2x-3y -=10. 

We have (x — 3)(y — 2 )=t 6, which re¬ 
presents a rectangular hyperbola, of which 
the centre is the point (3, 2) and asymptotes 
parallel to the axes of co-ordinates (as 
shewn in P ig. 9). 



Tug. 9. 



5io 


MATRICULATION ALGEBRA. 


17. Graph of 2 *J(ax). 


Let_>'=2 *J(ax); then y l =*4ax ; 

•which represents a parabola', whose vertex 
is the origin, the axis the axis of x, the 
tangent at the vertex the axis of y and 4 a 
.the latus rectum, (as shewn in Fig. 10). 

« 


The curve is symmetrical with respect to the axis of x and lies 
on the right side of the axis of y and extends to infinity. 



If 3 . In the parabola, PN 2 =s4AS.AN, which gives j/ 2 = 4ax. 
Note. The grapft^of Jx, 2 J: r, &c. are all parabolas. 


18. Graph of 2 \/{a{x — b)). 

Let y=2 K )\a{x-b)) ; 
then y 2 = 4 a(x - b). 

If we transfer the origin to the 
point (b, o), the equation becomes 
y 2 = 4ar, and the curve is a parabola, 
(as shewn in Fig. 11). 



Fig. 11. 


19. Graph of 

4# 


Let then x 2 =4ay ; 

v 4 a 


this repre- 


.e ' 

sents a parabola whose vertex is the origin, 
the axis the axis of y and latus rectu n 4 1, 
(as shewn in Fig. 12). 


N.B. The curve is symmetrical with 
respect to the axis of y. 




Fig. 12 
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20 . Graph of 4X — 2 r 2 . 

Let y = 4_r - 2.r 2 = — 2{x - i) 2 + 2 ; 
then y — 2 = - 2(* - 1 )‘ J . 

If we transfer the origin to the point (1, 2), the equation becomes 
y=—2x 2 , and the curve is a parabola, (as shewn in Fig. 13). 

T 

N.B. Here the maximum value of y is 2 and then *r=i. 
The axis of the parabola is the line AN and the vertex A. 


21 . Graph of 3X 2 — 8* -f 10. 

Let j/ = 3* 2 — 10 = $(x‘ l — + V") 

- 3 K r - S )* - V + VI - 3 (* - *)*+ V- ; 

then jv--Y- = 3'* -J) a . 

Transfer the origin to the point (£, \ 4 -) and 
the equation becomes y = which represents 
a parabola (as shewn in Fig. 14). 0 

Fig. 14. 

U\B. The curve does not cut the axis of x, because the roots 
of the equation 3* 2 -8.r+10=0 are imaginary. In this figure the 
scales of x and y are different. 

The minimum value of y is Y and then 
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II. GRAPHS OF QUADRATIC EQUATIONS. 

467 . We shall now consider some graphs of functions of a 
degree higher than the first. 

Ex. 1. Draw the graph of r 2 * 

t 

Corresponding values of x and y may be tabulated as follows : — 


1 ' 

X , 

1 

• • • 

-5 

-4 

- 3 

- 2 1 - I j 

1 ' 

O 1 

1 

I 


j 

\ JT \ 

• • 

y i 

1 

1 

... , 

1 

25 

16 

1 

! 

1 9 

4 j 1 

1 

O \ 

1 

I 

1 4 

1 

9 

16 |%5 

• • • 


If the above determined points are 
plotted and jom&l bv a continuous 
line drawn freehand, wc shall obtain 
the graph requited,as shewn in Fig. 15, 
which we see to be a curve. Such 
a curve is called a parabola. 

In the above Example we notice tire 
following facts : — 

(i) Weha\efrom the equation .r = 
4. Jy ; thus for every value of the 
ordinate y there are two values of 
the abscissa a r equal in magnitude 
but opposite in sign. Hence the curve 
is symmetrical with respect to the 
axis of y\ so that plotting sufficient 
points in the first quadrant to deter¬ 
mine the form of the graph, its form 
in the second quadrant may easily be 
obtained by joining corresponding 
points without actually potting them. 

(ii) We notice that the graph lies 
wholly in the first and second quad¬ 
rants ; for, whatever value we may 
give to x, we can never have y 
negative, and threfore no point on 
the curve will be found below the 
axis of x. 



(iii) As the numerical value of x increases, so that of y increases 
rapidly. Hence the parts of the curve on either side of OY meet 
only at the origin and then extends upwards and outwards to an 
infinite distance in both the first and second quadrants. 
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Ex. 2. Draw the graph of y — 2* — 

4 

Tabulate *he values of x and y as follows :— 













^ “ 


" 



X 

10 

9 

8 

7 

6 

5 

4 

* 

2 

1 

0 

—1 


> 

4 

IX 

20 

18 

16 

H 

12 

to ! 

8 

6 

4 

2 

0 

—2 

4 

() 

8 

*** 

25 

20*2;, 

7 6 

12'2<3 

% 

g 

67 s 

4 

2 25 

1 


0 

75 

1 

2*25 

4 

y 

-*> 

--2V5 

0 

1 

175 


3*7 ^ 

4 

>75 

> 

J 5 

r 75 

0 

2 * 2 S 

5 

— 8*25 

—12 







1 






. 


_ 



Plot the points (10,-5), (9,-2 25), (8, o), Ae...(o, o), ( —i f -2'25) 
..&c. ; the resulting graph is shewn in Fig. 16, below. 



_ 1 _.! 




— 





1 

r 






i 




_[ 

□ 

c 





Y 

T— 

_ 



n 


Fig. 16. 


In the present case only three or four negative values of x and 
y need be plotted, but more attention must be paid to the results 
arising out of positive values of x . 

N* B. The equation can be written in the form (,r — 4) 2 = 
— 4(^ — 4) which shews that the curve is a parabola whose vertex is 
the point (4, 4) and latus rectum 4. 

468. The curve obtained from the equation y**a: tr 3 , where a is 
constant, is called a pefcrabola. If a is positive, the curve lies wholly 


M. A .—33 
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above the .raxis ; but if a is negative, the curve will lie wholly 
below the .ar-axis. The greater a is, the more rapidly does the 
graph recede from the .r-axjs. 


_ Exercise CLXXIV. 

*■ 

1 . Draw the graph of y = .r 2 . 

(i) Taking 0*4" as unit for .1*, 01" as unit for y. 

(ii) Taking i'* as unit for x , o*i" as unit for y. 

(lii) Taking the x unit five times as large as the y unit. 

2 . Trace the graph of the equation x 2 =_y. 

(i) When the x unit is equal to the y unit. 

(ii) When the x unit is five times as large as thejv unit. 

3 . Plot the graph of the equation y = 4x 2 . 

(i) Taking the x unit equal to the unit. 

(ii) 'faking the x unit four times the y unit. 

4 . Draw the graphs of :— 

(i) jy= - x 2 . (ii) y 2 = .r. (iii) y 2 = - x . (iv) 2y = x* 

5 . Draw the graphs of the following equations : — 

(i) y — 8.t 2 . (ii) y* = -yx. (iii) y = jx 2 . 

> ? 6. Plot the following : — 

. (i) y — 2X + ~ . (ii) y=r~ix 2 . * ftii) y = X +x-2. 

4 4 

7 . Trace the graphs of : —. j j 

(i) y = ix 2 — x + 2. (ii)‘y 4 =.r 2 +jr + 3. w \(ni) y=2x 2 -x+i. 

8. Draw the graphs of y~x % and x=y 2 , and shew that they 
have only one common chord. Find its equation. 

ail. GRAPHIC SOLUTION OP QUADRATIC 

EQUATIONS. 

469 . If f(x) represent a function of x, we can obtain an ap¬ 
proximate solution of the equationy(jr) = o by plotting the graph of 
y =*f (x ) and then measuring the intercepts made on the ;r-axis. 
These intercepts which make y=o are the values of x and, are 
therefore the roots of the equation /(^r) = o. 
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V ' ' * , 

* V ' * 

' Ex. 1 . Solve graphically the equation 2x*+x- i 5 =*o*„ 
}>utj/=*2x 2 +x- 15, and find, the graph of this equation. 


V 

X 

*• 

2‘X" 

J 

U) 

to -f* 

• 

' 

3 

,.i 8 

1 

* 

4 

1 

■ hi 

2 

— 2 

: 8 

*^*-*«- *■ — #• 

-3 

18 

*4 

-4 

32 

x - IS 

* 

• - 

- II 

— 12 

“* 13 

-14 

- IS 

16 

-17 

fl-U 

1 

00 

4 

-19 

y 

21 


5 

- 12 

-15 

-14 

- 9 

0 

13 


[ Take the unit for x twice as great as that for y. 

Join the points (4, 21), (3, 6), (2,-5), (1,-12), (0,-15), (-1,-14) 
{• n), (-3, o), (-4, 13). The resulting curve is<‘tl e graph of 

Sv=s2.^+.r- 13 and is shown in Fig. 17, below. ^ 

.1 * 



N. B. The equation can be written in the form 
which *fchews that the curve is a parabola whose vertex is (— — «2*§i) 
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and latus rectum A. Generally when the terms of the second degree 
form a perfect square, the curve is a parabola. 

Now the equation 2 x & +x—i$ is the same as the equajti^n 
• 2 X*+x — 15 = o, if y «= o. 

Hence to find the roots of the latter equation we note the points 

on the curj[e where = o, and these will give us the value of x 

vhich we ha ;e to find. 

U. 

At the points <? and Q where this curve meets the ;tr-axis, y=o ; 
therefore at these points 2.r 2 +.r— 15 = 0. 

But OP and OQ are the values of x at these points ; 

/, they are the roots of the given equation. 

Ah P, x = 2*5, and at Q, x— - 3. 

Hence^toe see that the roots are 2*5 and —3. 

V 

Verification. 2x*+x- 15 = 0, or (2*-5)(;r + 3)*o. 

\ i.c, 9 2x- 5=0 and /, x=*2'5 

x +-3 = 0 and /. x== —3. 

Hence the solution is correct. 


Ex. 2 Find graphically, correct to one decimal place, the 
roots of the equation 2.ir 8 + 6,r—5=0. 

Trace the graph of y = 2x' i + 6x— 5. 
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twice as great as that for y. 
from the points thus obtained is shewn 


i Take the unit 

Plot out the cl 
in Fig. 18 below. 

The equation is sSisfied when 2;tr 2 + 6.r — 5=0, / ? whenj/=o, 
i.e.y where the curve cuts ^Le .r-axis. 

1 It will be seen that There are two points on the curve where 
y = o. namely the points P and Q. 

At P, x*='6 (nearly), and at Q, *«=» -3*6 (nearly). 

Thus the roots required are ’6 and —3*6. 
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Fig. 


18 


same way we can 


Verification. When x — -6, 

2x i +6x - 5 = 2C36) + 3-6 - 5 = 72 + 3'6 - 5 = - ' 68 - 

Tlius, when ,r = '6, 2X i + 6x-5 is nearly zero. 

Hence '6 is an approximate root. IiMBfe ! 
verify the fact that -3-6 is an approximate 

Or thus : Since 2X* + 6x - 5 = o, 

ar = i(- 3 ± a/« 9 -) __ 

If we take 4'358 as the approximate »ue of «f 19, rhe values 
of x will be found to be — 3'68 and '68. J > 

-v; E. The Mnation to the curve is_yJrY'**2(;r + £)?which shews 
+h? ’ the curve & ‘a parabola whose vert$F is (-*, - and latus 
return 5. S* / 

/ ' ±jx. 3 . Draw the graph of J' = ^ 

,-oots of the equation x 1 + 3#-4=»or* 

' jX . .i^v m ..V r c. • - 1 


a 1 ) and latus 

t 


■ ii ( 

li.a&fe fro'A 't deduce the 

jL Jl E.JBwSv'' ■ 7 A ** * -M*' ' “ 
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Tabulate the values of x *xdy as follows 


X 

\ 

3 

— 

2 

1 

I 

O 

1 

- I 

-2 

-3 

-4 

-5 

-6 

x ‘~ 

9 

1 

4 

I 

O 

I 

4 

9 

16 ! 

25 

36 

3 * 

9 

6 

3 

1 

1 

__ 1 

- 6 ' 

1 

-9 

L ~ 12 

-15 1 

- 18 

y 

is 

!-! 

4 ii '{ 0 

1 - 2 

l 

- 2 

0 

4 

l _ 

10 

18 


Take the unit for x twice as great as that for y. 

Plot the points thus obtained and we obtain the graph required, 
is shewn in Fig. 19, below. 



Fig. 19. 

v 

Now, we have to solve the equation x 2 + 3 x — 4 = 0. 

Since x 2 ■<- 3* — 4 = 0, /. .r 2 + 3.r—4. 

Hence, we must find tw^, points on the curve where ^=4. 
The two suCi points are Ri, and Q. 

At P, x — \ an^t -4. 

Hence 1 the required roots. 
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Plotting these points and joining them, we see that they all lie 
-on a circle, whose centre is the origin and whose radius is 5, as. 
a &ewn in Fig. 22, above. 

<? 

474. Distance between two Paines. Let P be the point 
(x,y) and Q the point (a. b) ; draw PN, QM perpendicular to the 
axis of x and QR perp. to PN. 
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Fig. 23. 


PR=PN-NR =y-b, and QR = ON -OM =*x-a. 

Now, PQ‘ J = QR 2 + PR a and.*. PQ= v r (QR 2 + PR 2 )- 

Thus PQ= J{(x — a) 2 +(y — d) 2 ). 

Hence the distance between two points (x,y) and (a, b ). 

= S{{x - a) 2 +(?/ - ft) 2 }. ^ d ’ 

Also OQ= ,/(OM* + MQ 2 )= v/(a 2 + <J 2 ). 

475 . Equation of a Circle. We have already found 
equation of a circle. It is easy to find the equation of any circle 

Let the centre of the circle be at the point A (a, b) and let its 
radius be c ; then if P (x y y) is any point on it, 

j we have, by Art. 474, (r-a) 2 +(y-i) 2 =AP 2 -^ .(O 

which is the required equation. 

Ex. 1 . Draw the graph of x 2 + y 2 - 8x - 6 y = o. 

The equation may be written (at — 4) 2 + (_y — 3 ) a==c2 5 - 
.*. J{(* r-4)* + ^- 3 )^- 5 . 

Thus the graph is a circl*, whose centre is at 4, 3 and whose 
radius is 5. 
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•r Ex. 2. riolve graphically the simultaneous equations 
(i) x*+jP=* 61, (ii),3 y=4^-2. 

The graph of (i) l- a circle. Since the equation is satisfied 
by x= 5, j'=6 (the point P), the graph may be drawn by describing 
a circle with centre O and radius OP, 

The graph of (ii) is a straight line, which cuts the axes at the 
points (o, - }), Q, o). 



Fig. 24. 


This line produced cuts the circle at P and Q. The co-ordinates 
of these points are (5,6) and (- 4*36, - 6-48) ; thus the solution of 
( equations is given by 

| 

^ = 5, _y = 6, and .r=-4-36, -6‘48, 



Exercise CLXXVII. 


Draw.the graphs of the following :— 

1 . .v- +y l — 36. 2 . .r 2 + y 2 = 64. 3 . x 2 +y 3 = Sl. 4 . x 3 +_y 2 -o. 

5 . x 2 +y- - 6.r - 8_y=o. 6. x 2 +_y' i = 49. 7 . x 3 +y 2 = 16. 

< 8 . x" +_y%= 12. 9. x 2 +j/ 3 = 8. 10. +J 2 = 20. 11. ^r 2 +_>/*= 35. 

Shew that the following equations represent circles and find 
their centres and radii 

12. x 3 +_y 3 ~4x+6y+7=o. 

14 . 4**+ 4 y 3 - i6.r+8y + il=o 


13. x 2 +y 3 +6x+4y+4=o. 
15. x 3 +y - bx + 4y +3 = o. 
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Find the equations of the following circles :— 

:\6. 1 Centre (-2, 3), radius =*5. 17 . Centre (- il> —2J), radius = 6. 

[ 18 . Shew that the equation (where a, b y c are constants) 

x 1 +y* 4 * ax + /y' 4 -£=o 

represents a circle and find its centre and radius. 

19 . Solve the following equations graphically :— 

j/(i) X* + y 2 = 41 I /(ii) x l +y^ 34 ) J (iii) at 2 +j' 2 =85) 

!' 3.r-2j'=.2j/ x + 2 _j'= 13/ / ’2x^v + Si 

20. Solve the following equations graphically :— 

—4* —2y + i=o, 2X - 37 — 3. 

VI. FRACTIONAL FUNCTIONS. 

CL 

476 . Infinity. Consider the fraction ^ whose numerator 

has a certain assigned value but whose denominator x is a 7 '.iriabk 
quantity ; then it is plain that as x diminishes the value of the 

fraction a increases. 
x 

For instance 

a a a , 

- == 10 a. — = iooort, --= 10000000#, and so on. 

' *1 *001 *0000001 J 

Thus we see that by giving to x a value small enough, we can * 
make the fraction air larger than any assigned number, no matter 
how large that number may be ; i. e. if x be made less than any 
assigned quantity, the value of the fraction ajx can be made larger 
than any quantity that could be named. This is expiessed by 
saying that 

v d 

when .r = o, the value of is 00 

* 

for any number less than any assigned number is termed zero and 
is denoted by the symbol o, and any quantity greater than a 
quantity that could be named is termed infinity and is denoted 
by the symbol 00. 

Similarly, if x is a quantity which gradually increase* and 
finally becomes greater than any quantity that could be named, 
x\xe fraction ajx becomes smaller than any assigned quantity. This 
is expressed by saying that 

when 00, the value of - is o. 

’ x 

* * Again, when the quotient ajx is positive, a /o is said to be 
positively infinite (-4? 00); when ajx is negative, a/o is said to be 
negatively infinite (- eo), and so oh* 
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Ex. Draw the graph of xy~ 8. Shew that it consists of twij 
infinite branches, one in the first quadrant and the other in the tnird 

g 

The equation can be expressed in the form y* - . 


(i) It will be noticed that when x=o,y** oo and when x = oo,j/s=o. 
Also y is positive when x is positive and negative when x is negative* 
Hence the graph must lie entire^ in the first and third quadrants. 

(ii) If („r, j/)js any point 6d#the curve, (-x,-y) is also on the 
curve, for if xy =8, (- x){ —y) = 8 . 

Hence the part of the curve in the third quadrant is exactly 
similar to the part in the first quadrant ; or, any chord of the curve 
through the origin is bisected at the origin. 


Tabulate the values of x and y as follows 
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Plotting the above points, we see that the graph continually 
approaches the ;r-axis in such a way that for a sufficiently large 
positive value of x we obtain a point on the graph as near as we 
please to the .r-axis but never actually reaching it until 00. 
In the same way the curve approaches indefinitely near to the 
axis of y % but never meets it. Such a curve, having two branches, is 
called a rectangular hyperbola. 

Such lines are called asyu^totes of the curve. 

Ex. Solve the following graphically 

(i)>- J' —3 \ (ii) x*+y* = 6s j 

xy= 28 j xy = 28 J 

In each case we require the graph of xy = 28. Proceeding as 
above, we find that the curve is a rectangular hyperbola lying the 
first and third quadrants. 

In (i) x —y = 3 is a straight line QS making intercepts 3 and 
- 3*on the axes. 



Fig; ss6. 





530 


MATRICULATION ALGKBRA. 


In (ii) x*+y 7, ~65 is a circle. As the equation is sa.isfied by 
x=4, y*=~, the graph can be drawn by finding the point R (4, 7) 
and describing a circle with centre O and radius OP. 

The roots of (i) are the coordinates of Q and S ; that is, 
x= 7 ,y =4 ; or X** - 4 , y~ - 7 - 


The roots of (ii) are the coordinates of P, Q, R, and S ; that is, 
.r« 4 , j = 7 5 * = 7,y = 4 : ** ~7» y= -4 ; *= ~4,y= ~7- 


Exercise CLXXVIII. 

1 . Plot the graphs of the following. 

(i).ri'=r. (2) xy= 4 - (3) xy—16. (4) ^7 = 32. 

(5) •*■)'= 12. (6) *7 = 35. (7) .ry-36. (8)17 = 40. 


2 . Solve the following equations graphically 


(0 * ’5 1 

xy = 36 j 

“( 4 ) - r +.1' = 7 \ 

=12 ) 

( 7 ) A'- 27=10 1 

' *>' = 80 J 


(2) x — i' = 3 | 

*7=18 j 


(3) ** +7'' = 2 5 1 
*7= 12 J 


(5) x 2 +7 2 = 20 1 
*7=8 J 

(8) x ' 2 +7* = 16 1 
*7 = 6 J 


(6) *-7 = 3 ) 

‘■D'=S J 

( 9 ) * +7=9 | 

*7= 16 J 


VII. HARDER GRAPHICAL PROBLEMS. 

477 . The following are typical examples with their solutions. 

Ex. 1 . One tap will fill a cistern in 4 hours, and a second 
will fill it in 6 hours. How long will they take to fill the cistern 
running together ? 

% 

Measure time horizontally along OX as shown in the diagram, 
atid let OP (1 in.) drawn vertically along OY denote the capacity 
of the cistern. 

Then OA is the graph of the first tap. 

, From O, the point where this meets the vertical 6 bpur line, 
take CD = i in. upwards. 
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Fig. 27. 

Then OD is the graph of the work clone bv the two taps. 
Now, examining any ordinate QN, we see that QN is the po on 
of the cistern filled by the two taps, running together, in time ON. 

Since BM = OP ; /, BM is the reqd. time*=2 4 hours. 

Ex. 2 . A workman is engaged for 28 days at AV.i. 4a. pei 
day, but instead of receiving anything, is to pay 8 a. a day on ad 
days upon which he was idle ; he receives altogether AV.26. 4 a. ; 
for how many idle days did he pay ? 

Let OA represent 28 days and OB represent 35* rupees. 

Then OC is the graph of the money the man earns. 

Draw AD, OD being 14, the graph of his fines, from the point 
A, instead of from O. 

Now f , examining any ordinate PQN, we see that 

PN represents the money he earns in ON days, 
ind QN.•.amount of his fines in AN days ; 

Hence PQ represents the money he actually receives 
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PQ = EC = 26^. 


Hence ON represents the no. of days he is at work, 
and AN the number of days he is absent. 

From the diagram, AN*5 days. 

Ex. 3 . A walks round a circular track one mile long in 20 
minutes, and B motors round it in $ minutes in the opposite direction, 
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but starting from the same point. Draw graphs to shew when and 
where they meet, distances to be measured in A’s direct-on. 

Measure time horizontally along OX as shewn in the diagram, 
and OE vertically along OY to represent one mile. 



, *’ig- 29. 

Then OC is A’s graph for one mile. 

Take E as B’s starting point; then EF is his graph for the first 
5 min. 

Then B is at the starting point. Hence we take LG as his 
graph for the next 5 min. 

Similarly, MH is his graph for the third 5 min. and NK is his 
graph for the fourth 5 min. 

The points P, Q, R, S, where these lines meet, give us the times 
reqd., which are 4, 8, 12, 16 minutes from the start. 

Also the distances are 352, 704, 1056, 1408 yds. from the start. 

Ex. 4 . A, B and C run a race of 180 yards* A and C start 
from the same point and at the same time, and A covers the distance, 
in 40 seconds, beating C by 30 yards. B, with 12 yards’ start, beats A 
by 6 seconds. Supposing the rates of running in each rase to be 
uniform, find graphically the relative positions of the runners when 
B passes the winning post. 

ft* 

Measure time horizontally and distance vertically as shewn in the 
diagram. 

Take O the starting point for A and C ; then OE, representing 
12 yards, on the vertical axis, denotes B’s starting point. 
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ttg- 3 °* 

A’s graph is drawn by joining O to the point F, which marks 
40 seconds. From this ppint measure a vertical distance of 30 yards 
downwards to D. Then since FD represents 30 yards, D is C's 
position when A is at the winning post, and OD is C J s graph. 

Along the time-axis take a point P denoting 34 seconds ; then 
EP is B J s graph. 

Through P draw a vertical line to meet the graphs of A and C 
in Q and R respectively. Then Q and R mark the positions of A 
and C when B passes the winning post. 

By inspection PQ and PR denote 28 and 54 yards respectively. 

Thus B is 28 yards ahead of A and A is 54 yards ahead of C. 

Ex. 5 . Cl A man walked a certain distance at the rate of 4 miles 
an hour, without delay ran part of the way back at the rate of 6 miles 










HARDER GRAPHICAL ’PROBLEMS. 


535 


an hour for half-an-hour, then waited for 12 minutes, and walked the 
# remaining distance home in £ hour. The whole jourriey took him 
2J hours. Find the distance. 

Measure time horizontally and distance vertically as shewn 
in the diagram. 



*ig- 31. 

Now OA is the graph of 4 miles an hour, BG is the graph of 6. 
miles an hour (the distance run) and BE=i2 min. the waiting time. 

Take ED=J hour. Through D draw a vertical line to meet 
OA produced at C. Then CE is the graph of his walk at the end 
of the journey. 

» 

Hence the vertical distance of C from OX will give the 
required distance. 

Thus, from the diagram, distance reqd. = 5’2 miles 
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Exercise CLXXIX. 

1 . Two taps, A and B, fill a cistern in 10 and 20 hours respec¬ 
tively. In what time will they fill it together ? 

2 . Two pipes together can fill a cistern in 8 min, and one of 
them alone in 24 min. How long would the other alone take ? 

3 . A man can do a piece of work in 5 days, and a boy in 

10 days. What fraction of the work will they do working together 
for 2 days ? 

4 . A alone can do a piece of work in it days, and B alone 
can do it in 17 days. How many complete days they would take 
to do it together? 

5 . A cistern has three pipes A, B, and C ; A and B can fill it 
in 4 and 5 hours respectively and O can empty it in 2 hours. If 
these pipes are opened in order at noon, t o’clock, and 2 o’clock, 
find when the cistern will be empty. 

6 . A labourer is engaged for 30 days on condition that he 
receives 2s. 6 d. for each day he works, and loses is. for each day he 
is idle : he receives £ 2. 7s . in all. How many days does he work, 
and how many days is he idle ? (C. E. 1869). 

7 . A travels at the rate of 7 miles an hour, and B at 2 miles 
an hour round a circular track one .mile long, starting at the same 
time from the same point in the same direction. Find the first 
three times when A passes B. 

‘8. A man walked from A to B at the rate of 3 miles an’ hour, 
bicycled back without delay for 2 miles at the rate of 8 miles an 
hour, and walked the remaining distance home at the rate of 2 
miles an hour, taking 4 hours over the journey. How far is it from 
A toB? 

9 . A walks at the rate of 2 miles an hour, B at the rate of 

3 miles an hour, round a circular track 1 mile long, starting from the 

same point, and at the same time in opposite directions. Find the 

times of their first four meetings. 

% 

10. A man receives Rs .2 for every day that he works, but 
1$ fined 12 a. for every day he is absent. After 25 days he receives 
Rs.28. How many days was he absent? 

11. A man receives Re. 1. 12 a. for every day that he works, 
but is fined 8 a. for every day he is absent. After 20 days he receives 
the same wages that he would have earned by working steadily for 

11 days. How many day? was he absent from work? 
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12. Two sums of money are put out at simple interest at 
different rates of interest. In the first case the amounts at the end 
of 6 and 15 years are Rs .260 and Rs .350 respectively. In the secorfd 
case the amounts for 5 and 20 years are Rs.330 and Rs. 420. Find 
graphically the year in which the principal with accrued interest 
will amount to the same in the two cases. Also from the graphs read 
off the vajue of each principal. 

13- A can beat B by 20 yards in 120 and B can beat C by 
10 yards in 50. Supposing their rates of running to be uniform, 
find graphically how much start A can give C in 120 yards so as 
to run a dead heat with him. If A, B and C start together, where 
are A and C when B has run 80 yards ? 

14. A man walked a certain distance at the rate of 4 miles 
an hour, and then ran part of the way back at the rate of 6 miles 
an hour, walking the remaining distance home in 15 minutes. The 
whole journey took him 1 hour 20 min. How far did he run, and 
what is the distance ? 

i* 

15. A tap which would fill a cistern in 3 hours, and a plug 
which would empty it in 7 hours, are both opened at the same 
instant, when the cistern is empty. How long will they take to fill 
the cirtern ? 



CHAPTER XXIII. 


PROGRESSIONS. 

I. ARITHMETICAL PROGRESSION. 

478 - Quantities are said to be in Arithmetical Progression, 
when they proceed by a common difference. 

TJius, each of the following series is in Arithmetical Progression. 

(A. P) 

L 3 , 5 , 7 ,. 

4) ~ 4j * • ■ 

a 9 a + d, a + 2d, a + $d, . 

tr 

the common differences being 2, —4, d, respectively. 

479 . The common difference of the terms of an arithmetical 
progression is found by subtracting any term of the scries from that 
which follows it. \ * 

Thus, in'the series a , a -\-d, a+ 2 d, a + $d, . 

the common difference = (a +d) — a= 'a + 2 d)— (a + d)= . =d 

* 480. To find the nth term of an A. P. 

Let a— 1st term, and d— common difference. 

Then the series will be <2, a+d 9 a + 2 d, a + $d, . 

where the coefficient of d in any term is just less by one than the 
number of the term series. 

Thus, the 5$ t$rm = a+ 4*/ ; 

19th term = a + 18 d ; 

30th -term = a + 29^; 

and generally, the pth term = a + (/- i)d. 

Hence, if n be the number of terms, and if / denote the last or 
Jith term, we have 

v i = a + (w-i)d. 

A 

Ex. 1 . Find the 10th term of the series 1, 5, 9,. 

t Here < 2 = 1 , d~ 5 — 1 =4, n= 10. 

10th term=»i+(io- 0x4=1+9x4=37. 
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Ex. 2 . Find the 13th term of the series —48, -44, -40,. 

C 

Here a— —48, -44-(-48)=*4, 13. 

/, 13th term = -48+ (13- 1) x 4= -48 + 12 x 4=0. 

Ex. 3 . Which term is 89^ of the A . P. 10, 11 13,.? 

Let 895- be the ^th term of the series ; 
then, since the common differences1 } - 10= i£. 

/. 89^ ~ 10 + (/fr— l)XIy ; 9 \ 159=3 G>-0; 

/. l=s 53> and .\/=54- 

Hence the required term is the 54th term. 

Ex. 4 . Is 576 a term of the scries n, 17, 23,,..? 

Here, the common difference = 17 — 11=6, 

Suppose, if possible, that 576 is the^th term of the series. 

/. 57 b- 11 +(/-i) x6 ; .\ p~ i=-F = 94i- 

' and ^ = 94; +r=9SJ. 

The value of p being fractional, is inadmissible. 

Hence 576 is not a term of the given series. 

481 . Again, beginning at the end of the series, we may write 
down the terms by successively subtracting d. 

Thus, if the last term is /, the term before it is the one 

before that is l— 2 d, the one before that is l—^d, and so on. 

482. An Arithmetical Progression may completely be deter¬ 
mined if any two of its terms aie given, for then we shall have 
two equations, each of the first degree, which solved will give the 
first term and the common difference. 

» 

Ex. The 9th and 35th terms of an A . P. are respectively 4 and 
394 ; find the series and write down the 24th term. 

Let a = first term and ^common difference. 

Then the 9th term = a + 8rf and the 35th term=*1 + 34*/. 

Hence a + 8d=i and /? +34^=39^, so that a= -nj, 

Thus the series is—11 f, — ioj, - 8 J, —74. 

Also the 24th term = <* + 23^ -uj + 23xf = -114+34^ = 225. 
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Exercise CLXXX. K 

r 1 . Find the 

(i) 5th and 31st term in the series 13, 10, 7,... 

(2^ 13th and 20th term in the series — 3,-2, — i f ... 

* 

(3) 9th and i02hd term in the series r, — — 2,... 

(4) 16th and 51st term in the series — 11, 4, 19,... 

(5) 13th and 50th term in the series — 3^,-2*, —2,... . 

(6) '40th and 90th term in the series —2*8, o, 2 * 8 ,... 


2 . Find the last term in the following series 
(1) 16, 15J, 15!,...to 80 terms. (2) 13^, 9, 4^...to 15 terms. 

(3) 11, 17, 23,...to 95 terms. (4) «, 2 a, 3a ,...to 25 terms. 

(5) 6a — 3^, 4a — 2b, 2a —d, .to 25 terms. 

V 

(6) $a + 3^, 3** +2ft, a + b, .to 11 terms. 


3 . Find the «th term in each of the following series : 

(1) 9 +-V- + 7 &+. (C. F. A. 1884). 

, . I . n + i 2 n+ t . 

y(*) “+ — + ~— +. (C. F. A. 1886). 

•; (3) ( na -* ft) + (« -1 )a +{(« - 2)a + ft} +. 






n -2 

•> -MHM* 

X 


) 



% 


,. . 4 . Find the 

(r) 30th and nth term of the series — 27 — 20—13— . 

k (2) «th and (2«- i)th term of the series —— 4 —— + n J + 


,» 5 . 4 Which term of the series ‘6, r2rr8,. is 7'2 ? o 

6. Which term of the series 3^, 1, — 15,.is —2i£? 

-" 7 .. Is 544 a term of the-series 64, 96, 128,. 

8. Is —389 a term of the series 9, 5, I, . 

t 9 - If the »th term of the two series 2 + 3* + 5f +.and 

187,+184^ + 181I +.are the same, find n . 
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10 The 18th |prm of an A P. of which I is the fust term is 35 ; 
find its 50th term. 

O * 

11 . The firstj^erm pf an A. P is 3 and the 13th term 55 ; find 
the common diffe* ence. 

12 . The first term of an A P. is 17 and the 100th teim-16; 
find the 30th teryo. 

^ 13 . The 2nd and 31st terms of an A P. are 7* and } 2 respec¬ 
tively, find the/59th term 

14 Find* the first teim and the common difference of an A. P. 
whose 7th and *7th terms are 1 and-6^ 

15 The 1 2th, 85th and last term of an A P are 38, 257 and 
395 respectively* Fnd the first term and the number of terms 


483 Surrf of the Series To find the sum of a given 
number of terms in Arithmetical Progression ,, the first term and 
the common difference be me: given 

Let a denote the fii t tenn, d the common difference, and n 
the number of } f erros Also let / denote the last term and S the 
required sum. i 1 hen 

.S =a + (Ji a \ a d) + (a + 2d) +. . + (/ — 2d) + (/ — d) + / 


Again, v\r ting the senes in the ic\erse older, we hav£ 
—/+(/*— d) + (l—2d) + .. + (<* + 2d) + (a — d)*1r 


Low, adding together (i ; and (2), we have 
26 = (a+ /) + (tf + /) 4 -(#-f/)-K**to n terms 
~n(a +/) 
n 


V 


s 


(a+I) .( 1 ) 


Also /=«+(«- i)d .(2) 

D S- ™{2a+(n-i)d) .(3) 

Note- To find the stun of an A. Pda given numl>tr of terms, 
formula (i) should be used when the first and last terms are given, but (3) 
should be used when the first term and common difference are given. 

Eat. 1 Find the sum of 20 terms of the series 14, 64, 114, 


Here, a* 14, ^=64- 14 = 50, «=»2o. 

S** 3 4*{2 x 14 + 19x50)** 10x978*9780. 
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Ex. 2 . Find the 9th term and the sunj^f?pterins of 7, 54,.., 

Here, <1=7, 5^ -7= — £, »=9. 

/=7+(9~0*-!-7-8xf-7-i3 
and • l > = (7 -5) x J = 2 x £ = 9. 

Ex. 3 . Find the sum of 7 terms of the* series 

Her e, a=l, ';=*-i, 11 = 7. | 

5=i(2xi+6x - i)-i(i^l)-Jxo=o. ; 

1 ( Vy 

In this case, the series, continued, is ±, j, £, o, -1 - J } —J 
..... , where the first 7 terms together amount t<h zero. 



i 1 
J 5 5 ‘6 * 


ft 


Exercise OLXXXI. ' 

1 . Find the last term and sum of the follow m 


£> iv.J . 


(i) 2, 5, 8,.to 10 terms. 

(3) 7. 5, 3,.to 24 terms. 

, (s) I) 4* 2,.to t 2 terms. 

J 

- (7) h in, t \ .to 6 terms. 


(2) 3? 9i T 5>..to 13 terms. 

(4) 4,-3,- 10,to 20 terms. 

(6) 5, b, ! i . : .to 17 terms. 

(8) A, n, s,.......to n terms. 


*(9) 40, 38, 36.to 36 terms, ^(io) J, i 

' , - * r 

, the sum of the following series :— 

jm 

,'jS.to 16 terms. (2) 1, 3, 5,. 

A... .to 11 terms. 


to 100 term s 



\4 - 3,-10,.to 10 terms. 

i'.l, 2j, 4^,....to 20 terms. 


.to 20 terms. 

m-V'.'r ■ , A ( 4 ) 1 , 8 , 15 ,.toiooums 

.* 21 terms - A 6) h -h --V-, •• -to 13 terms, 

d* **1^^ 9 >4 ^ ^ 

if-to 8 terms. (8) 1, .to 15 terms- 

1 U * * »'i 

(to) J, y, i, .to 10 terms. 

(12) l , -}&, -fk.to 10terms. 

(13) 12, gk> 7, .to 35 terms. ^(14) -17, -12, -7,...to 11 terms. 

r (*5) tV» w? iy .to 8 terms attd 3« terms. f / 

/(x 6>,<2, 3«, 5«,.to « terms. (17) 2*, 3 T V, 4^,. to « terms. 

'(18) .to 19 terms. 

(19) a — 3^, 2a — 5^, 3« — 7^,.to 40 terms and » terms. 

*(20) 3*4-4^, 5^ + 2_y, 7^r,.to n terms and (2*+i) terms 

(21) 17 J, 14$, to£,.to 24 terms. (B. P. E. .1883). 

h* 2) 2, 


a ' # ' a } ' 


to 20 terms. 




























ARITHMET 


V 23) (*+jO # + (* 2 +J' a ) + (i + .to n terms 

f (c * A 1880 , P I b 1891) 

(24) 3 + 4 + 8+94-13+14 + 18 + 19+ ..to 20 terms (c r a 1881) 

123 

(25) ,3 n —, 5«- , to * terms 
v J n n n 

3 bind the sum of n terms of the A P whose 

(1) 1 st and Tooth terms aie 17 and — 16 respectively 

(2) 12th and 50th terms aie 5 and tjl respectnelv 

4 The 8th term of an A P is double the 13 term , prove that 
the 4th teim is double the 11th term 

5 If there are 6 terms in an A P , the sum of the fust and last 
is equal to the sum of the 31 d and ;tb (l* 1 1 1893) 


484 Hv means of the equations $.ivtn in ^rt 483, when any 
thiee of the quantities <7, 7/, /, //, s itc ijvtn, we may find the otheis 

Ex 1 Whit numbti ot teims of the seffts 10, 8, 6, must be 
taken to make 30 ? xnd wh it number to make 28 ’ 


(1) 9 = 30, a=io, 7/= -2 




.*. 30 = ”{20-2(«- 1)}, from (3) 

= n(\ 1 — n) , /. « 2 - ii»+ 30—0 

B\ sol\in ft this quadritic, we shall obtain .^ 

which satisfies the question, since the siztk term of s$ta^6 

(11) j = 28, ^7= 10, d— —2 

n 



/. 28= {2o-2(?/-i)}, from (3) 

= n(u -n) , /. 11^ + 28=0. 


Now, from the abo\e quadratic, we obtam n **4 or 7, either of 
which satisfies the question, since the 5th, 6th, and 7tl* terms of the 
series, vis 2, o, -2 together—zero 


- ^ Ex 2 How manv terms of the series 3, 5, 71 make up 34 ? 

i Here, 1=24, 0=3, 

24=t~{6+2(»-l)}='»(M+2); » a + 2»-24=o 
2 

Solving this quadratic, we shall obtain or -6, of which the 
first only is admissible by the conditions of the question 
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Ex 3 The sum of io terms of an A P, whose first term s 3, 
is 41 1 find the common difference 

Here, r=4i£,so that the equation (3) of Art 480 gives 

4 1 i \ (6+9*0 or45<f«ii±, /, d**\ 

Ex 4 The first term of a series in A P is 3, the last term 90 and 
the sum 1395 find the number of terms, ind the common difference 

If n be the number of terms, then from ( we have 

1 395 = ”(3 + 9°) > whence ^ = 30 

If d be the common diffeience, then we have 
= the 30th teim 
-3 + 29 d .\d=j 


» Exercise CLXXXIL > 

^ 1 The fiist term oi t s in A P is and the colh 

mon difference 2 , find the sun teims 


v 


first term of in netic series is 2, the common 

the last term 79 11 1 the number of terms 

Mb H* fcfiro of 15 terms of an arithmetic series is 600 and the 
<ro Vfm&Oti difference is 5 , find the fiist term 

*%, IRifi first tertn of an A P is 13^ the common difference 
'fistful't«m i , find the number of terms 

<& T$» tartrdf II terms of an A P is 14^, and the common 

^fereitce » $ , fifid the first term 

Fii*4hf*w many terms of the series 13, 12&, n§,.must 

tetoteeto zero 

The sum of a certain number of teims of the series — 7 — 5^ 
is I33 ; find the number of terms 

& How mam| terms of the series 7, 6, 5,. ...must be taken 
to make 34-8 ? ^>0 

& Find n in each of the foflowing cases — 

(1) «*» 32 , d** -3, s=* - 2075 (a) <**3, d= 6 , j-£07. 

(3) am I, d= i^, 9m 94^ (4) am 2, ^=-7, -438. 

10 * How many terms of 1 2 + 2 4 + 3 6+ Sc amount to 163 2 $ 

*\tl The first term m an A P is 1, the number of terms is 3j"; 
what must the corhmon difference be, in order that the sum may 
be I49i i (c f a 1864). 




12 . How many terms of the series 5 + 7 + 9 + &c., must be taken 
order that the sum may be 480? (P. 1. E. 1889). # 

13 - The 5th term of an A.P. is-5, and the nth term-23; 
find the 30th term and the sum of 30 terms. 

14 . The nth term of an A. P. is 36 and the 20th term 27; 
find the first term and the sum of 25 terms. 

15 . The sum 01 the 8th and 4th terms of an A. P. is 24 and the 
sum of the 15th and 19th is 68. What is the series ? 

16 . The sum of 24 terms of an A. P. is - 18 and the 7th term 
is 2. Find the series and the sum to 48 terms. 

17 . *Find the last term in the series 201, 204, >07,..., when the 
sum is 8217. 

*** 18 . If the sum of n terms of an A. P. be n ?> and the common 
difference 2, find the 4 irst term. \ y 


485 . The following are ty» i examples with their solutions. 

Ex. 1 . Find the A.P. which is such that the sum of n terms is 
always i#(3«+ 1) for all values of n. —^ —r— 


1st Method. Putting 1, the sum of one term, *>., jstterm=*2. 

Putting t* = 2, the sum of two terms — \ x 2(3.2 +i)= ! 7 r the 
1st term + the 2nd term = 7, i.e. * 

the 2nd term = 7-the 1st term = 7 — 2= 5. 

/ 

The A.P. is thus 2 , 5 , 8 ,.... 


• .i . 




Not©. This method is open to objection, for it is based on the assump* 
tion that a series must be in A.P., which may not sometimes happen. 


* 

2nd Method. Let S r denote the sum to r terms of the series, 
jo that .sy_, will denote the sum to <;*-1) terms.* Then . 

the rth term=*6\. - S*. 1; 

Now S r =*lr 2 + ±r y and S r ., i) 2 + \(r- 1). 

5 , - S. ,> - -{r - 1 

= f(2r-i) + i = 3r- 1 . 

##**#*** 

Then makirig i, 2, 3, &c. the result follows. 

/ 

. Ex. 2 . In an A.P . shew that the sum of any two terms equi- 
■distant from the beginning and end is constant. 

^ .. I '.V,- * «. > -W* T * '' ' 

M.A.—35 
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< 


Let #=*the first term, r/=the common difference and /= the 
l/ist term, so that the rth term from the end = /— (r — i) d. Art. 481. /( 

Also the rth term from the beginning ==a + (r- 1 )d. 

Hence the sum of the rth term from the beginning and the 
rth term from the end 

= « + (r— i)d+l— (r — \ )d 

— a + l, which is constant, being independent of r. 

Ex. 3 . Find the middle term or terms of a series in A. A of n 
terms, whose first and last terms arc a and l respectively. 

First. Let n be odd\ and of the form 2/4-1. 

Then, obviously, there will be one middle term, viz. the (/ 4 -i)th, 
there being / terms before, and / terms after it. 

Now 2 / 4-1 —n ; / = 1 (» — 1) and p 4 - r = i(w 4 -1). 

Hence the middle term or the i(# 4 -i)th term 

= n+ ^ r — l J</= ( /4 - 7 -~ 1 d=%{2a+(n - \)d) = + 

(where d is the common difference). 


Secondly . Let n be even, and of the form 2/. 

Then obviously, there will be two middle terms, v\z. the p tli 
and the (/+i)th, there being / — 1 terms before and/—1 terms 
after them. 

Now, 2 p = ?i ; /, / = \n and / 4 -1 = \{n 4-2). 


Hence the two middle terms, />., the /th and (/ 4 - 1'th terms 
are l^d and a+ respectively, 

(where is the common difference), 
i.e. z{2a + (n — 2)d) and i( 2 *i 4 -«r/) respectively, 

and /for 

2{n — I ) \ 72 — I / 


m - tut ~ (n — 2)1 
i.e. — 


2(«- I) 


Not©- The sum of the two middle terms 
= £{ 40 +( 2 tf — . 2 rt 4 -(» — i)rf=« 4 -/. 


Ex- 4 . In the two series 2, 5, 8, &c., and 3, 7, 11, &c., each 
continued to 100 terms, find how many terms are identical. 
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Let the rth term of the first series be identical with the p\X\ 
term of the second series. 

Then, by question, 2 + (r- 1) x 3 = 3 + (f>~ 1) x 4. 

or 3r=4/» ; r=p + ip. 

Let = then f*=3w and r=4>n. 

Now, since r and /; must each be a positive integer not greater 
than 100, therefore m must not be greater than 25. 

Hence 25 terms are identical. 


' « 


Ex. 5 . If the sum of n terms of one A.!\ be to the sum of 
n term.*? of another as 1 4-2*7: 5 4 -3/*, find the ratio of their 4th terms. 

Let <1 = first term and /; = com. cliff. of the 1st A.P. 
and A — . and /> =. ..2nd. 

a 

2d + '[?!- \)b i 4 -2n 


Tl ]n\2<i-b(n - \V>) _ _ ^ 

ien \n\zA 4 -(tf - 2A+{n-i)fi 54-3^ 


.(0 


Now„ to obtain the ratio of the 4th terms, we must find the 

1 r a 4 - 3 ^ . 2 a -+ 6 b 

value of A -~- /} , /.e., of 


2 A+ 68 ' 


Therefore, making ,7 — 7 in (i), we have 

2a + 6 b ^ <2 4-3 h 1 + 14 

2A +<)!> ° l A +j/>~ 54-2? 


7 

4 . 


I? 

26 


Ex. 0. Find the sum of the series in the nth group of 
4 + ( 64 - 8 ) 4 -( 104-124- 14; 4 -(164-184* 20 4-22) 4 -. 

The no. of terms of the series 4,6,8, 10,...in the first [n — 1) 
groups is evidently the sum of the series 1 4-2 4 -3 4 -...to (//—x) terms 
~\n(n— r). Similarly, the no. of terms of the above series in the 
first n groups = \n{?i 4 -1). • 

Now, the sum of the series 4, 6, 8, 10...to .l/z(*z 4 *i) terms 

=» \n[n 4 - 1 )[2 x 4 4 - { in(n 4-1) - 1} x 2] = \riHn + 1 ) 2 + }n(n*+ 1). 

Similarly, the sum to hn(n — 1) terms 

i) 2 4 - }n(n — 1), (writing n- 1 for n ) 9 

Hence the sum of the series in the nth group 
«"£**!(» +1 ) 2 - In - 1 )*} + \ n{(n 4 -1) - (n -1)} 

= \n 2 x qn + \n x 2 = n{n l 4- 3). 
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V<Exercise CLXXXIII. 

y 

1 . If the first term of an arithmetic series be—i, and the 
common difference — m } ' the sum of n terms of the series is 

— (in — 2)n\. 

2 . Prove that the sum of the rth and (» —r)th terms of an 
A . P‘ is equal to the sum of the first and (n- i)th terms. 

. 3 . If the sum of n terms of an A . P . is always equal to « 2 , 
for all values of tz, find the first term and the common difference. 

4 . The sum of the latter half of 2/2 teims of any Arithmetical 
series = one-third of the sum of 3/2 terms of the same series. 
Prove it. (c. F. A 1876). 

5 . The sum of n terms of an A. P. is 2?2 2 ; find the first term 
and the common difference, (c. v a. 1878). 

6. If the sum of n terms of an A. P. be pri 2 +q/t, for all values 
of prove that its //th term is always (2;/— j )ft + q- 

7 . The sum of ?i terms of two series in A. P. are as 1 +3» : 
17-2 n ; compare their fifth terms and their rth terms. 

8 . If the th term of an A. /\ be n and the 72th term in ; of 

how many terms is the sum + 1) and what is the 

last term ? 

9 . The^th term of an A . P. is a and the qlh term is 6 . Show 

that the sum of the first [p + q) terms is 
% 

+ ^ + “]• ( M * r - A - 1887). 

10 . If the sum of the first n terms of an A . P. be one-tliird of 
the sum of the next n terms, prove that the common difference is 
double of the first term. 

* 

11 . If the (p-q )th and f/;+^)th terms of an A . P. be ?u and 
n respectively, find the/th and <7th terms. 

\ 

12 . The sum of the first ten terms of an A . P . is to the sum 
of the first five terms as 13 : 4 ; find the ratio of the first term to 
the common difference. 

13 . The sum of n terms of one A . P . is to the sum of ft terms 
•if another as 2 n+ 1 : 372-1 ; find the ratio of their 9th terms. 

- 14 . If the sum of n terms of an A . P, be t 2»(5 - 3«), find the 
7th term. 
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15 . The sum of m terms of an A . P. is and the .sum' of n 
terms is m. Find the sum of (m+n) terms and also the sum pf 
(rn-n) terms. 



6 . Sum to n terms the series whose rth term is 5^+4. 




17 . • The sums of n terms of two arithmetic series are ’as 
3^ + 31 : 5« — 3 ; shew that their ninth terms are the same. 


Vl8. Find the suin of 11 terms of art A. P ., of which 121 is the 
prfadle term. ' * 

* J 

X 19 . Find the first term and common difference of an A. P . in 
praich the sum of n terms is equal to \rP + 5 n. 

20 . Find the sum of the series in the nth group of 

(1) 2 + (7 +12)+ (17+ 22+ 27) 4 -(32+ 37+ 42+ 47) +. 

(2) 1 f(8 + 15)+ (22+ 29+ 36)+ (43+ 50+ 57+64) +. 

(3) (* + 3)+(5+7 + 9 + T1 ) + (i3+i5 + i7 + i9+ 21 + 2 3) +. 

21 . The series 3 + 9+ 15 + ...and 24-7 + 12 + ...extend each to 50 
terms ; find how many terms are the same in both. 

22 / The series 34-84-134-...and 44-6 + 84-.extend each to 

100 terms ; find how many terms are the same in both. 

• 23 . Find the sum of 15 terms of an A.P . of which the 8th is 6. 

24 . The sum of the first and fourth terms of an A.P . is 19 and 
the sum of the third and sixth terms is 31. What is the first term ? 


' 25 The first and last of (2«+1) terms of an A.P . are a and h . 

f 

Write down the sum and the middle term of the series. 

26 . Find the rth term of a series the sum of whose first n terms 
is 32 n 2 for all values of n . 


27 . If P, Q, ft be the ^th, yth, rth terms of an A.P. , shew that 

{q-r)P + {r-p)Q + {p-q)R = o* • 

✓ 28 . Find the sum of the first n numbers of the form 3^+1, 

29 . The first two terms of an A.P. are 1] and 2V How 
many terms must be taken that the sum may be 171 ? 

30 . If s be the sum of an Arithmetic series whose first term 
is a, and common difference is 2 a, find the number of teims and 
the last term. 
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466 . ‘Arithmetic Means When three quantities are in 

Arithmetical Progression, the middle one is called the Arithmetic 

Mean of the other two. 

* 

Thus, if a, x 1 b are in A.P. y x is called the Arithmetic Mean 
t A . Mi ) between a and b. 

By definition of A.l\ given in Art. 479, we have 

x — a = b—:x; /, 2 x — a + b and /, x=*\(a + b). 

Thus, the Arithmetic Mean of any two quantities /s half their 

sum. 

487 - When any number of quantities are in arithmetical pro¬ 
gression, all the intermediate terms are called the Arithmetic 
* Means between the fiist and last terms. 

Thus, to insert any number of arithmetic means between two 
given quantities, is the same as to determine an A.P. whose first and 
last terms and also the number of terms are given. 

488 . To insert n arithmetic means between two quantities a 
and b. 

Let d be the common difference of the required A.P . 

Here, we have to find an A.P. of (pi + 2 ) terms, of which a is the 
first, b is the last, so that b is the (« + 2)th term of the A.P. 

* 

ifow, the (;/ + 2)th term of a series, whose first term is a and 
whose common difference is d , is 

a + (n + 2 — i)d, i.c. a + (n + i)d. (Art. 480) 

/. a + (n+ i)d=b y or (n+ i)d=b — a ; 



The means may now be easily determined ; for they are 
a + d, a + 2d, a + $d y . a + nd. 

. . , ., , ,(b-a\ (n-p+i^+pb 

Ihe/thmea n = a+pb = a+pl^-^ \ — - - — . 

Thus, on calculation, the means will be found to be 

na + b (n~i)a-t2b (n-2)a + $b a + nb 

• ■ . ———— ........... . 

n + i n + j n + i 7 n+i 

f Ex. 1 . Insert 3 arithmetic means between 6 and 26. 

,1 Here, we have to find' three numbers between 6 and 26, so that 
the five may be in A.P . This case then reduces itself to finding d y 
When <2=6, b= 26 and n= 5. 
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We have 26™6 + 4^ ; whence d~$. 
Thus the means required are 11, 16, 21. 


Ex. 2 . Find the number of Arithmetic means between 1 and 
*9, when the first mean is to the last as 1 to 4. 

Let ra be the number of means, and d= the com. difference. 

Then the 1st mean = i+</ and the last mean = 19 — d. 

Hence, by the question, 

i+r/ : iy-rfs=i . 4 ; /, 4++/= 19-rf; /, 3. 


7 I'—** 

But d—~ - = 

n 4-1 


18 

n + i 


18 

ra + 1 


3, and 


5 - 


Exercise CLXXXIV. 

1 Write down the arithmetic mean of 
(1) 7 and 13. (2) 9 and -9. (3) x+y and x—y. 

/ 2 . ^ Insert 4 arithmetic means between 2 and 17. 

3 . Insert 9 A.M's between 3 and 9 and 7 between —13 and 3. 

' 4 . Insert 4 A.M's between 2 and — 18. and 8 between — 3 and — J. 

5 . Insert 10 arithmetic means between —7 and 114. 

6. Insert 9 A.M's between (i) -2? and 4-4, and (ii) -3 \ and 2'\. 

7 . Find 4 arithmetic means between 4 and 324. (c. F. A. 1890). 

8 Insert 10 arithmetic means between $a — Gb and $b — Ga. 

9 . Find the sum of ra arithmetic means inserted between 
a and b. 

* 10 . There arc ra Arithmetic means between 3 and J7 ; and the 
5th mean : last mean :: 1 : 2 ; find ra. 


y 

•* 489 . Natural Numbers. The numbers 1, 2, 3, 4,. ..afe called 
the natural numbers. 

Ex. 1 . Find the sum of 1+24-3+4 +.to n terms. 

Here, the rath term — ra. Hence j=J-n(w + l). (Art. 483). 

, Ex. 2 . Find the sum of 1+3 + 5 + 7 + ... 

/ 

/ Here, the rath term-i+(ra- i)x2 = 2»-i. 


to ra terms. 
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. Hence; +2«-i) = ^« X2«=w*. 

f * 

/ Thus, the sum of n consecutive odd numbers beginning with 
unity is n 2 . 

Ex. 3 . Find the sum of all the even numbers which are greater 
than 150 and less than 350. 

The first even number greater than 150 is 152 and the last less 
than 350 is 348, of which common difference is 2. 

If n be the no. of terms, we have 

348= 152 +(?/- 1) x 2, which solved gives 71 = 99. 

Hence, X99X (t52 + 348)=.Vx99 x 500 = 24750. 


Exercise CLXXXV. 


' 1 . Find the sum of the first 40 odd numbers which are greater 

than 150. 

2 . Find the sum of all the odd numbers between 100 and 200. 

•' 3 - Find the sum of all the even numbers which are between ior 
and 999. 

4. Shew that, if unity be added to the sum of any number of 
terms of the series Sjg 16, 24, &c., the result will be the square of an 
odd number. 


^ 5. Find the sum of all the numbers between 100 and 500 which 
are divisible by 3. 

6 . Find the £um of all the numbers between 100 and 1000 
which are divisible by 7. 


• 7 . 

8 . 

c\a + b) 

/9, 

are in A 


If a y b , c y d are in A.P. , shew that a + d*=b + c. 

If a , by c are in A.P. , prove that a"(b + c\ b\c + a) and 
are in A.P. 


If a 2 , b 2 and c 2 be in A.P prove that 


L 1 

b + c ’ c+a 


and 


1 

a -t b 


10. If the roots of the equation (b -c)x 2 + (c-a)x + (a-b)= o are 
equal, prove that a , b y and c are in A.P. 



numbers. 


To find the sum of the squares of the first n natural 
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* Let S be the required sum, so that we have 
6'= i 3 + 2 2 + 3 2 +.+ « s . 

We have x* - (x - I) 3 = 3.r a - 3* + 1 ; ( identically ). 

Putting «, n— 1, n-2, .3, 2, 1 for x in the above identity, 

we have 


- (?/ -1) : 
(« — !)* — («-2) S 
(« - 2 ) s -{n- 3) s 

b =3«* 

= 3(»- 0 
”3(»-2) 

-3 « 

2 -3(«- 
2 - 3(» - 

+ L 

i) + i, 

■3)+I, 

3 s -2' 1 

— “j ill 

— o-o 

_ 1 -> 

OO 

• • • 

+ L 

2 3 -l 3 

•» 

— 3 . 2 - 

-3- 2 

+ T, 

and i a — o’* 

II 

U) 

• 

>—1 

to 

-3-i 

+ L 


Also there are n of these equations. 

Adding together the vertical columns, we obtain 

n* - o 3 = 3( 1 2 + 2 s + 3 2 + .+«'-) 

-3(1+2 + 3 +.+»)+«xi, 

t.c. « 3 = 3>S - 3 X - - + n ; (Art. 489. Ex. 1 .) 

f 2 

/. 3 W + 3 -^i ±l±_n == ™* + 3” i + " . 

' 2 2 

_ n{2tP + $n + i)_ n(n+i)(2n+i) 

2 2 * 

n(n + l)(2n + l) 

6 


Hence .S’= 


V ■ 491 . To find the sum of the cubes of the first n natural 
*numbers . 

1 > 

; Let 5 denote the required sum, so that we have 
6*= i a + 2 s + 3 M +. + n*. 

We have - (,r - i ) 4 =» 4.r 5 - 6.r ? -f 4* - t , ( identically ). 

Putting «, «-i, #-2, ...3, 2, 1 far x in the above identity, we 


have 


n A -(n- i) 4 ^=4« ? -6« ?i +4^ -1, 

(«- i) 4 --(«~2) 4 -4fw- i) 3 -6(«- i)*+4(#- 1 )- 1 , 
(n - 2) 4 - (» - 3/ = 4(» - 2) s - 6(« - 2', 2 + 4(» - 2) - 1, 


3 4 - 2 4 

2 4 — I* 
i 4 -o 4 


= 4-3 s 

= 4 . 2 S 

— 4 *i* 


6.3* 

6.2 s 

6.i a 


+ 4-3 
+ 4-2 
+ 4.1 


“I. 
-1, 

-1. 
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< 


r 


/ Also there arc n of these equations. 

Adding together the vertical columns, we obtain 

= + 3 s -K.. +ri') — 6 (i a + 2 8 + 3 tt + ... 4 -// 2 ) 

4 -4(1 +2 + 3 + ...+»)-«x i, 


i.e. n* = 4^V~6x 


n(n-\- \) ( 2H+ i) t _;;(«+i) 
' 7 ■ 4 * „ 


- n. 


(Arts. 490 and 489 Ex. 1) 
— 4..V- n(/i 4 -1 )(2// 4 -1) 4 - zn(n 4 -1) - « ; 

4 S=n* 4 - //(/* +1 ;(2Af + j) - 2//(;/ 4-1) +'7/ 

= «(«"• 4 - 1 ) 4 - n[n 4 - ij{\ 2 W 4 - i)-2} 

= /z(tf 4 -1){(«*-*+ 1) 4 - (2/7- i)J 
= n(n 4 - i)(« 2 4 -») = * s (» 4 -i) 2 . 


Hence S- 


/r(;i 4 -1 )' J 


_ jTf('/l 

" l 5 


, + T 


Cor. Thus we see that 
1 


^4-2 s 4 *3 s 4 -... 4 -7z n = = (1 4-24-3-I- ... 4 - nf. 

i. e. The sum of the cubes of the first n natural number: is 
equal to the square of the sum of these first n natural numbers. 


492 . Problems. The methods employed in solving the 
following examples deserve special notice. 

Ex. 1. The sum of three numbers in A . P. is 21, and the 
sum of their squares is 179 ; find them. 

Let the middle number be x and the common difference of the 
numbers bey, so that they are x —y, x and x+y (this being a con¬ 
venient assumption in problems of this kind). 

Then, we have (.r —y) 4 - x 4 - (x 4 -_y) or 3^ = 21.(1) ^ 

and (x—y)*+x*+(x+yf or 3„r a 4-2/- 2 = 179...(2) J 

Prom (1) x = 7 and 2/-= 179-3^= 179-147 = 32 ; .>* 44 - 

Hence the reqd. numbers are 3, 7, and 11. 

Ex. 2 . Find five numbers in A. J\ whose sum is 15 and the 
sum of whose squares is 55. 

Let x be the middle number and y the common difference, so 
that the numbers are x-2y, x—y s x , x+y and x 4- zy. 
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We have then [x — 2 y) + (x—y) + x + (a'+>0 + (* + 2 >')== *5...(i) ^ 

and (x - 2 yf + [x ~yf + x* + {x +y)* + {x + 2//“ = 55•••( 2 ) *J 

From (i), S v=sl S an °l x ~ 3- 
From (2) 5a 2 H- rcy/ 2 = 55, or jr-+2jr = 11. 

2/=n-A--II-9=2 ; /. y— ± 1. 

Hence the reqd. numbers are 1, 2, 3, 4, and 5. 

Ex. 3 . A man stands bv a heap of 100 stones. How far must 
he walk, carrying one stone at a time to place the stones separate¬ 
ly, at intervals of 10 yards apart, m a stiaight line having one 
end where the heap is ? 

To carry the 1st stone, the man shall have to walk 20 yds. 

.2nd...40 yds. 

.3rd. ...,. 6o)ds. 

and so on, till he carries the 99th stone, for one stone should 
remain at the place where the heap is. 

Thus, we have to sum the series 
20 + 40 + 60-1-.. to 99 terms. 

v Hence, distance travelled on the whole 

= -V{2 x 20 + 98 x 20}yds. = (-*“ x 2ooo)yds. = 99000 yds. 


Exercise CLXXXVI. 

1 . How many strokes a-day do the astronomical clocks make, 
which strike from one to twenty-four? 

2 . How many strokes does a common clock make in 12 hours ? 
and how many, if it strikes also the half-hours ? 

3 - Find the three numbers in A. P ., whose Sum shall be 21, 
and the sum of the first and second = J that of the second and third. 

4 . There are three numbers in A. P ., whose sum is^ 10, and 
the product of the second and third is 33} ; find them. 

5 . Find three numbers in A . P . whose sum is 21, and the sum 
of whose squares is 155. 

6 * Find three numbers in A. P. whose common difference is 
I, such that the product of the second and third exceeds that of the 
first and second by 
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7 . Find five numbers in A . P. whose sum is 40, and the sum 

of whose cubes is 4720. * 

8. Find five numbers in A . P . whose sum is 40 and the sum 
of whose squares is 410. 

9 . Find three numbers in A . P. whose sum is 21 and whose 
product is 315. 

10 . A debt can be discharged in a year by paying one shilling 
the first week, three the second, five the third, &c. ; required the last 
payment and the amount of the debt. 

11 . Divide 25 into five parts which are in A.P., and which are 
such that the sum of the squares of the least and greatest of them, 
is one less than the sum of the squares of the other three. 

12 . A number of three digits is equal to 26 times the sum of 
the digits and the digits are in A.P : if 396 be added to the number, 
the digits are reversed : find the number. 

1 

13 . One hundred stones being placed on the ground at the 
distance of a yard from one another, how far will a person travel, 
who shall bring them, one by one, to a basket, placed at the distance 
of a yard from the first stone ? 

V' 14 . A class consists of a number of boys whose ages are in 
A.P.y the common difference being four months. If the youngest 
boy is just eight years old, and the sum of the ages is 168 years, 
find the number of boys in the class, (c. F. 4 . 1872). 

-/ 15 . A sets out from a place and travels 2^ miles-an hour. 
B-sets out 3 hours after A, and travels in the same direction, 3 miles 
the first hour, 3^ miles the second, 4 miles the third, and so on. 
In how many hours will B overtake A ? 

16 . A man saves each year Ps. 10 more than he saved in the 
preceding year and he saves Ps. 120 in the first year ; in how many 
years will his savings, not including interest, be more than Ps. 1000? 

17 . The sum of three numbers in A.P. is 18. The sum of the 
squares of the first and third exceeds twice the square of the middle* 
one by 32. Find the numbers. 

• 18 . A person is employed to count Ps. 12000. He counts at the 
rate of /fa. 150 per minute for an hour, at the end of which time he 
begins to count at the rate of Ps.2 less every minute than he did 
the previous minute Find when he will finish his task, and explain 
the fact that two solutions oc^ur. (m. f. a. 1886). 
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II. GEOMETRICAL PROGRESSION. . ’ 

i 

493. Quantities are said to be in Geometrical Progression* 
when they proceed by a constant factor. 

Thus, each of the following series is in Geometrical Progress¬ 
ion {G. P.) :— 

L 3 > 9 > " 7 v 

A | I 1 

4? 1 j *t» 1 <’.)•*• 

1 I 

.«i r.i ” i •• 

<*/-, fir 3 , ... 

the constant factors being 3, -j, - i, r, respectively. 

494 . The constant factor is called the common ratio of the 
series, which may be found by dividing any term of the series by the 
term preceding . 

Thus, in the series a , ar , rtF 2 , ar*,... 

. . rt7 * rt/' 2 / I7* 3 

the common ratio « = — —— —r. 

a ar ar w 

495 . 77 ; find the nth term of a G. P. 

-Let a - 1st term, and r= common ratio. 

Then the series will be a, ar , ar 2 , ar*,... 

■where the index: of r in any term is just less by one than the number 
of the term. 

Thus, the 7th tenn = <7/° ; 

t 3th term — ar 1 ' 2 ; 

30th term = ar 2 * ; 

and generally, the pih term = ar p 'K 

Hence, if n be the number of terms, and l denote the last or 
;*th term, we have 


3 x. 1 . Find the 8th term of the series 8r, -27, 9,.. 

Here rt = 8i, r*» — H = — i, n = 8 ; 

Hence the 8th term = 81 x( — J) 7 =- 3* x — * 7 - — — 

3 3 ‘ 

496 . When any two terms of a series in Geometrical Pro¬ 
gression are given, the series can be completely determined, for 
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then we shall have two equations to determine the first term and 
the common ratio. 

t 

Ex. 2 . Find the G.P. whose 7th term is i and whose nth term 
is iV 

Here, we have ar^^i and ar 10 *^- 
Thus, by division, and so r—\. 

Hence m(J) 6 =i, that is, ^ = 2° —64. 

Thus, the scries is 64, 32, 16, 8,... 


Exercise CLXXXVII. 


1 . Find the 

(1) 5th and 14th terms of the series 9, 3, 1,. 

(2) 6th and 16th terms of the series 2, —3, 2 , ... 

v(3) 10th and ;/th terms of the seiies 6, —2, rj, 

(4) 8th and 17th terms of the series *6, *03, *0015,. 

/ (5) 12th and wth terms of the series 4 , - .. 


.• 2 . Find the wth term of the series J3+ *-+ - T . +..(c.k.a. 18S6V 

' v J J N J> 

3 . Write down the 12U1 term of the series 2,-2 ^ 2, 4,... 

4 . Find the last term of the series 3, -3-, 3 s ,...to 2;z terms. 

‘ 5 . Find the /th term of the scries a t . 

> 

6. What is the fifth term of the ( 7 ./\ whose first term is 3 and 
whose third term is 4 ? 

yr 7 . The 5th term of a G.P. is 20 and the 8th term -160, find 
the nth term. 


8 . The second term of a G P. is 4 and the 5th term 256 ; find 
the series. 



9 The fifth term of a geometric series is 8 times the second 
the third term is 12 ; find the series. 


10 . The fifth term of a geometric series is 4 times the thirds 
and the sum of the first two is — 4 ; find the series. 


il. Find a geometric series, whose first term is 2 and 7th 
term is fa. 
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12 . Given 6 the second term of a geometric series and 54 the 
fourth, find the first term. 

13 . The 3rd term of a G.P. is 1, and % the 6th term is — i ; whrft 
ib the 10th term. 

14 . Find the series in which the 5th term is and the 9th 
term is 


497. Sum of the Series. To find the sum of a given vnmbct 
of terms in Geometrical Progression, the first term and the common 
ratio being given. 

Let a denote the first term, r the common latio, n the numbei 
of terms, and .V the sum of the terms. Then 

S=a + ar+ ar 2 + at* +• .., + ar "' 1 ;. ( 1 ) 

Multiply by r ; then 

Sr— ar+af z + a?*+ ... +at n ~ l + ar n .(2) 


Hence, by subtraction of (i)fiom (2), we have 

Sr— S=a? n — a ; 

* 

i.e. S{r — 1 ) = a(r n — 1 ) ; 






Changing the signs in numerator and denominator. 

~ l-r" 

S=a . .(2) 

l-r w 

Not©. The foim (2) is the most convenient l<» use when r is lugatt?e. 

If l denote the last term, we have 

l=av"-\ .(3) 

so that the formula (1) may be written 

,, r.ar n ~ l — a vl — a , . 

■ S “ r-. " r-1 '■ . 

a form which is sometimes convenient to use. 


Ex. 1 . Find the sum of 3 — 6+ 12- ...to 6 terms. 


Here, atm 3, r= 2, n = 6 ; 

. s = JK T ?f = 3(6 4-0 = 


- 2-1 



3 
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Ex. 2 . Find the sum of 4 terms of the series -/“*••• 


Here, a— 1, r= - n = 4 ; 


'i 


(_ 4 \ 4 _ I 4 4 _ t 4 ^; 

• n v 3 ' £_ 3 * 3 .256- 

-l-i -i-i -* 7 3 * 


8r 


i7S 
7 - 3 s 


3 J 

27 


Ex. 3 . Find the suin of 2-J - i +£-&c., to 5 terms. 
Jleie, <1=';, r= -l, « = 5 ; 

2 6 4 - 5 r ’ 


., , 

t * I * 

2 — r — j -> 


_o 5 

: -1 

j: _ _ s._s 

2 


-0 


*■> _ 4 , _ 


f> ~ 1 


_ S 5 3 ?-+3125_ 3 1 57 __ 201 

2 ‘ 7 5 n 14 5 s 250 


Ex. 4 . Determine the wth term and the sum of n terms of 
i ~ A + A — 11 T » _ + & c - 
Here, a=l, r- - A - ■», = - 

«th term = i(-;;) , - 1 =-J(i;v , ' 3 (-i)"- 1 , 

r »V‘ I - ( — "V 1 

and S=l -- ^ =i. LJ_!l !)»}. 

1 — t ~ :rJ 


r. 

y 


Exercise CLXXXVIII. 

1 . Find the last term and the sum of 


(1) 1 4 - 4 + 16 + &C. to 4 ^rms. 

• 3) 3 + 6+12+ &c. to 6 terms. 
(5) 1 -44-j6-&c. t<47 terms. 
(7) 1 4-2 +4 4 - &c. to 6 terms. 

2 . Find the sum of 

(l) 1 + i + t\t + &c. to 8 terms. 
(3} J +1 + 3 4 -&c. to 6 terms. 

' { 5) 9*-64-4-&c. to 9 terms. 


(2) 5 4 20 4 * 8 o + &c. to 5 terms. 

(4) 2-44-8-&C. to 8 terms. 

(6) 1 — 2 4” 2 2 — &c. to 10 terms. 

(8) 81— 274-9 — &c. to 8 terms. 

(2) 7+.j4^4-S:c. toi6 te«n$. 

( 4 ) 3 ~ t 4 - iV — &c. to 5 terms. 

(6) 100-404-16-&C. to 5 terms. 
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3 . Find the last term and sum of the following series :— 

<? 

(1) T+2+4+8+. ;.to n terms. ~ 

(2) 8 + 20 + 50+125 +.to rt terms. - 

(3) 1 +3 + 9 + 27 +.to 9 terms and to n terms. * 

(4) 1 — 2 + 2 a — 2 3 +.to 10 terms and to n terms. 

(5) 3r + 2 4 + i t +.to 8 terms and to n terms. * 

(6) t + *1+J + - to n terms. (7) * ——.to n terms. 

(8) *2+ *02+ ‘002+.to n terms. 

(9) (It)" 1 + 2 “ 1 + ( 2 t)' 1 +. to n terms. 

(10) - *— + ]-4—+ .to 10 terms. ? 

v 2 2 V 2 

4 . Sum the following series :— 

(1) 1 — 2+3 -&c. to 6 terms, (p. I. K. t888). 

(2) l — (?)* + i —&c. to ?i terms, (c. K. a. 1865). 

1 ^ 

(3) --,- + !+ -+&c....to 18 terms, (r. 1. K. 1891). 

s/3 s/3 

(4) 2+ J 2 + 1+&C. to n terms, (p. 1. E. 1890). 

*■> j I 

(c> - J r-+-h . +&c. to 10 terms. 

3 V3 v'3 2^3 

I I I 

(6)\ v^+ -t' + 3 ^+ -+ V\r+ - + &c. to 2 « terms. 

bf* . Jx ' * *\ -r^/.r 

5 . Find the sum of # terms of the following series :— 

(I) i + » + (4)*+. (2) I -1 + J-V-+. 

(3) + . ^ 4 ) “^2 ^^ 4 - — . 

«:+?+£+. <»>,-,**-$+ . 

w tj^t +i+ j3+"f + --' <*> 

7498 . The following are illustr ative examples^ 

. _ 3 x. 1 . In a G.P-, shew that the product of any two terms equi- 
>tant respectively from the first and the last terms is constant. / 

Suppose a is the first term and r the common ratio. 

m « * II I «II - I. m - - H il l -■ 

M. A.—36 
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Let the two terms be the fith term from the beginning and the 
^th term from the end, both the terms inclusive. 

, The flth term from the beginning *±ar*“K 

Also, the ^th term from the end is the (n-fi + i)th term from 
the beginning, and hence it is 

= ar n " p ¥ 1 - 3 = ar*' m 

Hence tlieir product = ar p ~ l x ar n ~ p = a. ar *" 1 

= <z/=a constant. 


Ex. 2 Find the middle term or terms of a series of n terms 

in G. P. 

) 

Let a y ar , ar 1 ,.*. denote the series to n terms. 

First. Let n be odd. 

Then there will be one middle term, viz. the ~ ^ th term, 

n + 1 __ j 

and it is =#7* 2 =ar 2 \/a(ar n ~ l )z= Jal. 

Secondly. Let n be even. 


Then there will be two middle terms, viz. the^th and'^—~th 

2 2 


terms, and they are 


2 


n ^ 

ar 2 and ar 2 


-1 


or ar 


n 

2 and ar 2 . 


Not©- It should be noticed here, that the product of the two middle 
terms 

n - 2 n 

=ar 1 xar 2 = a 2 r"- l =a.ar n - 1 = al. 


Ex. 3 . Sum to n terms the series whose pth term is (— 1 ) p a 4p . 

When fi — 1, the first term = (- x)a 4 = - a 4 , 

When ^=2, the second term=*(- i) 2 ^ 8 ®^ 8 , 

When ^ = 3, the third term*=(— i) s a J2 = — a 12 , and so on. 

Hence, the first term= — a* and com, ratio =» —a 4 . 

4 

{(— i) n # 4n — 1}. 




a 


-<i 4 - I 


<* 4 +1 


Ex. 4 . The sum of the first to terms of a certain G. P. is 
equal to 33 times the sum of the first 5 terms. What is the common 
ratio ? 

Let a = the first term and r=the common ratio. 
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Then, by the question, we have 

<1(1-r 6 ) 

l~r 1 ’ * * 


i+^ = 33> ^=*32 


r=2. • 


/ Ex. 5 . If S be the sum of an odd number of terms in G. P. 
^ind S' the sum of the series when the signs of the even terms are 
< hanged, prove that the sum of the squares of the terms will be SS? 


Let a = the first term, r=the common ratio and 2n+i 
of terms. Then 


= no. 


S= a + ar+ar* -f.+ ar in = ———-^. 

1 —r 

and S'= a - ar + czr* - „.+«/- 2 » = “ (l - +. 

1 +r 

• ccr a 'i * - a 2 {1 

^ i-r 1 ' ' 1-r 1 

Also a s + (arj 2 + (ar 3 y i + ...+(ar 3n ) a = '*■3 1 ^ - - . 

Hence the result. 


Exercise CLXXXIX. 

1 . If all the terms of a G.P. be multiplied or divided by the 
same quantity, the resulting terms will form another G. P. with the 
same common ratio. 

2 . If every alternate term of a G. p. be taken away, the remain¬ 
ing terms will be in G.P. 

3 . Shew that the reciprocals of the terms of a G.P ., are in G.P. 

4 . If a, l\ c , d be in G.P ., shew that ad^bc. 

5 . Shew that the product of any two terms of a G.P. y which are 
respectively equally distant from the first and the last terms, is equal 
to the product of the first and last terms. 

6. From three given numbers which are in G. /\, three other 
numbers in G.P. are subtracted, and the remainders are found to be 
also in G. P .. prove that the three series have the same common 
ratio, (li. P. E. 1890). 

7 . If an odd number of quantities be in G.P. y prove that the 
first, the middle, and the last of them are in G.P. 

- 'S. If ab be the (2w + i)th term of a G.P ., whose first term is a, 
find the middle term. 
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• 9 . The sum of three terms in G.P. is 63, and the difference of’ 

the first and third terms is 45 : find the terms. 

» 

10. When the number of terms of a series in G. P. } is even, 
shew that the product of two terms equidistant from the beginning 
and end is equal to the product of the two middle terms. (P.I.E. 1890;. 

11. Show that the sum of n terms of a G.P. beginning with the 
pth term is times the sum of an equal number of terms of the 
same series beginning with the q tli term. (M. F. A. 1884). 

12. A G. P. has 2 n terms. The sum of the n odd terms is 
equal to a and that of the n even terms is b. Find the O. r. 

13. If there are six terms in G. P ., prove that the product of 
first and last is equal to the product of third and fourth. (P.I.E. 1893). 

* 14. In a G.P. if the (fi + q) th term—;;/, and the (/ —<?)th term — ;/, 
find the ^th and the 7th terms, (n. P. h. t 888). 

15. The sum of the first four terms of a G.P. is 40, and the 
sum of the first eight terms is 3280 ; find the series. 

16. Shew that the product of all the terms of a G.P . is equal 
to the «th power of the middle term, when n is odd , and 's equal to 
the J»th power of the product of the two middle terms, when n is 
even (n being the number of the terms in each case). 

17. If a, /;, c, d be in G.P., prove that 

( 1 ) 4 - b~ ?> 4 * r*) = a* 4 - P 4 - c 

(2) a 2 4- b 2 , b 2 + c 2 and r~ 4 -^/ 2 are also in G.P. 

*( 3 ) (« 4 -^ + (: + dy 1 '=(a-rbf + (c + d )' 2 + 2 (b+r) 2 . (c. F. A. 1900). 

(4) (a — d)*~{b-e) li + (c-a ) 2 + {d-b) 2 . (c. F A. kjoo). 

( 5 ) ('* 2 + k- + c l )[b l +■ c 2 4 - d' 1 ) = {ab 4- be 4 - cd) 2 . 

, 18. If </, b , and c are in A. P. and .r, y, 3 in G. P prove that 

- •£■€ ytt rtb 

19. If P, Q and A’ be the ^th, qth and rth terms of G . P. prove 
PQ‘r m (Jt-P'Kv-Q=i' ' h . V. K. 1889 ). 

20. Show tha? the 27 /th term of a geometrical series is the 
mean proportional between the nth and 37/th terms. (C.f.a. 1877). 

21 . If a be the first term and ar n ~ l be the last term of a 
geometric series, and ar n ’ x be the first and a the last term of 
the same series reversed, and if the terms of the first series be 

divided by equidistant terms from the beginning of the second, then 

* . . ^ “ w 

the sum of the resulting series will be — - — 1 . (c. F« A. 1868). 



GEOMETRICAL PROGRESSION. 


565 


22. If S be the sum, P the product and R the sum of the reci¬ 
procals of the series a , ar } ar 3 , &c. to n terms, prove that P 2 = .. 

(c. F. A. 1883.) 


23. The common ratio of a series in Geometrical Progression 

is 3 ; the sum of the first and third terms is equal to the squares of 
the first and second terms ; find the sum of n terms. If n = 6 , shew 
that the sum is 364 . (c. F. a. 1866 ). 

24. If a , b , Cy x be real quantities, and if 

(a 2 4- b 2 )x %1 - 2 b K a 4- c)x 4- b 2 4- c l = o, 
prove that a, b, c are in G. P. and x is their common ratio. 

25. If -V denote the sum of a+ar+ar 2 + ., and R that of 

a+ar“ l + ar~* + ., each to n terms, prove that aS= //v, when l is 

the last term of the first series. 


26. If S a , S B be the sums to «, 2 n, 3 n terms of a G. P. 
respectively, prove that 

(i) SS + S^-S^St+S,). 

(») 5 1 uS 3 -.S'o) = (.S,-.S\) 2 . (B. p. e. 1882). 

27. Prove that in the product 

(1 +x+x*+ . +x 2n )(i-x + x 2 . +x S h ), 

the coefficients of odd powers of x is zero, and of even powers 
unity. (K. P. E. 1893 ). 

; 28. If n terms be in G. P ., whose common ratio is r, and S m 

denote the sum of the first in terms, prove that the sum of the 

T * 

products of every two terms .S 


499. Sum to Infinity. If r be a proper fraction, i. c ., if r 
be <: 1 , its powers, r 2 , &c., r™ will, a fortiori , be also < 1 , and 

ar n _ 

^therefore, ar n will be < a ; hence, instead of writing fwa-——- , in 

which fraction both numerator and denominator are negative , we 
may write, in this case, 

g__a — ar* a ar 11 

Now the greater we take the value of n, {i.e. the more terms we 
take of the series) the less will be the value of ar™ ; and, by taking 
n sufficiently great, we may get ar* as small as we please, only never 
so small as actually to vanish. If ar™ vanished, we should have the 
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sum of the series— ; but since, however small may be the value 

i X r 

of ar n , the second fraction will never actually become zero y it follows 
that the sum of the series will never actually reach the above value, 
though, by increasing «, i.e. taking more terms of the series, it may 
be made to approach it as nearly as we please. 

On this account, the Limit of the sum of the series, a + ar+ar 2 

4 - -, or sometimes (but less correctly) ft the sum of the series 

ad infinitmn or the sum of aiy infinite numbcrfii terms, in which r is 

j /'* 

numerically less than unity , }s 1 — . ' / 

\ 

Not©. It is usual to denote the Limit of such a sum by S. 

Ex. 1 . Find the Limit of the sum of the series i+i + * 4 -. 

Here, a=i, r =\; s= 7=2 ; 

1 “ * * 

i.e. the more terms we take of this series, the more nearly will their 
sum = 2, but will never actually reach it. 

Ex. 2 . Sum — £ 4 - to ~.to infinity . 

■ Hence, a = 2^, r= - 

* s 

.*• reqd. sum == != * *£ = f r i = 2^. 

1 - s) 1+-5 7T 

500 . Recurring Decimals are examples of infinite geometrical 
series. Thus, for example 

28 ^8 08 

*9282828.denotes ^ 0 + —« 4 - ~ + = 4 -. 

10 s 10 6 10 7 

Here the terms after T fl o- form a G. P of which the fijst term is 

—r and the common ratio is ~ 

10 s io J 

Hence the sum of an infinite number of terms of this series is 

J 6 *' h ( I_ To®) that is "«■ 

Therefore the value of the recurring decimal is 

9 + 891 4 - 28_919 

10 990 990 990 ’ 

Not©. The value of a recurring decimal may be found practically 
thus :— 

Let *9282828. 

then 10 9-282828. 

and 1000^ = 928*282828. 

Hence by subtraction, (1000- io).r=928 -9; 

so that 990^ «= 919, j 
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Exercise CLXIi. 


1 . Sum to infinity the^ following series :— 

(i) 4 + 2 + 1 +. (2) J + 4 + £ +. (3) A + e'c — 

( 4 ) I+$ — . ( 5 ) I - 4 +i — . , < (6) 1 — s + i\*-... 

(7) T+T + I + TT5+.(c. F. A. 1888). ( 8 ) 5 + -nr + -ft +. 

( 9 ) 432 + 324 + 243 +.(C. F. A. 1894). (10) £ + &+*V + .. 

(11) 3-I+t -6 + . (c, F. A. 1876; R. P. E. 1886). 


• •• 




(12) 2-^4-jW- . (13) 2 —ia + £ —. ^(14)^ + *+ ** + •• 

(IS) 9+6+4+. 06) 2 + 8 + i + jV + -~ ( 17 ) 3? + 2 i + lJ + ..- 

(j8) -3 \ + ii-i + — * 09 ) (iJ)’ x + 2- 1 +(23)‘ 1 +... (20) 6-2+3- 

(21) 6-34-7 — 2 + .(also to n terms), (c. F. a. 1878). 

(22) 48-36 + 27-20! +.(also to n terms), (c. F. A. 1879). 


/ 


M. 


/ V 11 1 . 

(23) I - -4 -u- —5 + ... . 

J IO lO 2 IO S 

(25) i-*- + i 9 -,r , +. (x - 

2 . Sum to infinity :— 


/ x 1 1 . 1 

24 2 2’2 S *2 , 2 0 


0- 


( 1 ) J 3 + / H \ + .(C. F, A. 1886'. 

v3 3 v3 

(2) (x/2+i)+I+(n/2-I)+. (C. F. A. 1887). " 

(3) ( 2 + \/3)+ r +(2- v/3)+.( C - A. 1891). 

( 4 ) ^ \ + s/1 + 3 n/s +. (s) I +( \/2 — I) + (3 — 2 >^ 2 ) + 


/ 6 i 5 + 2n/2 5-2_>/?. 

S~ 2 j 2 + 5 + 2 j 2 + 


, v I I , I 

( 7 ) ^ *2 + ^1“ 


■(* > 0- 


( 8 ) 


(IO) 


\/5 + ,/j + >/,;+ fe) («’-*»n(<*-*)+f4 


« •* •• 




+ /T 


ax 


ax ■ 


(1 +*)•» (I +or/ +1 (1 +*)“+* 

j 

3 . Find the sum of an infinite number of terms of the series 

b c a b cube 
« + ? + r 4+H,+ " 4 +^+ r i+ r % + . 


4 . Find the values of the following recurring decimals :— 

(1) *2343434. (2) -43285285. (3) 75363636 


.M * * 
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V 

5 . If 2\ and 1 be the first and third terms of a G . P., find the 

sum of the series ad infinitum . * 

i 

6. In a G. P. continued to infinity, the comtnon ratio being less 
than unity, each term bears a constant ratio to the sum of all the 
terms which follow it. 


/ 



Shew that 


a-ar+a ? 2 — + .to inf _ i — r 

u+ar+ar* +ar*+ ... to inf. ~~ 1 +r " 


✓ 8- Given a and b the first two terms of a decieasing geometric 
series, find the sum to infinity ; and the sum of the same series to 
inf. commencing after the nth term. 

4 ). The first term of a Geometric series continued to infinity 
is 1, and any term is equal to the sum of all the succeeding terms. 
Find the senes. (M. V. A. 1881). 


10 . In an infinite G. P . whose teims are all positive, the 

common ratio being less than unity, piove that any teim is = 
or < the sum of all the succeeding teims, accoiding as the common 
ratio is <:, = or > \ . (b. i\ e. 1887). 

11 . If S< y ...S v are the sums of infinite Geometric series, 

»se 

1 

">+l’ 

‘ S, i + ^a + ^8 + -* - +^1 — J/(/ + 3 )- (B. P. E. 188 


respectively, prove that 


12 . If 5 2 , S* are the sums to n terms, 2n tetms and to infinity 
of a G. /\, shew that 

*^«i) =s ^3(^1 * ^a)* (C* 1 877)• 


501 . By means of the equations of a G. P. given in Art. 482, 
we may find any one of the four quantities #, r y n , and r, when the 
other three are given. It is not, however, generally easy to find 
n , when the othei quantities aie given, because this quantity occurs 
in the form of an index The student should be able to guess at 
its value in the simple instances we shall here give ; but in other 

cases, it could only be found by the aid of logarithms. 

% 

Ex. 1 . In a G. P. the first term is 4, and the sum of the first 
8 terms is 7^3. Find the common ratio. 

^ — 1 

Here, a =4, « = 8, find J = 73 ? = VY-, so that - 3 V =’4- -, 

which simplified gives i2Sr*-2$$r+ 127 — 0 ; 
or 2567*-510^+254 =0; (2^’-1-25s(2r-i)=o. 

Hence, 2r-i (being a com. factor)=o, and r=^. 
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. Ex. 2 . How many terms of the series 6,-2, J...must be taken 
that the sum may be ? 

Here, a=6, - J and Js= 4 *i 4 =-VW l ; 

so that, if n be the number of terms, we have 


31 8 o = 6 . 9 { i_ ( _, ) 1i} 

729 1 — — A; 2' 


Hence.’ ( — \)"=-1 - 


3280 

729 9 6561^ 3 


= = ”=(-!)•;/. »= 8 . 


502 . In the case of an infinite Geometric series, the cases 
■considered in the preceding Article are much simplified. 

Ex. 1 . The sum of an infinite G. P . is 4 and the second term 
is 2 , find the series. 

Let a be the first term and r the common ratio. 

Hence, = 4-..(1), and ar~ , J...(2) 

By div^ion p we have r( 1 — r) = = V*. 

/. r 2 -r+ T 3 h -=o, whence r— \ or jj. 

As Koth the values of rare less than unity, both are admissible.. 
Also from (2) a— J-~r=3 or 1. 

Hence the series is either 3, J, &c. or 1, &c. 

Ex. 2 . The sum of an infinite Geometric series is 3, and 
the sum of its first two terms is 2§. Find the series. 

Let a be the first term and r the common ratio. 

Hence, - ^ = 3...(i) and a + ar=2 £...(2). 

By division, we have = 3 x 5 = &. 

/, 1 -r 2 = - and /. r'= 1 - l ; and /, r= ± 

Hence, from (i) «-=3(i - r)=3(i + J) = 2 or 4. 

Thus, the series is either 2, &c...or 4, - J, &c. 


Exercise CliXLI. 

1 . How many terms of the series 2 - 3 + !j - &c. must be taken 
that the sum may be - 8/, ? 

2 . The first term of a G. P. is 12 and the sum to 6 terms is 
39 ii®- Find the common ratio. 
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/ tf 
f * 3 - The first term of a G . P. exceeds the second by 2, and the | 
sura to infinity is 50. Find the series, (c. F. a. 1892). 4 

* 

4. The sum of an infinite Geometric series is 2, and the second 
terra is — f, find the series. 

5 . If the sum of a G. P. continued to infinity be n times the 
first term, find the common ratio. 

6. Qjyen the first term 3, the last term 768, and the number 
of tep»^9, to find the common ratio. 

7 . The sum of a G.P. whose common ratio is-3 is-1092 and 
the last term is — 1458. Find the first term. 

8 . Given a=5, r= 4 , l*= 327680 ; find s and n. 

9 . Find the G. P. whose second term is-i and whose sum to 
infinity is 4 T ° T . 

10 . The sum of an infinite G. P. is 10, and the sum of the first 
two terms is 6§ Find the series. 

11 . The first term of an A. P . is the same as that of a G. P. y 
and the common difference of the one and the common ratio of 
the other are both 2 ; and the sum of 5 terms of each series is the 
same. Find the 5th term of each series, (c. F. a. 1873.) 

12 . Find the G. P . whose sum to infinity is 9, and whose second 

term is -4. ^ 


503 . Geometric Mean. When three quantities are in Geo- 
metrical Progression, the middle one is called the Geometric Mean 
,©f the other two. 

Thus, when a , x, b are in G. P ., x is called the Geometric Mean 
(G . Mi) between a and b. 

By definition of G . P ., we have 

« i * in 

-= /, x 9 **ab; and /. x= -k Jab . 

a x 

Thus, the geometric mean of any two quantities is the square 
root of their product. 

Note. It is worthy of notice here that quantities which are in G. P. 
are in continued proportion (Art. 409), and that the geometric mean of two 
quantities is the same as their mean proportional. 

504 . When any number'of quantities are in geometrical pro¬ 

gression, all the intermediate terms are called the Geometric 
Means of the two extremes. - • 



GEOMETRICAL PROGRESSION. 


' 571 


Thus to insert any number of geometric means between two 
given quantities, is the same as to determine a G.P.> whose tirst and 
last terms and also the number of terms are given. • 

505 . To insert n geometric means between a and b. 

Let r be the common ratio of the required G . P. 

Here, we have to find a G. P . of (n + 2) terms, of which a is the 
first term, b the last, so that b is the (« + 2)£h term of the G. P. 

Now, the (n + 2)th term of a series, whose first term is a, and 
whose common ratio is r , is 

ar 1 ** a) “ ! , i. e . 9 ar n+1 . (Art. 481). 

/. ar M+1 *=£, so that r n+ 1 =b!a ; 

and /. r — / » ^ ,TTi 

The means may now be easily determined ; for they are 
ar, ar a , ar\ . .at*'. 

n _1_ 

" +l — {ad*)'" 1 . 

Ex. 1 . Insert 3 geometric means between 2 and io£. 

, Here, a = 2, 6 = iojJ ; r=(loi -*-2)< = = 

Hence the means are 3, 4^ and 6J. 

« 

w Exercise CIiXIjII. 

1 . Insert ^ 

(1) 3 G. M.'s between r and 16, and also between \ and 128. 

« 

(2) 4 G. M's between-x 1 ^ and 3^, and also between $ and - 5 T *- * 

(3) 3 G. M's between 4 and 324. (C. F> a. 1890). 

(4) 5 G . M's between and 4^. 

(5) 3 M.'s between 2 and 32, and also between 37 and 2997. 

2 . Insert 5 mean proportionals between 8 and 27. 

’ 3 . Insert 2 G . M.'s between 2 and J 3. 

v 4 . If n geometric means be inserted between a and prove 

n 

their product is (ab)*. 

5 . The arithmetic mean of the first and third terms of a G . P. 
is five times the second term. Find the common ratio. 

^ 0. Insert two numbers between 6 and 16 such that the first three 
may be in A . P . and the last thre^in G. P. 


The nth mean 


= ar n ~a( 
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■ 7 V Find the ratio of u : b when their arithmetic mean is to their 
geometric mean as 13 : 5. « 

•8. If a 9 b , c be in G . P . 9 and x and y be the A . M ?s between a y 
b and b 9 c respectively, prove that 

2 11 . a c . 0 % 

* = ~ + ' and 2 = ~ -f- . (P. I. E. 1892). 

b x y x y 

9 . Find the geometric mean of gx l — 24*4-16 and 4* 3 -H2o.r-f 25.- 

10 . The G . P. between a and b is to their A . M. as m is to n ; 

shew that a : b = n+ m*) : n- J(n* — m l ). (a. 1. E. 1889). 


506 . Problems. The following arc illustrative examples. 

Ex. 1 . The sum of three numbers in G.P. is 21 and the sum of 
their squares is 189 ; find the numbers. 

Let x , xy and xy 7, be the numbers, so that we have 

x(i +j'+y*)-2i...(i) and ;r 2 (i 4 \y*+,y 4 )===i 89 .. l >.( 2 ) 

Dividing the square of (1) by (2), we get 
1 - 4 -V 4 -V 2 21 X 21 

— — —0= - 5 — = l 9 which solved gives^=2 or 
i-y+y 2 189 & y 1 

Hence from (1) .r = 3 or 12, so that the numbers are 3, 6, 12. 

Ex. 2 . The sum of three numbers in G. P. is 21, and their 
product is 216. Find the numbers. 

Let xjy, x , and xy be the numbers, so that 

* x x 

~+x+xy= 21...(1) and ' .^.-ry = 2i6...(2) 

y y 

From (2), a 3 = 216 and /. x — b. 

„ (1) ■ +l+y = -V-=i, ory»-Jy+i=o; 

y 

which solved gives y = 2 or J. 

Hence the numbers are 3, 6 and 12. 

% 

Exercise CLXLIII. 

1 . The difference between the first and second of four numbers 
in G. P . is 12, and the difference between the third and fourth is 
300 ; find them. 

2 . The sum of three quantities in G. P . is 24$ and their product 
4 is 64 ; find them. (a. 1. E. 1891). 
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3 . The continued product of three numbers in G.P. is 216, and 

the sum of their products, taken in pairs, is 156. Find the"numbers. 

♦ , 

4. The sum of three numbers in G. P . is 38 and the Sum of 
their squares is 532 ; find them. 

5 . A man saves each year half as much again as he did in the 
previous year. If he saved jfo.400 in the first year, in how many 
years will he have saved /fa.8312. 8 a. ? 

6. Suppose a body moves eternally in this manner, viz . 20 miles 
the first minute, 19 miles the second, 185*0 miles the third, and so on 
in Geometrical Progression ; required the utmost distance it can 
reach (c. F. A. 1864). 

7 - Find three numbers in G. P , such that their sum is 19, and 
their continued product is 216. 

8 . The population of a country increases annually in G.P., and 
in 4 years was raised from 10000 to 14641 souls ; by what part of 
itself was it annually incieased ? 
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507. Any number of quantities are in Harmonical Progres¬ 
sion. when the difference between the first and second of any three 
consecutive of them is to the difference between the second and the 
third as the first is to the third. 


Thus, a , i\ d % c &c., are in Harmonical Progression (//. P .), 

if a-b:b-c::a:c> 

b — c:c — d::b:d y and so on. 

508. The red firm ah of quantities in Harmonical Progression 
are in Arithmetu a! Progression. 

Let a , b , c be three quantities in H. P ., then 

a — b:b-c::a:c\ /, c(a —b) = a{b - c) y 

or ac — bc~ab — ac. Divide by abc ; then • 

III I /ill - 7 , 

7-- ' - r ; . . ~ , r > - are in A. P. 

b a c o abc > 


Thus, since 1, 3, 5, &c, £, - J, &c., are in A . /'., their reci* 

procals 1, &c., 4, -4, — &c., are in H.P. 

509. We cannot find the sum of any number of terms of an 
Harmonic series j but many problems with respect to such series 
may be solved by inverting the terms, and treating their reciprocals 
as in A . P. 
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Ex. 1 . The 15th term of a //*. P. is and the 23rd term is 
* T : find* the series. ♦ 

Let be the first term and d the common difference of the 
corresponding A . /\ ; then 

25 = the 15th term = a + \j\d \ 

and 4i=the 23rd term = <2+ 22^/; 

whence d*= 2 and —3. 

Hence the A, P. \s —3, — 1, i, 3, 5.; 

and the //. />. is-L -1, 1, . 

* 

Ex. 2 . Continue to 3 terms each way the series 2, 3, 6. 

Since }, -i are in . 4 . / > . with the common difference — 

/. the Arithmetic series continued each way is 

T 1 *J I I 1 « 1 _ 1 . 

M Si ?i *i — ft? JT * 

and the Harmonic series is 

1, Si Ji 2, 3i 6, 00, -6, -3. 

Exercise CLXLIV. 

1 . Find a //. P in which 

tl) the 3rd term is i?*, and the 21st term is T V 
(2) the 2nd term is 1^, and the 15th term is 

2 . Find the nth term of the series 

4 F 4t 4* 4tt 4" 5 “h &c. (c. F. A. 1886 ). 

3 . Find the series in H\ I\, in which the 39th term is T V and 
the 54th term is *V 

4 . Continue the //. P . to 3 terms each way 

(i) 2, », 1. (2)4,2^33. (3) i, >!• 

5 . The 1st and 5th terms of a ff. P. are 3 and 7 ; find the 
20th term. 

6. Find the tnth term of a H. P ., whose first term is a , whose 
last term is c, and whpse number of terms is n . (m. f. a. 1884). 

V 

7 . ? In a H. P if the ^th term ~qr and the $rth term=/r, prove 
that the Pth term —pq. (A. I. E. 1892). 

8. If the mth term of a H. P. be rt, and the «th term m , find 
the (?«+»)th term. 

9 . tf P , Q, P be the ^th, yth and rth terms of a H. P., shew that 
(7-r)QR+(r-p)PP+(f>-g)PQ=:o. (B. p. e. 1887). 
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10 . An A . P. and*a H . /V have the same first term* the same 
a?t term and the same-number of terms ; prove that the product of 
the rth term from the beginning in one series and the rth term from 
the end in the other, is independent of r. (R. P. E. 1890). 


510 - Harmonic Mean. When thre% quantities are in Har- 
tnonical Progression, the middle one is called the Harmonic Mean 
of the other two. 

Thus, if a , x and b are in H. P. y then x is the Harmonic Mean 
between a and b. • 


Hence, by Art. 493, we have 




[ in A. P. 

P 


• * 




-i 


Thus, the harmonic mean of two quantities is equal to twice their 
product divided by their sum . 

£ 11 . When any number of quantities are in harmonical pro¬ 
gression, all the intermediate terms are called the Harmonic Means 
of the two extremes. 

c ' 

We find the harmonic means between two given quantities by 
first finding the arithmetic means between the reciprocals of the 
two given quantities 

512 . To insert n harmonic means between a and b. 


Insert n arithmetic means between i/a and i/b. 
From Art. 474, we see that they are 


11. ,12 

n . —h (n — 1). - + 

<1 b a b 

n + 1 ’ n+1 ” 


(«- 2). -+ 1 

_ a 0 

n+ I 


. nb + a (n- i)£ + 2te (n- 2)b + ^ a 

l ' \n+i)a6* (n+i)ab * J {n+ i)ab ’ 

Hence the required harmonic means are 
(n+i)ab {n + (n +i)ab 

a + ub } 2a + {n-i)b' 3a + (« —2)^ 


, {n + i)ab 

Thus, the i*th mean =-——-——-y, 

’ r pa + {n-p + \)b 


n+i ’ 

b-\ ?ia 5 
(n + i)ab * 

(n 4 -1 )ab / 

M* - 7 * 7'i 

\a + b 


t 
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Ex. ii.r^rt 4 harmonic njeans between 2 and 12. 

* Here, we have to insert 4 arithmetic means between £ and tV 1 
Hence, by Art. 488, we have 

A = \ + so that 5 d— - A and /, d— — x \. 

Hence, the Arith. means are A* 5. h } ; 

and /, the Harm, means are 2?, 3, 4, 6. 


513 . If A, G, H be the arithmetic, geometric, and harmonic 
means between a and b y we have proved that 


1 

A = ^ .(1); G = V aft. .(2) 



2 aft 
a+b" 



514. To prove that G is the Geometric mean between A and 
ri ; and that A, G, H, are in order of magnitude/ A being the 
greatest. 

* a 4 "if , u 2 ah . A a + b lab , 

Since A =-, and H — A xH = - x = ab-=G 2 -, 

2 a + b 2 a + b 

G= fJAH, or G is the Geom. mean between A and H. 

a + b 2ab __ (a + b)' 2 — 4ab__ (a — b)‘ A 
2 a + b 2 (a + b) 2 (a + b) 

= a positive quantity for all positive values of a and b. 

Hence A is > //, and of course, 2> G< whose value (being the 
Geom. mean between them) lies between those of A and H. 

Thus, A y Gy and II form a descending G. P. 

515. Three quantities a, b y c y are in Arith., Geom., or Harm. 
Progression, according as 


Also, A - //= 


a-b a 
b-c=a J 


a a 
or — - , or = - . 


b 1 


(i) - = i ; /, a-b~b - Cy and a y by c y are in A.P . 

o — c a 

.... a — b a t 

.<"> i~, r v ' ■ 


..... a — b a 

<"'> b-r c % 

I I I 


ab-b 2 = ab — aCy or b 2 = ac ; 
bja — clby and a y b y c y are in G.P . 
ac-bc=ab-acy or (dividing each by abc) y 


• * - 1 U III • A jrj 

7—= - 7 ; whence 7, - are in A.P ., 
b a c b a b c 

and # \ a , b y c y are in H.P. 
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2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 








Exercise CLXLV. 

Insert 

(1) 2 harmonic means between 2 and 4. 

(2) 6 harmonic means between 3 and 

(3) 5 harmonic means between 3 and 

Find the Arith., Geom. and Harm, means between 
(1) 2 and 4 \. (2) 3J and 1*. 

Find a fourth harmonic proportional to 6, 8, and 12. 

Insert 3 H. AI.\ between 4 and 2. (c. F. a. 1867).. 

Insert 4 H.MA s between i and 30. (a. 1. K. 1892). 


If a, b and are in //.A, prove that 


11 11 ,1 1 

+ / , ^ ~ and 4—-7 

a b + c b c 4 a c a + o 


are in //.A. 




If a y b and c be in A./\ } prove that 

- -& c - y ,, <a . and — a ~-,\ are in HP. (h. p. e. 1891). 
a (6 + c) f b(c+a) c{a + b) v ' 


Prove that (.r 2 +j' 2 )(.t s 4 oj/+>' 2 ), x* + x*jr+y k and (x 2 + y 2 ) x 
( x 2 tj' 2 .) are in //.A 

If a y b and c are in //.A, prove that 


a b 
b+c 9 c+a 


and 


c 

a + 


1 are also in HP. 
0 


The A.AT. of two numbers exceeds the 6 '.AT. by 2 , and the G.M . 
exceeds the H.M. by g. Find the numbers, (c. F. A. 1870):— 

The sum and difference of the Arith. and Geom. means between 
two numbers are 9 and 1 respectively ; fincj them. 

The Harm, mean between two numbers is \ { \ of the Arith. 
mean, and one of the numbers is 4 ; find the other. # 

The difference of the A.M. and H.M . between two numbers 
is 1$ ; find the numbers, one being four times the other. 

Find two numbers whose difference is 8, and the H.M . between 
them is ij. 

The square of the A.M\ between two numbers exceeds that of 
’the G.M. by 400, and square of the G.M. exceeds that of the 
H.M. by 144. What are the numbers ? (c. F. A. 1874). 

Find two numbers such that the sum of their A.M. y G.M. f and 
H.M. is 9*, and the product of these means is 27. 


m . a . —^7 
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17 . If a, b and c be in A.P , and b, c , and d in /J.P., prove tha^ 

a, b, c and d are proportionals.. 

18. If <i,, a , be the A.M’s. h l} h 2 the H M: s and A r a the G.M.’s 

between a and b , shew that 

a^i,. — <i=ab. (M. I. A. 1891). 

19- If a y b and c be in //./*., prove that 

(1) a* +c l > 2b 1 , if (7 , b and c be positive. 

(2) a : c :: 2u a + £r : 2c 2 + /*A 

20 . If«, b t and c be in AJ\y and //-, t> J ‘ and r 1 in HJ\y prove that 
either - i*/, b and c aie in G./\, or else a, by and c aie equal. 

(c. v . a. 1904). 


IV. OTHER SIMPLE SERIES. 


516 besides the Progressions, there are some other simple, 
but important, senes the successive Uims of which a.e formed 
according to simple laws. We shall now consider the summation 
of some such series, which depend on the lules laid down 111 the 
preceding Articles. 

Ex. 1. Sum the series 1.2 + 2.3 + 3.4 + . ...low terms. 

Here, the ?th term of 1+2 + 3+...is 
rfnd the rth term of 2 + 3 + 4 +.is r+i. 

Hence the nh term of the given seiies r t>'+i) = r 2 + r. 

Making r=i, 2, 3,.w, in succession, we have 

the series = (i“ + 2 a + 3 2 +.+//*} + .* 1 +2 +3+ ...+w). 


Hence sum i*eqd.= 


n(rr+ i)(2w + 1) 

6 


n ( ?i 4 - 1) 


(Arts. 490 & 489). 


_//(w + 1) f 2w + i 1 n(n+ i)(w + 2) 

~ 2 » 3 J J 3 

Ex % 2 . Sum the series i 2 + 3 2 +5 2 + .. .. to n terms, (m.f.a. 1889). 
H ere, the rth term of x + 3 + 5 +.is 2r-i.r 


\ 


Hence, the **th term of the given series is (2r—i)*«4r 2 — 4;*+1. < 
Making r* 1, 2, 3, ,. n , in succession, we have 

the series«4(i 2 + 2 2 + 3 ? +. + >r)~4(i -1 2 + 3 +.+ w) 

+ H + t +.to n terms.) 
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, nn+\;(2n+i) n(n+\) % 

Hence, sum reqd = 4 -4 x - - + ix» 


= i| +n 


4n(?i 2 - 1 ) 


+ » 


n(4?i 54 - 1) 
3 


Ex. 3 . Sum the series J+3 + 6+J0+15 +.to n terms. 

Let 5 denote the leqd. stun, and t n the j»th term. 

Then 5=1+3 + 6+10+15 + - + /*, 

also .S = 1 + 3 + 6+10+ .+/„. 1 +/«• 

ence, by subtraction, we have 

o = (i + 2 +3+4 + 5 +.to n terms) —/*. 

/, /„ •= 1 + 2 + 3 + 4 + 5 +.10 ?i terms = ! x n(n+ 1). 

IVIakiifg n — 1, 2, 3,...successively, we get 

the series=^i 1- + 2- + 3- + ... . + ri l ) 4- (l + 2 + 3 +... + >z)}. 


Hence sum reqd. = 1 


_ , | n[/7 + I ; in + J ) »(/*+!) 


I 


} 


. 7/0/ + 1 / 2// + 1 , \ 

-ix ——v , +, )“ 


«i// + l)(w + 2) , 


Ex. 4 . .Sum to n terms the scries * 

5 + 55 + 555 + 5555 +. 

The given series = ^(9 + 99 + 999 + 9999 +.) 

“ »Uio- i) + (io 2 ~ I) + (II) +.} 

= ,}{(10 + i o? + io 9 +.to n terms) 

— (1 + 1 + 1 +. ..to n terms)}. 

Hence sum reqd. = £ ^^^ ( 1 o’* - 


Ex. 5. Sum to n terms the series 

I +3 + 7 + I 5 + 3 1 +. (C. F. A. 1876). 

Let S denote the reqd. sum and / n the nth term. 


Then 5=1+3 + 7 + 15 + 31+ .+ /«, 

also 5 = 1+3+ 7 + 15 +.+/,,-!+/«. 
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Hence by subtraction, we have 
• o = (1+2 + 4 + 8+16 +.to n terms)-4 ; 

2 n — I 

/»= 1+2 + 4 + 8 + 16+.to«terms =-= 2"- 1. 

2—1 

Making n= i, 2, 3, .successively, we get 

the series ==(2 +2*+ 2'*+ ...to n terms)-(1 + 1 + i...to n terms) 

= 2 ——— — n = 2 u+l - [n + 2). 

2-1 

t 

^ Ex. 6. Sum the series 1 +~ + 1 +.. to n terms. 

1.2 2.3 34 

Here, the rth term = - - 1 . = 1 —. 

f\r+ 1) r r+i 

Making r= 1, 2, 3,...**, in succession, we obtain 

the seriesc B (Hi)+(l-i) + (*-i) + ...+ ( J| l 1 -^)+ (*'-—) 

__ I « 

7/ + I // + I ’ 

(since all the terms except the first and last destroy one 
another). 

Note. When n is infinite, ----- is zero. Hence the sum of an 

«+r 

infinite number of terms of the given series = 1. 

517 Mixed Series. The rth term of such a series consists 
of a pair of factors, one of these factors forming an A.P. and the 
other a G. P. 

Ex. Sum to n terms the series 1 +3* + 5jr a + 72r 8 + .... 41 

Here, the factors 1. 3, 5,...form an A.P ., whose first term is 1 
and whose common difference is 2, so that the nth term=i + 
a(n- i)=2»-1. 

The other factors 1, x , x 3 , ,r\..form a G.P. y whose nth term=4r nwl . 
Hence the «th term of the given series = (2«— 

Let S denote the required sum ; then 

^*=1 +3jr + 5^r* + 7-r ? + .+(2 n- i)#"" 1 . (1) 

Multiply both sides of the equation by x> 

Sx**x + 3^r 8 + 5^ 3 + ... + (2«-3)Sr M - 1 +(2»- l)x n 


(2) 
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• « « Ml- w, 


Subtracting (2) from (1), we have 

S—Sx= 1 + 2X + 2X 2 + 2x’ x +.+ 2 # K “ 1 —(2*1 — I ).r M , , 

or 5(r -#) = I 4-2^r(l +x + x 2 + . +Jtr n “ a ) —(2#- i)* n ...(3) 

But 1 + x +x 2 -t-... + r T“" a is a ( 7 . J\ of («— 1) terms, having 1 as 
the first term and x as the common ratio* and thus the sum 

— 1 ~ xn ' 1 

1 -x 


Hence, from (3), we obtain 

] — »"»»- i or o v»* * 

.S*(I — .v) = I + 2„r. -- ' —• — (2«- l)A n = I + -- -( 2 «- l)x n , 

' I X I “* X 1 “ X 

__i +jr_ 2 x n + (2t?-\)x n (\_ — x)_ i+.r (2//+i),r M -(2«-t).r H+l 

I —x I ~X ~ 1 -X I -X 


• 1 + * (2«+i).r w -f2w- i).r ,,+1 

•• ”(i ->)* rr-.Tf ; 

Note. If .t* be -c 1, and ^ be infinitely great, then .x n and ,r w+3 

1 + r 

arc both too small, and thus the sum to infinity^, — : . 

(i-.r)* 


Exercise CLXLVI. 

1. Find the sum of the series to n terms : — 

(1) 2 + 5+ 10+17+ .(C- F. A. 1877 ; H. P. K. 1885). 

(2) 2+7 + 14 + 23 + 34 +.(C. F. A. 1878 ; B. P. E. 1885). 

•( 3 ) S 3 + 7 2 + 9 2 + -+ 25 2 . (C. F. A. 1888). 

(4) 1.3+2.4 + 3.5+. (5) 1.2.3 + 2.3.4+3.45+. ... 

(6) 2 2 + 5 a + 8 s + i' 2 +. / ( 7 ) 3.5 + 5.7 + 7.9+9.11+.... 

‘(8) 1.3- 5 + 3.5.7 +- 5-7-9. ^ (9) 1.2.4+ 2.3.5 + 3.4.^ +. * 

(10) 1 3 + 3 s + 5 s . (ri) 2 .i 2 + 3.2 2 +4.3 2 ...(c. f. a. 1887).; 

v. 2 . Sum the series 

, n.i +(«-i).2 +(«-2).3 + (» — 3).4 + ... + t . n . (c.f.a 1889) 

3 . Shew that * 

i+ 2 2 + 3+4 2 + 5 +6 2 +.to n terms 

= ti(» + 1 )(2» 2 + n + 3) or 1 \»(«+4X2« + r). 

according as n is ocld or even. (b. p. e. 1892). 
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4 . Sum to n terms a a + (tf + i)*+(rf + 2) 8 +. % 

5 . Sum i+(i+a)r+(i-|-rt + aV+.to infinity, r and a 

being cl 

v 6 . Sum the following series to n terms 

rt + £ + (tf 2 + 2rt£) + (<i' , + 3tf 2 £) +. (C. F. A. 1891). 

7 . Shew that the sum of the products, taken two and two 
together, of the natural numbeis fiom 1 to n is 

*V(»-iM» + iX 3 « + 2 )- 

8. Sum to n terms : — 

*"(1) 1 + 5 + i + -J + ...(C. F. A. 1884). (2) + >xi + *..(C. F. A. 1880). 

( 3 ) t ^ 4 " ^2 + ~^ +.(C. F- A. 1889). 

(4) a(a + b) + (a + b \{a + 2b) 4 - {a 4 2 b)(a 4 -\b) 4 . 

9 . Sum to infinity : ~ 

(0 t + 4T + h j + iVs +. O'- !*• K* 1883). 

(2) i+ 3 +-9+ A +and also to n terms. 

( 3 ) 'i + (a + b)r+(ti-\-2b)r i + {<i + 3b)r ] + ...(r C 1) and also to n terms. 

( 15 - P. E. 1889). 

10 . Sum to n terms the series whose nh term is ( 2 ^ 4 i)) 3 r . 

11 . Sum 24 22 + 222 + 2222 + ... to n terms. 

- 12 . Sum to infinity ( r and hr being each c 1) 
ar 4 (a 4 * <ib)t 2 4 (a 4 - cib 4 * <ib*)r* 4 . 

13 . If S n denote the sum of n terms of a giyen series in G. P. y 
find the value of S t + S 2 + S 2 +... + S n . (c. v. a. 1861). 

14 . Sum to n terms : — 

(1) (<z 4 £) 4 {a* 4 - 2^+ (tf 3 4 - 3b) 4 -. 

(2) h + b 43<2 + 2 ^ 4 - 5 « 44 ^ + ..., and to 10 terms, (c. F. a. 1868). 

( 3 ) ( 2a “ i) + (3^ + tV)+(+* ~ A) +. 

-X4) 1 + 5 + 13 + 29 + 61 + ...'.(5) v 9 + 99+999+. 

(6) I +y + i+ V +......(C. F. A. l88o^. 

f{l) 3+6+11+20+.(B. P. e. 1886). 

■ (8) •55^55?+ ; ?55 S+*--• 












APPENDIX. 

SIMULTANEOUS QUADRATIC EQUATIONS. 

I. TWO UNKNOWNS. 

1 . We shall now consider a few Examples of Simultaneous 
Quadratic Equations involving two unknowns. The solution of 
these is generally more difficult ; but there are certain cases of fre¬ 
quent occurrence, for which the following observations.will be useful. 

2 Elimination by Substitution. When one equation is 
linear and the other quadratic, find the \alue of one of the unknown 
quantities from the linear equation in terms of the other and then 
substitute in the quadratic equation. The resulting equation in very 
many cases will be a quadratic, which may be solved by the ordinary 
rules. 

Ex. 1 . Solve x +2jp = 4 . ..(i), 2xy — y 2 = 3.(2) 

Fnim (1) express x in terms of y ; thus 

.r - 4 - 2 y. 

Substitute this value of x in (2) and we get 

2(4 — 2 y)y— _r‘ J = 3 , or 5 , 1 '- — 8y + 3 = o ; 

(r-ij(5r-3' = o ; y- 1 or 
Hence, from (1) .1 = 2 or 1 ; l ~. 

Ex. 2 . Solve 2 x — y+ 1=0 - (1), 13^ — 2_p--t-8r=i8.(2). 

From (1), we have v = 2.r+1. 

Substituting this value of y in (2), we get 
13a’ 2 — 2(2.1- + 1 f + tix= 18, or 5.r- = 20 ; 
x A = 4 and /, x— ±2, 

Hence from (1) y = 5 or —3. 

Exercise I. 

Solve the following equations :— 

1. * -h 2 jp=6 1 2. yy — 2 x=i ) 

yc* — xy = 20 J $x* — 2 xy = 3 J 

4. x * + y 2 = 25 ) 5. 2^r + 3^' = 8 1 

3*r + 4y=24 J **+xy+y*=7 J 


3 . 5*+ 27-7 j. 
7 #* — %xy** 159 J 

6 . 3*+i=2x + y 1 
2(x+y) = 4x 2 -xy J 
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7 . 

10 . 

12 . 


x - 2^=io 1 8. x-y= 2 | 9. x-+$xy+y t =4$ 1 

x 2 +y 2 = 25 J 1 $(x 2 -y 2 I = 1 6xy j ^+JK = 9 J 


tV( 3^+ 5r) + «(4* - 3 r)) 

3r 2 + 2y=i79 J 

4x-sy=i | 

2^*-jy/ + 3y 2 + 3^-4y=47 / 


11. *r = (.*-?)0' + i) 1 

^v=(^+3xy-4) j 

13 . 2X+?y= 17 1 

3* 2 — 4 ^ -t- 8 _>/ a = 183 J 


U ax+ 3T-8 \ 15 . j>x + 2 y = 12 1 

9 * 2 —^y 2 =5 J 2x l + $xy -f_y 2 = J 5 / 


3. Equations which can be reduced to such linear 
equations as uc + y * a and jc-y = />. 

Then x andjy can found by addition and subtraction. 

Ex. 1 . Solve x .ry= 24...(2) 

We have (,r — y)* = (.r +^) 2 — 4^ry =100 — 96 = 4. 

/, x—y='4z2. ^ Hence by addition and subtraction, 

and x+y=*io J 2.r = 12 or 8 and 2y = 8 or 12. 

/, ^ =*6 or 4 and j/ = 4 or 6. 

1 

Ex. 2 . Solve -r 2 +>' 2 = 65...(1), x+y — n...(2) 

We have (x — j/) 2 = 2{x l +jy 2 ) — (.f -fy) 2 = 130 — 121 = 9. 

/• x— y=±$ 1 Hence by addition and subtraction, 

and x+y=u J 2,r=i4 or 8 and 27=8 or 14. 

/, x**j or 4 and_y = 4 or 7. 

Ex. 3. Solve 3^—2y = 7...(i), xy — 20...(2) 

We have (3* +2/)* *(3*-2y) 2 +24^ = 49+ 480= 529. 

/. 3x-t-2y= ±23 "1 Hence by addition and subtraction, 

and 3# —2y= 7 J 6* = 30 or - 16 and 4 y~ 16 or — 30. 

% /. *=5 or —2^ and y = 4 or-7.^ 

v Exercise II. 


Solve the following equations :— 


1. JT 2 +^ 2 = 25 1 

2. 

2 (x-y) = u 1 

3 . 

x 2 +y 2 *= 25 1 

x+y~ 1 / 


;ry«=2o / 


3 

II 

H 4 

N 

4. x+y -*30 1 

5. 

X 2 —y* = 16 ) 

6. 

X * +J ,2 = 8s 1 

xy-* 224 J 


^r+j/es 8 J 


*y~ 42 j 
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i. x s +r=89 1 

*y=40 J 
10. 3j — 5 X — 1 ] 
* 7-2 J 

13. x~y= 10 | 
x i +/ z = i7$ J 


8. 2X+y = 7 I 

*y~i J 

11 . x -2y = 2 | 

xy -12 J 

14. .r - y = 1 o 1 
- v y — 39 j 


9. 2* + 3y = 23 1 

xy = 20 J 

12 . x'+yt^a? 1 

-t'+7 = ^ J 

15. xy — a 2 | 
x-y*~b J 


' 4. The solution of many other equations of a .more difficult 

nature can be made to depend on the solution of such Examples as 
are in the previous Articles. 

Ex. 1. Solve ,r ? ’+y* = 34K-.(i)> .v+y~ 1 ^..(2) 

Dividing (1) by (2) we get .r--.ry+y- = 31...(3) 

Squaring (2) x 1 + 2 xy+y l =* 121, 

Subtracting, - 3 -D = - 9 ° ; ^7 = 30. (4) 

Now, using (2) and (4) we get the required solutions, as in Art. 3. 
Thus x— 5 Or 6 and 9/ —6 or 5. 

O ther r rise thus :— 

Cubing (2), we have x ? +y* + 3 *y(' r +J') = 1331...(3) 

Substituting (j) and (2) in (3), we have 

3^x11 = 1331-341^990; xy = 30.(4) 

Now, proceed as above. 

Ex. 2. Solve .r 4 +^r‘y i + 9 ' 4 = 6si...(i), x l ~ xy+y z 

Dividing (1) by (2), we have x % +xy -hy 2 = 31 | 

and jr a — .ary + y ,J = 21 J 

Hence by addition and subtraction, we have 

2(**+jr*)-5* anc * 2 A>' a=sl ° 5 a' 2 +y = 26 and jry = 5. 

4 

Now, proceed as in Art. 3. • 

Thus we get at— 5 or 1, and y= 1 or 5. 

Ex. 3. Solve 4jry = 96 — ;r 2 y-...(j), x+ye*6...(2). 

From (1), we get ^y tJ + 4^ + 4= 3 96 + 4«= 100. 

Taking the sq. root, xy + 2= i 10, 

/. *y=±io-2 —8 or-12...(3) 

Now, using (2) and (3), we get the required solutions. 

Thus, x=»4 or 2 and_y = 2 or 4. 
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Ex. 4 . Solve x 2 + 3 *+y =73 —2.rj/.(1) 1 

j' 2 + 3r+x = 44 .( 2 ) J 

Adding (1) and (2), we get 

(x+y)*+4(x+.y)=t*7 ; 

{x +yf + 4(at + y ) + 4 = 117 + 4= 121. 

Taking the sq. root, (x +y) + 2 = + 11 ; 

/. x +y = — 2 ± 11 - 9 or — 13. 

'Taking the first value of x + y y we have x = g -y. 

\ 

Substituting the above in (2), we get 

y l + 3,y + 9 —y = 44 . or y 2 + 2y +1 = 36. 

Taking the sq. root, y+ 1 = + 6 ; /. y = — 1 + 6 = 5 or - 7. 

Hence a = 4 or 16. 


5 . The method of solving an equation will not be altered if 
instead of .r and v, their reciprocals \ jx and ijy occur throughout 
the equations. Thus, t 


Ex. 1 . Solve - + 1 = ,1.(i), ^+^ = ^...(2) 

^ y * i L ' 


X 


V 1 


Let ^ and ^ then the equations become 

A+B= £...(3), and ^ 2 + ^ = ^...( 4 \ 

Now, using (3) and '4), we shall get 
A = i or ;J and /> = ^ or 

Hence x = = 2 or 3 and j/= 3 or 2. 


Exercise III. 

* 


Solve the following equations :— 


1. .r” +y*= 1331 1 

2. 

X + >'= 12 ) 

3 . 

2 ' 3 -J/ 1 = 973 I 

X+y = 11 J 


;r s _|_^t = 2196 J 


^-J'= 7 j 

4 . x+y- n | 

5 . 

2T + y= 6 ) 

6. 

I 1 

x ? - +y”‘ =1001 J 


X* +J /S — 72 J 


x i —y 3 = 19 J 

7. .z’+y^jSt; 1 

8. 

,r + v =9 \ 

9 . 

.ar®+.*>'=a* ) 

x^y -1- xy 1 =180 J 


«T.r+ 9 >= 3 J 


jP+xy-^.P J 
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10. 

x^+x'y* +y»=i 33 j 

11. x* -y* = 9 1 

12. 

x+y~ 2 a 


x‘ l - xy +y l = 7 / 

.v -+xy +y 2 = 3 J 

J 

* 4 - y* = 2 a : ' + 6 a 
* 

13 . 

3 +3/® =407 | 14 . 

-x +/+-t'’+j/ 3 = 18 j 

16. 

x 2 +y 2 - 13 1 


x+y = 11 / 

- r y= 6 J 

2, 

11 

I 

* 

1 

16 . 

.tr 4 +x 2 y 2 +y* = 481 

7 - a: 4 + jtV j + j /4 * 931 

1 18 . -i ’ —y 1 — 124 


+xy + y 2 = 37 

f +.i/+i' 2 = 49 

J 

x-y- 4 

1 - 3 . 

1 I 1 1 1 

.r + y ~ 6 ’ x' i + j'- 

• 

CO ^ 

II 

3>1 

■ 

02 

_ 4X 
y 

, x-y-i. 

21. 

6(^+JK) = 5 .^ j 

22. 1 

X 

23 . 

1 + 1 - ■* > 

_ t 2 y 2 


1 1 

x s+ y 

I I 

•> •) 

* r 


xy = 20 

21. 

i+* = ' 1 + 1 = 

1 hi •> r 

X ). X* V 

yi'. 1 4. 1 — 

21 «»• ***■ r :j “ y/ ?. ~~ « 

« 1 

,4 V 

_ l =l 

J' “ 


6 . Homogeneous Equations. When both the equations 
art of the same degree and homogeneous with respect to a and y y 
in all those terms of it which involve r and y, put y — v: r, by means 
of which we may genet ally without difficulty obtain an equation 
involving v only, which being determined, x and y may then be 
found. 


Ex. 1 . Solve x s + 3.17 + 4y 2 =i4.(1) 

3.r* + 4.ry + $y»s=25. (2) 


Assume y — vx. 


Now substitute this value of y in both (1) and (2). 

* 

From (1), we have x\ 1 4- 37/ 4- 4z/ 2 ) = 14. (3) 1 

„ (2) „ JT*(3 + 47/+ 5 *“)'=25.(4) J 


Dividing (3) by (4), 


I 4- 3?' 4- 47/ 2 
34-4^ + $v* 


25 # 


Multiplying across and transposing, 

30z/ 2 4-i9^— 17=0, or (27/— 1X157/4- i7) = o. 

7/=i or -\l and y — \x or-};* 
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Using the value y = ix in (i), 
we have x 2 + %x z +x 2 —14 
/. 14 . .\ *=± 2 . 

Hence y— ± 1. 


Otherwise thus :— 


Using the value j/ = \x in (j), 
we have x* x l +'vf£x l = 14 

*5 

2 n/UU 


• • 2‘2 


- l S* 2 = 14 ; r ~ ± 


H encejy = + 


17 


2 %/(II) 


r v • • t 4 \ 1 , x + 3^7 + 4J 14 

Dividing (1) by (2), -.7 - - - — • 

. 3A‘ 2 + 4 -ry + S7 J 2 5 

Multiplying across, 25.1'“+ 75*7 + loov'- =42-1-+ 56*7 + 707*, 
/, 30^+ 19*7 — \ 7 x~ = o or zj'-.r .(j5^ 4 -17*) =0. 

/, 27 = .v and 157 c= — 1 7*, or y = l x or — \ lx. 

The work is now the same as given above. 


7 . Some Homogeneous Equations may easily be solved by other 
artifices than those illustrated above. 


Ex. 1 . Solve x z 4 - jxy = 22... (1 ), xy + 4y l — 42...(2) * 

Adding (1) and (2), wc have x ' 1 + 4.1 y + 4 y 2 — 64. 

Taking the sq. root x + 27= ±8...(3) * 

(i) Taking the upper sign, *=8-2 y ; Substituting this in (1), 
we have (8 — 2yf +3(8 — 27)7 — 22, or 64 - 87- 27* = 22. 

/. y j + 4y~ 21 =°, or (/~3J(^ + 7)^o. 

•\ y = 3 or-7. 

Hence .r = 8 — 2 y - 2 or 22. 

(ii) Taking the lower sign, * = -(8 + 2)/); substituting this in (1), 
we have (8 + 27 — 3(8 + 27 )y = 22, or 64 + 87 - 27* = 22. 

7- - 47 - 21 = o, or (7-7)0' + 3) = °- 
/. y ~7 or-3. 

• Hence * = - (8 + 27) = -22 or -2. 

Thus, we have the four solutions :— 
x = ± 2 or + 22,7 = ± 3 or + 7. 


Exercise IV. 

Solve the following equations :— 

1 . ^ + 2^ = 66 1 2 . A' 2 +7 2 = 34 | 3 . 32T 2 +jry = 68 ) 

x 2 -7* = 11 J * 2 — xy~ 10 J • 4/ 2 + 3^= 160 J 
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4. 

2X 2, + 3-r y = 26 


+ zxy = 39 

7 . 

3 * a - Ixy +y 2 ■- 


x 2 -y- + lxy-- 

9 . 

j«r a +jn/=8o 1 


yvy +y 2 = 52 J 

12. 

x- + yev + 39'" 


4 .r a + .n'+ 7* 

15 . 

5-l' 2 + 2J'" = 13 

A 

' 2 - xy + v = 3 

17 . 

2x 2 + 3 xy +/’ 1 


i) , 0 

5 x- + 4 y* 

19 . 

4 xy — x- — 15 


26 1 5 . x l — xy =6 1 
39 J 5 ^y + 4 V a = i 9 i 


0. ;r 2 + .rv = 8o 

* 

3 * 7 +; 

8 . - 4«rj' +_y a = 20 

2X 2 


;v = 8o 1 
i' 3 =• 52 J 


;r +y = 20 ) 

- 7v 2 = 4 J 


10. x 2 — jrj' =15 ) 11. 7.r'-' - 3/" = 1 ay 


jr a — jt r =15 ) 

y- - 2xy — 16 I 


^-ar =i °9 ) 

.r 2 4-.n' = 20 J 


13 . x l 4 - 4 '* v= 133 ) 

.17 + 4/-= 57 J 

16. 3* 3 -4*74-57 s *33 < 

4 x - — .37 = 1 o J 


14 . 41 2 —;n'=2 


xy —2 1 
xy 4- 1 \y L — 1 J 


(t\ F. a 1878) 


(c. F. a. 1892,. 


18 . 3 t ‘--4 xy =7 


39 V 4 


(C. F. A. 1890) 


20 . 


*“ 4 xy = 7 ) 

'-4r=5 J 

r^ 3 6 1 

' 2 = 105 J 


7.^-5^- 
4 -'y ~ 3 _> 


8 . An e\pi ess ion is said to be symmetrical with respect to x 
and 7, when these quantities aie similarly involved in it. Thus 

x 3 4 - x l y 2 +j>\ 5 vy + 7.1- 4 - 77 4 -1 and 3.r 4 - $xy - 5.17“ 4 - 3>' 4 

are symmetrical with respect to ,r and 7. 

9 . Symmetric Equations. When each of the two equations 
is symmetrical with icspect to x and 7, put u 4- v for x and 14 —for 7. 

Ex. 1 . Solve a r 4-7 2 = 18.17...(1), x+y= 12...(2) 

Put u 4*7' for .r, and // —7/forv ; 

then (1) becomes (u + vj* 4 -(w — 7//= i 8 (// 4 -?';(^- 7 '), 

or 4- 3^7/- = 9 (// 2 — 2/ 2 ).(3) 

and (2) becomes (r/ 4-7/) 4 - (.# — ?/) =12, whence // *= 6. 

Putting this for // in (3), we have 

2164-187^ = 9(36 — 7/*), whence 7/= ±2. 

Hence ,r = « 4- 7/ = 6 ± 2 = 8 or 4, and 7 = z/ - — 6 + 2 = 4 or 8. 

Ex. 2 . Solve .r4-7 = 3...(1), ^ 4 4-7 4 = 17...(2) 

Assume = 4 -v undy^u — v ; then from (1), we have 

*+7»2i* = 3 and /. u = \ .(3) 

From (2) (u + v)* + K u - v)*—17 or 2(// 4 4-6// 2 7/ a 4-7/ 4 )= 17. 
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4 . 

Substituting (3) in this and simplifying, vve get 
i6z' 4 + 2i6 , z/ y - 55 = 0, or i4z/ 2 — i)(4z/~+ 55)^0 ; 

•\ or~ -V, and ± .1 or± l : J( - 55). 

Hence x = J -t J = 2 or 1 and y= ; 4 - J * 1 or 2 ; &c. 

10 . Some equations though not symmettical with respect to \ 
and y may yet be solved by the preceding method. 

Ex. S. Solve = 1), .v 4 4-_y 4 = 7o6...(2). 

Assume x = u + v and y = u- v ; then from (1), we have 

x— y'=2v—2 and z/=i .(3) 

Krom (2) (u + i>Y + 'U-v)* = 7oi\ or 2 (# 4 4-fo/V 2 + z/ 4 ) == 706. 
Substituting z> in this and dividing by 2, we have 
// 4 + 6/r - 352 — 0, or (//- - 16; u + 22)-- o ; 

/, u L ~ 16 or -22 and /, u- ± 4 or-t 22). 

Hence .v= i4 + 1 — 5 or — 3 and j 7 — ±4- 1 = 3 or — 5. 


Exercise V. 


Solve the followin 

1 . X+y~J 2 ) 
x ? ' +j/ 3 = 1 8.ry j 

4 . .»-_>' = 4 ) 

.i :i — y s =124 J 


; equations : 

2. .1 + v = 6 

.r 4 -fr 4 = 1q.rV 2 

5 . x 4 - y — 5 ( 

a “ 4-3'* — 8 .t/ J 


3 . -V + j/ — 12 ) 

x* + y* = 2 \g() J 

6. x 4- y =8 | 

x * 4-^y 4 =1312 j 


II. THREE UNKNOWNS. 

11 The method of solution adop.ed in the following system of 
•equations is deserving of special notice. 

Ex. Solve yz -a 1 (1), zx = £ 2 ... 2), xy = c 2 ...(3). 

• Multiplying together, .rV 2 ^ 2 = a 1 Pc ' 1 ; 

Taking the sq. root, xyz = .(4) 

Dividing (4) by (i), we have or = ± — . 

/ 2 

Similarly, _y - + y and ± y. 

These results are very useful and should be committed to 
memory. Certain types of equations may be reduced to this system 
by suitable transformations, as the following examples will shew. 
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Ex. 1 . Solve x(y+z) = 80, y z+x) = 72, x(x+y)=s^ 

The equations may be written thus :— 

xy + xz=&o,...(i), yz+xy~ 72...(2), •c'.r-f y,sr= 56...(3) 

Adding and dividing by 2, we have 
yz * z« r+ iy=* 104.(4) 

Subtracting (1), (2) and (3) separately from (4), we get 
yz— 24 ; zx —32 and xy --48. 

Hence, using the method of the pieceding example, 
we get x— ±8 9 y— ±(> and z— ±4. 


v Ex. 2 . Solve (a +y)(x + z)= 56. (1) ^ 

(j'+=)(y+x) -77 .(2) | 

(-+-») “ \J') = S8 .(3) j 

rutting m, v and foi r + :r, .? + J and x+y respectively, the 
equations become 

7^=56, — 77 and // 7 '-- 88 . 

Therefore //= ± 11 , 7'~ 4 8 and 7w — 4 7* 

Hence y + z= 4 n, z+ v - 4-8 and .r +_y = 47.(4) 

Now adding and dividing by 2, we have 

x+y + z= 413 . (5) 

Subtracting (4) separately from (5-, we have 

x = 4 2, y = ± 5 and s = ± 6. 

" Ex. 3 . Solve .rv + 2(r +v)=* 20. (1) 'j 

s.r + 2(s + r) — 24.(2) J* 

J'- + 2(^ + ^ = 38.( 3 ) J 

Adding 4 to each of the given equations, we get 

(# + 2)(j + 2) - 24, 'J 4 2)(.r 4 2) = 28, ( y+ 2)(ir + 2) —42. 

Now, putting z/, 7/and 7£ for r + 2, 4 2 and r + 2 respectively, 
the equations become 

uv=- 24, 7 esu = 2& and 7/7^2=42. 

Therefore 2/ — ±4, v — ±6 and w— ±7 

Hence r = 2 or -6, jg = 4 or -8, z-s or - 9 - 


Ex. 4 . Solve xyz = V (- r +/) = 4{* + s') = V (y + z)- 


Here, 


x+y 

xyz 


= A- or — + 


1 

J- 






* 
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Similarly, - 1 - 4 - and — + = 

yz xy xz xy 

Adding and dividing by 2, we have 


* *' 


1 


1 


yz zx xy 



/. yz— 12, xr.r = 8 and xy=6. 

Hence x= ±2, y=* ±3 and z - ±4. 

12 . Next, consider the following system of equations , 
x +y + z = a, yz + zx 4 - xy = b, xyz = c. 

We have (x-x)(x—y)(x-z)=o, ( identically) 

or x* - (x +y 4 - z)x l 4 - (yz 4- zx 4 - xy)x - xyz - o. 

Now substituting in the above from the given equations 
x 3 - ax 1 4 \-bx — c—o. 

This equation may be solved by resolving the left side into 
factors, as the following example will shew. 


•• Ex. Solve x+y+z= 9.(1) ^ 

v yz+^zx+xy=26 .(2) 

xyz = 24.(3) J 

Proceeding as in the above Ait., we get 
x* - gx- 4 - 26 r - 24 « o 

or (jr-2)(.r-3)(.r-4' = o ; /, -r = 2, 3, or 4. 

Now from the nature of the question, each letter x, y, z may 
have any one of the three values, provided that the other two values 
are given to the other two letters ; 

/. * = 2, 3 or 4 ; y — 4 , 2 or 3 ; * = 3, 4 or 2. 


Exercise VI. 

5 >olve the following equations : — 

1 . x l yz = <z\ y r zx — s 3 ;ry = A 

o __ o * _j' __ s* 

A ys 2 " x*z*~ .rV’“ T ' A /V“ ?.r 2 ~ r * 

4 . xy+X+y*= 19, *£+■*• + £= 23, yz ±y+z = 29. 

- 5 . ar_y+io(jt+j) = 2 I, ^+I 0 (^ + 2 ’)= 32 , 2 T 0 +io(^ + ^) = 32. 
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6. xy + a(x + y) = xz + a(x + z) —yz + «(y + z) = 3 a 9 . 

• 7 . xyz = 2x + 2j/ + z = \( + 3j/ + 4Z) = }{6x + 15^ + 5^). 

8 . 5 * + 4 V + 3 s * 145 48 -ryj' \ 9. 3 ^- 4 v+7* — 0 

3* + 6>/ + 5# = qfoxys > 2.r —y — 2z= o 

A' + 2y 4 - 3s = 1 8xys J 3A* 8 — +# s = 18 

10. a(jj'+3 ') = 6, _y(ar+jr)=* 12, z(a +y) = 10. 

11 . A-Fy-k^ —.rvtf*6, yz + zx + xy =» 11. 

12. A l/A + l/ _y 4- I/- == 5, .ry* = 1 . 

13 . jr 4-V+.3'=23, jys-Fs'r 4 -.ry = 170, xys = 4po. 

14* *yar«i(*4-.y) ,s i(.V + *) = K*+*)- 

15 . .r( j/ 4 - 2 rJ “26, y 2'4 -a) — 50, JS^.r+jO ® 56. 

18 . a 3 +.ry + -rs = 18, _y 2 4-ry — 27, jar* + .rs 4 -jy* =»36. 



III. PROBLEMS PRODUCING SIMULTANEOUS 

QUADRATIC EQUATIONS. 


13 . The following are illustrative examples. 

Ex. 1 . The sum of two numbers is 14 and the sum of their 
cubes is 854. Find the numbers. 

Let r and y denote the numbers. 

By the question, x+y= 14 .(1), A 3 +y*=>854.(2). 

Dividing (2) by (1), .r* — xy 4 -_y 2 = 6l. 

But x 2 - xy 4 - y* = {x +y? - 3-ry ; 61 = 14 x 14 - 3jry, or 23/0. 45. 

Now, (.r-r) 3 =(t' + y) 2 ~4A>'= 14X 14-4x45= 16 ; 

/, a —y = ± 4 1 Hence by addt. and subtr., we get 
and * 4 - y = 14 j ^ = 9 or 5 and y = 5 or 9. 

Thus the numbers are 9 and 5. 


Ex. 2 . A dealer sold 60 bullocks and 80 sheep for Rs. 1060; 
but he sold 42 more sheep for Rs ,90 than he did bullocks for /fa.45. 
tfind the price of each. % 

Let a be the price of a bullock in rupees, 

and y .a sheep . 


Now, for Rs 90, he sells 


sheep, and for /fa.45, — bullock^?* 

y *x 


By the question, box 4 - Soy = 1060 




M. A. —38 
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From (i), 3r + 4 v*53 or x*=l(S 3 ~ 4 y)- 

From (2), Tpx-i4xy^\$y .(3) 

' Substituting the value of x in (3), we have 

iof 53 - 4 y) - Vy( 53 - iv) = 15 y, 

which reduces to 56/ 2 - 907/+ 1590 = 0 ; 

whence y — 2 or - 7 r Y- and *=15 or tS:c. 

Hence the price of a sheep is /vs.2, and of a bullock is Us. 15. 

/Ex. 3 . Find two numbers such, that their sum, product, and 
^ffference of tln*u squares may be all equal. 

Let x+y and x —y be the two numbers. 

Then their sum = 2.r, their product =x*-y 2 , 

and the difference of their squares — (x+y) s — (x—y) z =*4xy. 

By the question, 2 r = 4/ry.(1), 2x=x 1 —y~ .(2). 

From (1) y — \ ; and from (2) 2.1 =.t 2 — ; or 4.r v -8.1 -1=0. 

^=i(2± JSr 

Hence x+y— J(3± J$) and x — jy = .J(i A S fs) ate the numbers 
Required. 

Note. The above step in assuming the numbers should be noticed, as 
it simplifies much the solution of problems of this kind. 


Ex. 4 . In going a quarter of a mile along a straight road the 
hind wheel of a bicycle turns 11 times more than the front wheel. 
Had the front wheel been 3 inches longer in circumference than it 
actually is, the hind wheel would have turned 16 times more than the 
front wheel Find the circumference of each wheel. 

Let x be the circumference of the front wheel in feet, 
and y .... . hind wheel. 

Now, on the first supposition, the hind wheel makes —-turns 

and tne front wheel ~ turns, in going over ^ of a mile or 1320 ft. 

x 


.By the question, 




On the second supposition, the front wheel makes — ~ turns in 
• x + i 

going over £ of a mile. 


By the question, 


1320 

y 



1320 
x + i' 












SIMULTANEOUS QUADRATIC EQUATIONS. 


595 


Subtracting (2) from (1), we have 

1320 1320 1 1 1 

5 = ---or — — T = ~7— • 

x x+i x ar + j 264 

4;r 2 +,r —264 = 0, or (x - 8 '( 4 * + 33) = o. 

/. *-8 or - V- and .\ J' = 7 t or &c. 

Hence the circumferences are 8 ft. and 7* ft. 


Exercise VII. 

a 

1 . The product of two numbers is 63 and the difference of their 
squares 32. Find the numbers. 

2 . 'The difference of two numbers is 4, and the difference of 
their cubes is 316. Find the numbers. 

3 The sum of two numbers is 10 and the sum of their rubes is 
370. Find the numbers. 

4. Find two numbers whose sum is 32 and the sum of whose 
squares is 544. 

5 . A rectangular enclosure is half an acre in area, and its 
perimeter is 201 yards. Find the lengths of its sides. 

6 . * A labourer undertakes to carry a load a certain distance, 
agreeing to take 8a. for each maund moved one mile. He earns 
A'MO- 8?. and the distance in miles exceeds the number of maunds 
carried by 405 Find die load and the distance. 

7 . In a mixed number the integer is 98 times the ft action. 'The 
numerator of the fraction being unity, and its denominator less by 7 
than the integer, find the mixed number. 

8 . A man being asked his age, answered, ‘If you multiply my 
two digits together, the number formed will be my age 22 years ago, 
and if you add all the digits of the two ages you will have one-third 
of my present age’. How old is he ? 

9. The sum of two numbers is six times their difference^ and 
their product exceeds tw'ice their sum by 1 r. Find the numbers. 

10 . A and B gained by trading ffs.ioo. Half of A’s stock was 
less than B’s by /?.v. 100 ; and A’s gain was 5 : V,ths of B’s stock. What 
did each put into the stock, and what are the respective shares of 
the gain ? 

11 . What fraction will be increased by when unity is added 
to both numerator and denominator, and diminished by vj when 4 is 
subtracted from each of them ? 

12 . The sum of the three sides of a right-angled triangle is 12 
riches and their product is 60 cubic inches. Find the lengths of the 
sides. 
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13 . If one year be added to the tenth part of the sum of th« 
squares of the ages of two brothers, the total will be seven times .the 
difference between their ages ; and next ye*r the elder will be half as 
old again as the younger. What ate their ages ? (C. F. a. ib8i). 

14 . The fore-wheel of a carriage makes 20 more turns than the 
hind-wheel in 600 yards ; but if the circumference of each were 
increased by 5 yards, then the fore-wheel would make only J5 turns 
more than the hind-wheel in 900 yards. Find the circumference of 
each wheel. 

15 . The 'figures which express the pounds and the pence in a 
certain sum of money will change places if £2. \()s cjif. be added to 
it, and those which express the shillings and the pence would be 
interchanged by subtracting 2 s. 9^/. What alteration would be 
produced in the sum of money by interchanging the figures which 
express the pounds and shillings ? 

IV. GRAPHS OF ELLIPSES AND HYPERBOLAS. 

14 . The graph of - ^(<1* - **) is an Ellipse and that of - x 

a 

s/(x*-a l ) is a Hyperbola. (See Note). 

GRAPHS OF ELLIPSES. 

v Ex. 1 . Draw the graph of ^(144-9^). 

Let y = £ ^(144- 9 . 0 - 

For each value of x } there are two equal and opposite values of 
y. The values of x and y may be tabulated thus : — 

±4 
o 


The curve is symmetiical with respect 
to the axes of x and y , (as shewn in the 
annexed Fig.)' 




Here, OA = 4, OA'= -4, 
OB = 3 and OB = -3. 



GRAPHS OF ULLIPSKS. 


• 7)7 


# 2 . Draw the graph of 16 x e + Qv 2 — q6x - 72 y Hh 1 44 •=Q-‘ 

‘ " _— . . »^*^,»*-W** 

The equation may be written thus : 16(jr — 3) 2 - 4 -9<— 4)^«=* 144.. • 


The values of x and y can be easily tabulated 
and it can be easily seen that for real values of y , 
x must lie between o and 6 and for real values of 
x % y must lie between o and 8. The curve touches 
both the axes of x and y fas shewn in the annexed 

Vig-) 

p Here, AA f = 8 and BB' = 6. 

It is an ellipse whose major axis is vertical 
and minor axis horizontal. 
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Ex. 3 . Solve graphically 2 x 2 + x*+y*** 13...(2) 

The graph of (1) is an ellipse whose centre is the origin, semi¬ 
axis major *'(15) and semi-axis minor y/{io), the axis major being 
horizontal. The graph of (2) is a circle whose centre is the origin 
and radius ♦%/( 13). 

If the graphs be accurately drawn, it will be found (as in the 
Fig. beiow) that the values of x are ±3 and of y are ±2. 

Here, ON ^3, OM= -3, PN = QM = 2 , P'N = Q'M „ -2. 

The four points of intersection are P, P', Q and Q\ 
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N.B .—The unit of length here is equal to twice the length of a side 
of the square. 
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Exercise VIII. 


* 1 . Draw the graphs of 

(0 A v(36oo-2 5.r 2 ). -(2) ^(64 - 3* 3 ). (3) 

(4) SV(i25-.r a ). (5) 25.r* + i44^-50^-5767-2999=0, 

and determine graphically the limits between which x must lie in 
order that y may be real and vice versa. 


ye' 1 * 2 . Solve graphically the following equations : 


^ (1) 3- r * + 4 V 2 =» 19 \ 

4.v 3 + 5^ 8 = 24 J 

'/ f 4 ) 2^+3 j/= 12 1 
3 ^ 3 + 4 _v s =43 J 


f (2) 16a 2 4-2 57 s = 400 


(5) J ,ss 3 - r + 4 


-400 } 
- 25 J 


' 2 = 120 y 
^=204 j 


'*3*+ 4 \ 

' 2==: 35 — 2.t 2 J 


(3) * # + 5 V*= !20 

2.t 2 -f y 

(6) y*=2x + 3 > 

x 1 +y s - 6 x -Sy-=o J 


JV 

.r + 5 j (8) x s +_y 2 —36 ) (9) /=a 2 ) 

2.r a + 3y 3 -ior= 19 j 3v 2 +4_)/ J — 8y = 96 J 2;c 2 +3^ = 35 j 

(10) .X s -y- 2 , 4-V 2 +y- = 20 . 


(?) 2y = .r 4-5 

.3 


GRAPHS OF HYPERBOLAS. 

Ex. 1. Draw the graph of J v /(.r 2 - 16). 

Let y = * J{x*~ 16). 

For each value of .r, there are two equal and opposite values of 
y ; v can have no va ue between 4 and -4 for real values of y. The 
curve is symmetrical with respect to the axes of x and^. 

The values of .r and y may be tabulated thus :— 


X 

4-4 

±5 

±6 

; 

CO 

• • • 

y 

— 

0 

4 .’~ 
-- 4 

±•5 v'5 

± 3 J 3 \ 

• • • 



As x increases, y increases. When x is infinitely large, y is 
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infinitely large. The curve extends to infinity on both sides* of the 
axis of j/, (as shewn in the Fig. above.) 

It is a hyperbola whose transverse semi-axis is 4 and conjugate 
semi-axis 3. 

Ex. 2 . Draw the graph of 6.r+ S/=V * 


The equation may be written 
thus 

(■*■- 3 )*-O'- 4 ) a = 25 - 

Tiie curve is a rectangul ar hy- 
perbol 1 whose centre is the point 
(3, 4; x can have no value bet¬ 
ween 8 and -2 for real values of 
(as shewn in the annexed Fig.) 



Ex. 3 . Solve graphically ;'~2.r + j...(1), y l -2** = 23....(2). 

The graph of (1) is a straight line and that of (2) is a hyperbola 
4>f which the transverse axis is vertical. To solve the two equations 
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graphically is to find practically the co-ordinates of the points of 
intersection of these two curves. The Fig. above gives the graphical 
solution. 

P and Q are the points of intersection. It will be found that 
the abscissa of P is i and of Q is - 7, and the ordinate of P is 5 and 
that of Q - 11. 

Exercise IX. 

1 . Draw the graphs of 

(1) |‘✓(x a -36). v (2) 36. (3) y-5* a =i6. 

. j ,* 

(4) x*-y 2 - 12X+ i6y=o. [ J 2 -+ WjzS m ' 

2 . Solve the following equations graphically; — 

5s(l) y=2x ) (2) 2_y = .r + 5 ) (3) x*+y 2 =41 1 

^ / x 2 —y l — 36 J y' 1 - 2 x i = 64 j 2 J 

,^4) 2* ? +/ = 57 ) (5) ^=2A- + 3 | (6) y+i = 2x > 

3^-4/= -52 J 2y*-$x*+6x=o J y 2 - 3-v* = 1 ) 


V. MISCELLANEOUS GRAPHS OP THE SECOND 

DEGREE. 


15 . The following are illustrative examples. 

Ex. 1 . Draw the graph of ——. 

r x+i 

Let y = —7— ; then yU+i) = i. 

^ jr+i 

•If the origin be transferred to the point ( — i, o\ the equation 
becomes xy= l, which is a rectangular hyperbola, having the new 

axes for asympiotes. ' 

\ 

The values of x and y may be tabulated for the original equa¬ 
tion thus — - 
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The annexed Fig. represents the 
graph. Here, the lines O'X and O Y' 
are the asymptotes, t.e. the straight lines 
which touch the curve at infinity. 



Ex. 2 . Draw the graph of x + 'Jy=\. 

The equation may be written in the form 

(x + i) 2 = 4-rr > which shews that when .r=o, j/=i, i ; 

and when y = o, x= i, i. The curve therefore touches both the axes 
at the points (j,o) and (o,i). It is a parabola, because the terms 
of the secamd degree form a perfect square. 

By tabulating the values of x andj', 
it will be found that the annexed Fig. re¬ 
presents the graph. 


Here, OA = i, OB-i. The line drawn 
through O bisecting the angle AOB is the 
axis of the parabola. The line AB is the 
latus rectum. 



Note. The student who knows the properties of the parabola will 
easily understand these. The unit of length here is equal to twice the side 
of a square. 


Exercise X. 


1 . Draw the graphs of 


(i) 


X + 2 


(5) = 


X* + 2 


X+l 




x - I 
(6) y.- 


(3) 


* + 3 


+ 2 




X + 2 

• r + 3 


( 7 ) x 2 -ixy+y 2 -6(x+v)+<)*ao. 
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2 .‘ Solve the following equations graphically :— 

CO y=x+ 1 (2) y = ix 1 

y( 2 jr + l)-=i J x 2 ~ 2 xy+y z - 8(^+_y) + l6=>o J 

( 3 ) x-y = 2 ,i + *=i (4) +y = 5, — ;=?• 

■* ^ . x y 

(5) y*-2)—i, ^+y = io. (6) 2* 8 + 3J'* = 5- 

i 3 . Trace graphically the changes in the sign and magnitude 
of the following expressions as x increases from minus to /lus 
infinity 


(1) 2 **- 3 ;r + 5 . ( 2 ) 3 *- 4 * 2 + io. 

(3) i 3 /!*-li¬ 

( 4 )*+~- ( 5 ) 

25**+ 20*- 86 

30^-87 

ft) ^- 3)( - r - 
JT -3 

4 . Plot the graphs of 



(’) X * ■ (2) ^- 

( 3 ) f. ■ 

4)Ip • 


( 7 ) i-J. 

(8) — 

7 I 


5 . Draw the graphs of the circle x l + j' a = 9 and of the straight 
lihes 3**47/= 12, 3**4^= 15, and 3*+4j/= 18 ; and shew that the 
circle meets the first in two real points, the third in no real points, 
and that it touches the second. 





ANSWERS 



Ex. I. 

• 

(P- 4). 

1 . 

(i) So. 

(2) 80. (3) 280. 

(4) 41. (s) 18. (6) 14. 


( 7 ) 6- 

(8) ' 31 . • 


2. 

(i) IO. 

(2) 44. (3) 58. 

(4) 12. (5) 5. (6) 7. 


( 7 ) 33 - 

(8) 14 - 


3. 

'(i) 4 - 

(2) 30. (3) 2. 

(4) 4- (5) *•' (6) 3 - 


(7) 2. 

(8) 6. (9) 16. 


4. 

(i) -8. 

(2) 1. (3) 106. 

(4) -t- (5) -178. (6) 192. 

5 . 

(x) i8. 

(2) 42. (3) 8. 

( 4 ) 41 - (5) - 25 - 


(6) 78. 

(7) 8. (8) 6. 

6- 1. 



Ex. II. (pp. 6-7). 

1 . 

(l) 2880. 

(2) 17496. (3) 4800. (4) 4032 


(5) 238., 

(6; 41328 

. (7) 486. 

2. 

(1) 94 - 

(2) 89. (3) -64. 

(4) 16. (5) 1. (6) 7. 


( 7 ) 3 - 

(8) 385 . ( 9 ) 49 - 

(10) iv 

3. 

264! 4. 

3t- 5. (1) - 73 - 

(2) 16. (3) 5. (4) n£ 



Ex. III. 

(P- 8). 

1 . 

(i) 9 - 

(2) 1. 

(3) 4- (4) 6. - (5) 12. 


(6) 40. 

(7) 24. 

(8) 6. (9) 2. 

2. 

(1) 3 °- 

(2) 1312. 

(3) 2040. (4) 17424 


(5) 225. 

(6) 397 - 

(7) x x20. (8) 750. 

3. 

(1) 9 - 

(2) 11. 

(3) 20. 4. 467O. 

5 . 

(1) 46. 

(2) 24. 

(3) 7200. 



Ex. IV. (pp. 9-10). 

1. 

(1) 3 °- 

(2) 80. (3) 600. (4) 9- • (5) 25. 


(6) 11. 

( 7 ) 4 - 


2. 

(1) 21. 

(2) 22. (3) 7. ( 4 ) 13 . ( 5 ) IS- (6) 4 - 

a 

(1) 35 - 

(2) 10. 4. 6. 

5 . (1) 14. (2) 25. 



EX. V. (pp. 12-14). 

l. 

9 ; 27 ; 81 

; 81 ; 6 ; 0 ; 1. 

2. 12 ; o; 144 ; 30 ; 72. 

a 

486 ; 0 ; 2916. 

- 

4. 

(1) 6}. . 

(2) (3) 2o|i. (4) 6£. {5) 23 

5 . 

88. 6 .. 

128. 7 . (1) 2301. 

(2) 53 tV ( 3 ) ( 4 ) * 4 2 ri* 
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8. 

(0 3 - 

(2) 6f 

(3) 146. 

( 4 ) 55 - 

(. 5 ) jo- 

(6) 6, 

• 

( 7 ) 5 * 

(8) *- . 

(9) i- 

(10) «• 

(11) 2. 

(12) 1- 

9 . 

(1) 8. 

(7) 2. 

(2) 3 - 
(8) 1. 

(3) 27. 

(4) 125. 

(S) 64. 

(6) 3 - 

10. 

(1) 8. 

(2) 120. 

( 3 ) 4 - 

( 4 ) 384- 


11. 0 

12. 

O. 

13 . 0. 

14 . 3 exponent and 4 coefficient . 

15 . 0 


Ex. VI. (pp. 15-16). 

1 . x—y. 2 . x~$. 3 . 64^ + 4 y+z. 4 . £ + 1 ; x-i. 

5 . x~y. V 6 . a + b . 7 . (i) 160. (ii) 192a. (iii) 640. 

(iv) 40. (v) 8a. 8. (i) 3 b. (ii) 36 b. 

9. (i) b/12. (ii) <5/36. 10. ax. 11. *-13. 12. 13-^. 

13 . 2X ; 128*. 14 . 5/a; 100/0. 15 . 1920+12& 

16 . *7; a/y. 17 . .v/r. 18 . (i) 3 ^- (ii) (iii) «w- 

19 - 144a. 20. ax + by. 21. (1) (x+y)!z. (2) 5s s (x —y). 

(3) <6a R -.r 4 )r 2 . (4) (a , + / 3 )/(« + #-rf). (5) (a + £) 2 (c-rf). 

22 . 4^ ; 3^V ; i}-a^ ; <*.r 3 ; a 2 . 23 . The sum of ab and ac 

24 . a + a + a ; 0.0.0. 25 . (i) 7 - (ii) 9* (iii) ?• 

Ex. VII. (pp. 18-19). 

1. -12. 2 . -12; 12; 8. 3 . -120. 4 . (i) --15. (ii) 15. 

5 . (i) 15 miles, (ii) —15 miles. 6. 4-45- 7 . 35 seers. 

8. 50 years ; 30 years. 9 . 9 inches. 10. - 10. 

Ex. VIII. (p. 20). 

1 . 9. 2 . -15. 3 . -7 4 . - 2x . 5 . 50-4c. 

6 . 50 s + 4 ab — b\ „ 7. 9 a 2 -7 a. 8 . — 1 i.r y + 6 . 

% 

Ex. IX. (pp. 21-22). 

1.. - 8 ; - 58. 2. - 202 ; - 780. 3. - 304. t 

4 . ( 1 ) - 31 - (2) - 8 - (3) ~5t- 5. -33. 8. ( 1 ) 24. (2) -ix. 

7 . 6. 8 . 6 , 2, o, <b, 2, 6. 9 . - 10, - 15, -13, -8, 11, 1 li, 286. 

12 . \i) 1640. (2) £. (3* -1560. 

Ex. X. (p. 23). 

1 . 24a. 2 . 27-r. 3 . 2 lab. 4 . 23a 2 /}. 5 . -24* 

0. -35a. 7 . 3^. 8. o. 9 . 1 oa. 10 . -2 ab 

Jl. 10 abc. 12 . -6 a'b % . 13 . JaW. 14 . 14 abK 15 . o. 

10. -7 17 . o. 18 . 4«x. 19 . -3a 2 . 20 . o. 
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• in 

Ex. XI. (p. 24 ). 

a - 3b + $c + 6 d- yx. 2. 9 x' l y l - yfly + 5*y - 6 xy\ 

5 cPb - - 5^ + 4 ^ s . 4. 2 >r — 3 « ? + 20* - 50 4 . 

— 5a 6 + 290*^ 4- 40^* — ytdb * — 3^ 4 — 7^'\ 


Ex. XII. (pp. 25 26). 


1. 

i8.r +15 v. 



2 . 

__ n 

5 a + 1 2b. 3 . 

0. 

4 . a4~b4“c. 

5 . 


8c. 


6 

15a + 3b - 6c + 6d. 


7. 6by-jcs. 

8. 

23a 2 — 26tf/>+ I, 

4 i 2 . 



9. 14^-9^ 

+ \oz- 

-12. 

10. 

440^ -cd- 

6 c 2 . 




11 . s x " + S ox 'y - 1 A x f l + 47 s - 

12. 

22X — 5-i^/ + 3,r ,; 

> 2 . 



13 . 2i^,r + 7a.r 2 . 


14 . 

2.r z + 2y z + 

2^ 2 . 




15 - 6ax % — 42 > a z x. 


16 . 

— 1 2ti l b 2, + 

14a bed. 



17 . 6 abc. 


18 . 28**. 


• 



Ex. XIII. (pp. 26 - 27 ). 



1. 

- (rt - /;). 


2 . 

5 («- 

b)x*. 

3 . 9(.r 3 +y t ) - s ab(x ? -y 2 ). 

4 . 

1 IO. 


6. 

\lx‘K 


6. - s-ry. 

7 . -80*#. 

8. 

<*+ 3 * „ 


9. 

x‘i + 4 

.t 3 . 

10. \aH>- 

+ ab. 






Ex 

. XIV. (p. 28 ). 



1. 

> 

5 a. 

2 . 

— 4 ab. 

3 . 

i^ab. 4 . 

7 xy. 

5 . 2 o£. 

6 . 

- ya 2 b. 

7 . 

4 a. 


8 . 

• 

\ 

« 

n 

1 

9 . 

I80.V 2 . 

10. 

— 2a. 

11. 

•» 

r. 

12. 

a — b. 

13 . 

2a - 3 < 5 . 

14 . 

2bcd— rt/ 5 r. 




15 . 

3 a 2 - 3b 9 . 

16. 

a — b — c. 

17 . 

3o.r+ 0. 




18 . 

3 ax + 20. 

19 . 

x —y — a — b. 

20. 

2b- c. 




21. 

-3 y- 

22. 

— 0 2 + 4 £* + 2£*. 

23 . 

4X 1 — 2 ax — 

3. 



24 . 

- 2 b -c. 

25 . 

-* 2 + J4.r —12. 





Ex. XV. (p. 29 ). 



1. 

a- 3 b + 3c. 



2. 

2 a 2 

— 20 — 4. 

3 . - 

- 2 jt 2 — 7 ^y + 

4 . 

4 &x - 9 <Jy 4 

• 1CZ 

» 

5. 

• 

5* 1 

5 - 5 ^+ 5 - 

6 . - 

- 2<* 2 + ab — 2 b 2 . 

7 : 

o 2 — 3 ^ 4. 19 ^ - 

- 1. 



8 - x' — Gx^y 4 

1 ixy* ■ 

-zy*. 


9 . — 1301 + 11 ^ + 3^*. 10 . 20 s -fio 2 £ + i4o^ 2 —4^ + 2 

11. 70 2 - 30 + 4b 9 - lab + 2f a - 6 bc ; 8o 2 ^ + 2 t*+xy. 

12 . — .r 3 - 6;r 2 y — 2y z + 6 — — 4y 3 ; — 2.r 2 — 9.1^ + \y % . 

13 . 3* 2 + 13-ry —y % - 16 xg ~l$yz ; 2.* 2 + 1 2 xs - 5^* , 

14 . 3a 4 — a* - 140+14. 15 . o — ni — 3<:-2rf+4<?. 

16 . — 5^ 2 — 1 gg % +2 5/^. 17 . - 3/*V- 18 . x*+x^+j^*. 

19 . — 8;r+9.r a —3** 20 . 30 4 — 40^ - 4O0 3 + 2^ 4 . 

21. 3?* — 6p0+? 2 - 22. o 2 + o a £ + 8o 2 £ 2 — 2. 

23 . 5a+£-6£. 24 . - 2 x\ 25 . a+ 3 +£. 
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1 . 

3 . 

5 . 

7 . 

8 . 


Ex. XVI. (p. 30). 

ia{x-y). 2 . - 2{a - b)(x -y) + ?{x +y)b 2 . 

— 2{a + b) 2 +x{a i ->rb 2 )+2x\a + b). 4 . - \abc +j* a*b — fa*. 

Vn't 2 + + ziA'b-. 6- 4a 2 b 2 {a — b)~ i6x 2 y“{a 2 + b 2 ) + 9 ab(a* — b z ). 

-}x'y + * x 2 ys + \xy-2 + 1*. 

— abc- s r--R-x 2 y > s 1 + l{a - b). 9 . -a + b-c. 


Ex. XVII. (p. 32 ). 


1. 

5^-4 b. 

2. .r+^y. 

3. 2 x-y. 

4. 14 — 5^r- 

5. 

— 2(1 4* 11 

6. 2tf -2b + 3c. 

7. —2X + $y-2Z. 

8. 

— x — 6y. 

9. 4«~4T. 


10. 4a s - 4a 2 c. 

11. 

0 _ 9 _ 0 

-3*"* 

12. 2a.r 2 

1 4- 2 by' 2 4- 2 cz L . 

13. 18 x 2 -y\ 

14. 

-9^+ 14^. 

15. 5^- 

- 11 d l b 4- /A 




Ex. XVIII. (p. 33). 


1. 

3' z “ 3^* 

2. 2^4-36*. 

3. 6 a — 3^. 

4. 6 x-y. 

5. 

- 3/5‘ 2 4- 3c 2 . 

6. 2^4-4^ 2 . 

7. 0. 

8. -3x-y + 4z. 

9. 

3a ~ 2b. 

10. b — c. 

11. x-\-y-z. 

12. a: 

13. 

a. 

14. -4^4*4^- 

15. iitf-153. 

16. — x —y — m — n . 

17. 

2a. 

18. -3^ + 3^ 

19. 4 4-103. 

20. 65^-33 y. 

21. 

Sx - \y - z. 

22. 2X -y ; o. 





Ex. XIX. 

(pp. 34-35). 


1. 

(5^-4c-3«) 

; -(3«- $b+ 4 c). 


2. 

(2 a + b — c) 

; - (a — b 4 - c — 2 

)• 


3 . 

(2rt + 3 b~ 4 c~ 

■5) ; -(5-2 a- 

3 b + Ac )- 

• 

4. 

( 3 x- 2 y) + (sz + a ) + ( 3 b- 2 c ) ; 

; (3-r - zy + 5s-) + {a + 3b - 2c). 

5. 

( 2 «- 3 ^) + ( 4 f 

-2d)-(e-s) ; 

(2 a -3b + 4 c) - (2 d+e- 5). 


6- (a' 1 + 2a A ) ~ (3a? - 5rt 2 )-(3«+ 1) ; (a^ + za* - yt s ) + ($(i 2 - 3a- 1). 

7 . (4a 2 + 5 b % ) - (3 C 2 + 2.r 2 ) - (3y 2 - 2s 2 ) ; (4a 2 +5 b 2 - 3 c 1 ) 

-(2x 2 + 3y 2 -2z 2 ). 

8. ‘ -(5«-2f)-(3</+2^)-(>/-3Jir) ; -( 5 a- 2 c + 3a)-(2z+y-3X ).* 

9 . ~{3x 2 + 2y l )-{$s\ + a)+(2b-3c); - (3X 2 + 2y* + ijz 2 ) 

> — (a — 2b 4 - 3c). 

10 . { 3X-(2y-sz)} + {a + (3b-2c )}. 

11 . {2a-(3b~4c))-{2d + (r-s)). 

12. {a 6 + (2a 4 — 3a 2 )} + {5a 2 — (3d + 1)}. 

13 . {4a 2 + ( 5 ^ 2 - 3c 2 )} - <2.r 2 + (3 y* - 2Z 2 )). 

14 . -{Sa-(2c-3d)}-{2z + (y-3x)\. 

15. - (3* 2 + (2_>< s + 5s- 2 )} - {a - (2 b - 3c)). 

16 - (a-b + c)i? — (b-c + d)x 2 -(c+d+e)x. 



ANSWERS. 


JJ 7 . ax s + ( 5 &- 2 )x t — {a — 3 &- 4 )x. 

18- — 3* s + (13^ ~ 3)- rS - (3^ ~ 6).r. 

19. — (^ab — 3) r ft — (3a& + 3)^ + (3a — 2c l )x 2 . * 

20 . (a 2 - 5 b)x % - (3^ -6j.v- + (4a - 2 )x. 

.21. 2 (ax —by). 22. z{a+b)x“. 23 . (3^—/ — \)x^ + (b-2)x' i -rx. 

24 . 2 (ax+cy) •, 2b[x+y). 25 . {a-\-/>)x i — {b-g)x‘ i -(r- i)x. 


Ex. XX. (p. 39). 


1. 

-6. 2. 

> 5 - 

3 . -48. 

4.360. 

5 . 216. 6. -216. 

7 . 

‘ 48. 8. 

-162. 9 . -34. 

10.1. 

11. 98. 

12. 

3- 13 . 

67. 

14 . 0. 

15 . 13. 

16 - -32. 

17 . 

9- 18 . 

2 . 

19 . (i)-6. 

(0 36. 

( 3 ) - 72 . 


( 4 ) -MO'S- 


( 5 ) 16. 

30 . A- 





Ex. XXI. (p. 40 ). 


1. 

28 ab. 

2. 

— bar. 

3 . 15^. 

4 . \oabcd. 

5 . 

12 air 2 . 

6. 

- 

7 . - r 

8. -i5aW. 

9 . 

-18a W. 

10. 

26.V j/*ir s . 

11. abx\v A . 

12. -*y. 

13 . 


14 . 

•) *> 

2^*ra"T. 

15 . — mnxK 

16 . I2a^ 4 . 

17 . 

— 36 oPb(?d. 

18 . 

— 36a 7 i 3 . 

19 . — 6 oa*b'-’cx*y. 20 . 216.rV 4 . 

21. 

— 42 ^ U . 

22. 

i6xV. 

23 . 81 a 4 . 

24 - I 44 *V- 

25 . 

21 6aW. 

26 . 

— 729a 12 . 

27 - 4 ^V* 8 - 

28 . 81 aW. 

29 . 



30 . — 8 <i r, 3 *. 

31 . 8ia"£ s . 

32 . —a 14 . 

33 . 

-<i u . 

34 . -«V. 

35 . 6 oa A b ? c a . 





Ex. XXII. (p. 41 ). 


1. 

4a 2 + i2a^. 


2. a,r 2 

+ yixyz . 

3 . 24X+18J/. 

4 . 

— 2 abx 2 — 6 by‘ 2 z. 

5. a 3 b* 

1 - a/>V 3 . 

6- — 9a 2 x — Gab 

7. 

12;r'y‘ J £' -f bxy 3 z 2 . 

8. 1 $a*b 3 d" 4- 2 o<i 2 c z d A . 

9 . 

ga 3 b 1 — 6/iV/ 2 

— 21#'^. 

10 . 4 a*-Ga*b- 4 *W- 

11 . 

;r s - .r 2 y + 

,2 

■ 


12 . — + (i l x l — 


13 . —abx 3 + a-bx l — nb' l x. 14 . - x 4 y + 3 t- V 2 - 3x 2 j' s - xy i 

15 . - 3 a 4 b - 1 2a b’ i + ( )d 2 b' + 3 ab*. 16 . 5a 4 - r5 a-b' c 1 +10 a~b 2 c 4 d. 

17 . 48 a 4 b 4 c. 18 . 16 x 9 y 6 . 19 . 240 x^z 6 . 

20. 42 a*b i x*y r, g. 21. 12^V J — 34b' 2 c* + 32C\ 

22 . bx 2 y- — xy :i — 1 2 :y\ 23 . 2x 4 — yix 7, — a 4 . 24 . a a — &b n . 

25 . -4rt 4 + i6a 2 ^-4a^-8 b*. 

Ex. XXIII. (pp. 43 - 44 ). 

1 . x* + 7x — 7$. 2 . x 2 4 - 8 x + 15. 3 . x 2 + 2x —15. 

4 . x 2 - 2 x-i$. 5 . 2a 2 + $ab - ib'i 0 . 2 oa 2 + 2$ab+66 2 . 



(VI • 


MATRICULATION ALGEBRA. 


7. • 2 cr* 4- qab + 3 d 2 . 8. zac — be — 6 ad + $bd. 9. 6a' 2 + 1 yey 4- byi. 

10. 6 a 2 b 2 - ab % — I2^ 4 . 11. a 3 4-j/ 3 . 12. a 3 4-6a 2 4-7A — 6. 

13. a 8 - 6a 2 + 1 Ur — 6. 14. a 4 - 16 yi 15. 6a 4 - 96. 

16. 18a 4 - 1 7 dir 2 + 4a 4 . 17. 1 oa g — 19 x*y 4- 13A 2 /* - qyi 

18. 8 xx 4 —y 4 . 19. a" + 32 b b . 20. a n -:r°. 

21. a* — 4 ^+I 2 &T+ 9 A 22. « 4 4-* 8 — 2 a 2 4 - 30 - 1 ; rt 4 -a 3 — 8a s + a+i. 
23. a 4 -- 4#^ 4- 3 a 4 . 24. a 0 - a 0 . 

25. 2A 6 —9A r, 4-2IA 8 —A -2 —6 a 4*3- 26- a 6 + 2tf s £ 3 4* £ G - 

27. x* 4* 2 aa 3 + 3<2 V 4 - 2 « 3 a 4 - 8 a*. 

28 . 6a 6 - 3 a 6 — 4 a 4 4- a 3 4- 5 a 2 - 6a - 15. 

29- 27 rt 8 + £ 3 4 - 8 - i8ab. 30. d - b* 4- c 2 4- 3abc. 

31. a 3 — 8£ 3 — 27^“ iSabc. 32 . 25a 6 4- i6a — 64. 

33. 3 < 2 5 - 8 tf 4 £ 4 -11 db 2 — 9 a 2 A 3 4 - 4 a <$ 4 — £ 8 . 

34. 27^4-8^4-^’ -i 8 a 4 <-. 

35. 6 ^ 6 - 17 < 2 4 ^+ 22 a 3 ^ 2 — 27 a 1 b' 4 - yzab* — 21 £ 5 . 

36. 4* 4 a 4 - 3 a 3 - 20 a 2 4- 18 . 37. a r, ~ 4 ia- 120 . 

38 . a° 1. 39 . 4x ti - 5a 6 4- 8a 4 - 1 oa 3 - 8a 2 - 5A - 4. 

40. 1 4- 2 a 2 — 7 a 4 — 1 6 a 8 . 41. d z b~-a'c^bW+cW. 

42. a 4 —2a 2 £ 2 4-£ 4 4-4 <*&* 2 — c 4 . 43. 14 -at 2 — a 4 -a g . 

44. 4 ; o. 45. — 138 ; - 60 . 46. o ; o. 

Ex. XXIV. (p. 45). 

1. x 2 — (a4 -6 )x 4- ab. 2. a 3 — (a — b)x — ah. 3. a 3 4 -{a — b)x — ab m 

4. a 3 — {a 4- *t)a 2 4- 4 - £)a — be ; a 4 — (#- — b 4 - c) x 2 4- a{b 4 - c)x - be. 

5. a 2 — amx — 20i*x a + 3?nnx 3 — n 2 x* ; 

a 2 + a{ 7n 4 - 2 n)x — \a{m+n) — 2mn J.v 2 — (m 2 4 - 2 »‘-)a 3 4 - ninx*. 

6 . A 3 4- (0 + £ 4- c)a 2 4 - (<?£ 4- ac 4 * be)x 4- abc ; A 4 - (d J 4- b 2 )x l 4- d l b 2 . 

7. (m 4- n)x * + (m 2 4- 2 tnn 4- n 2 - 1 )a 3 4 - (2 m l n 4- zmtP - m - «)a 3 

4- (tti 4- n — 2mn)x - 1 . 

8 . a 3 — fix* 4 - qx — a 3 4- a 2 p — aq. 

9. 4 i — (a- 1 )a-(<z-£ 4-1 ).r 2 4- (a + ^ - ^)a 8 - (H 4 - a'*’. 

10. ax 4 - (a 4- £)a 3 4- (a 4- £ f c)a 2 - (^ 4* c)a + c . 

11 . b-ap + q. 12 . ac-b 2 . 

13. :< a 3 — « 2 (£ -c + d )x 2 y — (rtfo - <z<W 4 - acd)xy 2 4 - bcdjy*. 

14. 4 A 4 4- 6 {m — /iJa 1 — ( 4 tn* 4- 9 mn 4- 4 ti 2 )x % 4- 6 mn(m - n)x 4- 4 m*n\ 

15. a? — ( 2 a 2 4 * 2 b 2 4- ab) a 3 4 - (# 4 4- 4 - 4- ab 3 4- £ 4 )a — d l b\a 4- b). 

Ex. XXV. (p. 46). 

1. 2. 3. -$*a 6 . 4. 

5. -|a 4 £ fl A 6. ¥ TA 2 y 3 . 7. - $ 7 ?y * - %x 2 y 1 4 - foxys*. 

8 . 3«*a 4- 8 i 2 a - 9 ^ Z A. 



ANSWERS. 


0. - 4- *rtW*y -1 ia'Wxy 4 \\\ab 4 xy 4 . 

10. + -2« , + Jtf 7 *-Ia«3*-3^. 

11 - JaW. 12 -V'*W*- 13 . -rlfo^ T . 

14 . 2a 6 - tf 4 0 - ia*6 2 4 -V-« 8 ^ s - 15 . iJifl 4 T V-f'tV - **xy 2 - i/ s * 

16 . ^-VY^ + S^+A^-^- 17 . 'ia*+2<i*+$. 

18 . ^ 4 +y. 19 . fx^Sx'+^-Y-^ + l- 

20. i - i* 2 + £a s - 4 

Ex. XXVI. (pp. 46 - 47 ). 

1 . , tfi — a b x - a 4 x a 4 (vx 4 4 ax u — x fl . 2 . 4-f 4 4 4tf.tr M 4 tf s x 2 — a 4 . 

3 . x 4 - 1 ox 2 4 9. 4 . x"' 4 • (tf 4 £ 4 £)-t 2 4 4 * ac 4- b£)x 4 tfAr. 

5 . /* 10 4 a* 4 1. 6. a 4 — 5tf 3 ^ 2 4 - 4A 4 . 7 . tf 8 4 “ a 4 b 4 4 “ A®. 

8- a 4 4-ioa s 4-35a“’+50^4-24. 9 . ;r 4 — 5# 2 .r 2 4 4a *. 

10 - m 4 x 4 - \yn % ri l x l y l + 36.V 4 / 4 . 11 . x H ~ i6j/ H . 

Ex. XXVII. (p. 48 ). 

1 . 6x 8 - 2 5/tr 2 4 * 2&x — 49. 2 . 12jtr 3 +x 2 -25. 3 . 2X 4 - 5x® 4x 2 - 

4. x 4 — 6x 2 — 1 6 a: -^15. 5 . 27tf 3 4 8 A 6. x 8 — Sj/ 8 . 

7 . 4 * s, + 3-** 4 — 23.^4-25X 2 — 14x4-4 ; l6„r ft —32x 4 435x' ? — 23x 2 49x —2. 

8. 5* 0 - 1 ix* + 2ix 4 — I3x*4i9-t 2 - 12x49. 

» Ex. XXVIII. (p. 49 ). 

1 . at 2 4 -4x7 4 4 y 2 - 2 . 9-r 2 -6.ry 4 y 2 . 3 . 25 tf 2 4 30 tf/> 49 ^ 2 - 

4. 9 tf 2 — 30 ab 4 256 \ 5. tf 4 4 2 a?b £ 4 b 4 . 6 . a 4 — 2a-6 * 4 b 4 . 

7 . 1 6a?b" t 24*049. 8. 4^412^49. 9 . 2 5 tf 2 0 2 47 o<^ + 49 * 

10 . tf 2 0 2 - 6abcd 4 9A/ 2 . 11 . 4X 2 4 4X 41. 12 . 9X 2 - 24x7 4 16y*. 

13 4a 4 4 12tf 2 49. 14 . 9+12x44^ s - 15 . Ax 9 — 12x74gy 2 . 

16 . a 4 - 6* 3 x 4 90V. 17 . 0 2 x 4 - 2icx*y 4 c"X*y~* 

18 . 4 tf 2 0 2 420 tf ^4 25 c 2 . 19 . 1 44 * 0 c 44 «* 0 V 2 . 

20 . 1 6 * 2 0 4 — 2^ab 4 c 4 Q 0 V 3 . 21 . 9801. 22 . 7225. 

23 . 6084. 24 . 11025. 25 /ioo 8 oi 6 . 26 . 998001. 

27 . 1010025. 28 . 250300*09. 29 . 63*936016. 30 , 9994*0009. 

Ex. XXIX. (p. 50). 

1 . cP+P + fi-zab + zac-zbc. 2 . x 4 4 6x s 4 1 ix a 4 6x +1. 

3 . 4x 4 4 I2X 8 —7X 2 —24S 4 l 6 . 4 . i6x 4 - i6x® — 36.1'* 420X + 25. 

5. a a 4 b° 4 c 0 4 2 a s b* — 2 a\? — 20 V. 6 . a 4 4 2 a b — a 2 b a — 4 a0 s 4 40 4 . 

7 . 4X 4 -I2.r 8 -7x 2 4 24 x 4 i6. 8. 4 + i 2 x~ 7 x 2 - 24 x*+i 6 .* 4 . 

9. ^*+£2 4 c t 4. & 4 2*0 - 2ac - 2tfrf- zbc - zbd 4 2a0. 

10. a° - a 6 — * - a 8 4 2tf* 4 2tf 4 1 . 

11 . 1 - 6x 4 1 5 * 2 - 20X S 4 1 $x 4 — 6x 6 4 x 6 . 

12 . * 4 +0 4 4 c 4 4 d 4 - 2tf 2 i 2 - 2*V 4 2**rf 2 4 2 0 V - 20V 2 - 2 AA 



VU1 


1. 

5.‘ 

9. 

13. 

17. 

21 . 

35. 

29. 

33. 

37. 


1 

3. 

5. 

7. 

9. 

11 . 

13. 

14. 

15. 

16. 
17. 

18- 

19. 

21 . 

23. 


1 . 

4. 

7. 

10 . 

13. 

16. 

21 . 

24. 


, * MATRICULATION ALGEBRA. 

Ex. XXX. (p. 51). 

«■-!. 2. tr 2 - 9. 3. a*-x*. 4. 

9 a 2 x 2 -b l . . 0. gjf 2 — 25. 7. 9a 2 — 25 b 2 8. a 2 -493*. 

410. 25x a — 16t 2 . 11. a* —96*. 12. 4a 8 —tr 2 . 

16-a®. 14. 144-49^. 15. 64-25.1: 2 . 16. a 2 -49/*. 

- b\ 18. .r" - a®. 19. 1 - a 1 * 1 . 20. 9 a 3 - b». 

fi 2 x'-q\ 22.i-.tr 1 . 23. at 4 — 8r. 24. a 1 -625. 

81-1296.tr 1 . 26 a 1 — b*. 27. t 4 — 4096. 28. 8itr 4 —16a 1 . 

^-256^. 30. 999999- 31. 9996. 32. 39975. 

12075. .■ 34. 3'9975. 35- 249856. 36- 399-9964.’ 

89975 - 38. 14399 - 39. 39936- 40. 8099999975. 

Ex. XXXI. (pp. 52-53). 

9a 2 - 4^ 2 4 4 bc - e 2 . 2 . t 4 4 2t s 4 rr 2 - 4. 

a* — 4b 2 + j zbc - 9c 2 . 4. a*44/ 4 . 

a 4 — 2a\r 4 a 2 x 2 — tr 4 . 6 . a 4 — « a f* 4- 2atr :i — tr 4 . 

.r 4 - a 4 4 - 2a*.tr — a 2 r 2 . 8 . r - 4a 2 4-12 ab — 9b 2 . 

4a a + 12a/49/® - 25. 10 . a°-a 1 ^ 2 -4a*<5 :! + 4^ 4 '. 

4a 4 - 5 a 2 b 2 4 / 4 . 12. f 4 4 4 j /4 . 

a 2 4 - lab 4 b‘ l — c 2 ; a 2 — /® 4 2a<r 4 r® ; a 2 — b 2 — 2be — c 1 . 

a 2 -2ab + b 2 - c 2 \ — a 2 4 2a/; — / 2 4 c 2 ; - a 2 4 b 2 - 2bc 4 c®. 

4a 2 - A 2 46^-91®; —4a 2 4 I2ar4/ 2 -9c 2 . 

4a 2 - b 2 - 6/c - 9c 2 ; - 4a 2 4 4a/ - b 2 4 9c 2 . 

a 2 4 2tc 4 £® - b 2 -2 bd—d 2 ; a 2 4 2 a </4 (P -b 2 — 2bc- c 2 ; 

/ 2 42/c4c® — a 2 — zad— d 2 ; a 2 — b 2 — e 2 — d 2 — 2br— 2bd—2cd. 
a 2 + 2ad+d 2 — 4/;® 4 12 be - 9£ 2 ; 9c 2 4 6 cd 4 d 2 — a 2 4 4a/ — 4/* ; 

a 2 4 6ae 49 f® -4^44^-^ ; a 2 —4a/44/* — i 2 /c 46 at' 49 f® — r/®. 
a 4 - /* - 6/ 2 £ 2 4 4b 2 c - c* 4 4 /r*. 20. 1 4 2 tr 2 - 7tr 4 — 16 tr fl . 

a 2 / 2 4 c 2 d 2 — a 2 c 2 — b 2 ^ 1 . 22. a®-/ 8 . 

a 8 tr 8 4 a 1 tr 4 4 1- 24. tr 1 ® 4 f 8 7 s 47 18 . 25. .r e — 162^^-6561. 

Ex. XXXII. (p. 54). 

.r a +4* + 3. 2 . x* — , ix — 24. 3 . ^ a -iar + 24. 

a?b*-ab-6. 5 - 4« a .r 2 — 8a&r +* 3$*. 6- ^ 4 + 3.r 2 — 4. 

.r 4 — 4 a: 2 ^ 2 4 - 3 jK 4 . 8- 2 5,r* — — 6 a 2 . 9 . 15 4 - 4 - x 2 . 

a 2 6 2 - ioab*+2i. 11. x*~x\y- 6 y 2 . 12. 49 ** 4 * 14 -*}'~ 3 y 2 * 

gx 2 4 - 3 ax — 2 c?. 14. 16 a 4 — Sa 2 — 15 . 15. 21 «- 2 >x — 4 .r 2 . 

10. 17. -13. 18. 5. 19. y—z. 20. -10. 

-65. 22. -3-r. 23. 3(^-2). 

25** +26*4-120. 



ANSWERS. 


■ ix « 


Ex. XXXIII. (p. 55). 

1 . x r +6x 2 +UX+6. 2 . .r s -6.r 2 +ii-r-6. 

3 . a s + tf 2 '- 14/1-24. 4 . <* 8 -i6« 2 + 8i^- 126. 

5. x z - 5.r*-26.r4120. 6 - .r 8 4 6.r 8 - 7* - 60. 

7 . a 8 4 - 5 a 2 b -1 2ab 2 - 363 s . 8 . 1 — 3jt — 13** +15**. 

9 . x A - - 2xy* 4 24 _y a 10 . a G 44a 4 0 * - 7« 2 ^ 4 - io0 ti . 

11 . -3; —8. 12 . — i8y a ; 3y. 13 . igy 8 ; — 8/. 14 . -28 

Ex. XXXIV. (p. 56). 


1 

i 2 -r 2 4 17.1*46. 

2. 6.r a -23.1*4 20. 

3 . 

244 2 - 29* - 4 - 

4 . 

16^46^-7. 

5. 14-v 2 — 2gxy — 15y 2 . 

6. 

8 *‘ 2 - 38 .r 4 35 - 

7 . 

6.r 2 — I 9 t *4 14. 

8. 8jt 4J - 14.V - ] 5. 

9. 

6* 2 - 1 3* - 8. 

10. 

28.r~ 4 .ry~ 4 5y a . 

11. I2jr 2 — jr — 20. 

12. 

^jr 1 — 29*412. 

13. 

I4.r 2 - 2g.r - 15. 

14 . 26,v a — 443. 

15. 

5 49 r~ 2 .r a , 

16. 

24Ar 2 - 50^425. 

17 . I2.t a -7.r- 12. 

18 . 

i2* a -25*4 12. 

19. 

- 13 y- 20 . - 

41. 21. jy. 22. -11. 

23. 

-13. 24 . 11. 


Ex. XXXV. (p. 57). 


1. x'- 9^427^-27. 2. 8« s 4 60^4150/14 125. 

3. 84 l2ax 4 4 a 7, r\ 4. ofl 4 I2aV> 2 4 48/r 4 64^. 


5. 

,r° - 6x K y l 4 1 

• 

e 

1 

•n 

n 

6 . 

8.r 8 - 36** 4 54 *- 27. 

7. 

27a 0 4 54/z 4 ^ 4 36/r/V 2 4 8 /A 

8 . 

8//° - 36 a'W 4 540V - 27b\ 

9. 

^427. 

10. s<«- 27P. 

11 . 

14 a 7, IP. 12 . x n —y v . 

13 . 

8</ ? 4 - 

14 . 8 .r R j/'-i. 

15 . 

64 rt 8 — 125//* 

16 . 

7 2 9/1 0 -f 8* n . 

17 . 8.r s • 

- 27y\ 

18 . 216J-P. 

19 . 

/* u - £ G . 

20 . 1 ° 

-64. 




Ex. XXXVI. (pp. 59 60 ). 

1 . 

- 3 <*b. 

2 . -2« 7 a 

3 . 

2 qr. 4 . - Sabxz. 

5 . 

^d l byz. 

6 . — 2 abc~c. 

7 . 

- 7p' i (]r. 8. - 90A7 1 . 

9 . 

-be*. 

10 . sry 1 . 

11 . 

- 35 Jx. 12 . - 2. 

13 : 

— 8rt&r. 

14 . 8.r. 

15 . 

I 

LT» 

ft 

to 

• 

£ 

1 

-% 

10 

• 

17 . 

— 8a s r 4 . 

18 . -8«W. 

19 . 

xyz*. 20 . -17 bx. 

21 . 

30V*. 


22 . 

- 7 A/y. 


Ex. XXXVII. (p. 60). 


1 . x ~y. 2. -a + b. 3.-3 a — 4 b. 4. 9 a - 3 ^ 

5. $a-yab 2 . 6 . -.r s 4;t a -.r. 7. 3 ry- 2 xz + 3 yz. 

8. - o?b 2 4 yabc 1 - 4c 4 . 9. aV- 30*43^- £ a y a . 

10. — 4»i , «43»i a — 2 «i» 2 4». 11.. I5a 4 ^ 3 - 5^ 2 4 3 a 2 b - a - 2 ^. 

12. - 2aW 1- 4 atVd- Sbc*d. 



•X 


I 


MATRICULATION ALGEBRA. 


13. . 6 p*q % 4 9 p*q - 3 pq 2 4- q* ; - 6 p z q - 9 p 2 4 ipq - q l . 

14. — 4 x \y b 4 3 x'y 4 - 2x*jP 4 xy 2 4 6 . 

15. — 4 2 aV l c — 3 <£Y 2 4 1 . 16. yxy 2 z K 4 $x*ye* 4 6 ^r 8 s ' 2 — 2 x*y*. 

Ex. XXXVIII. (pp. 62-63). 

I. .t f 5 . 2 , la - 2 b. 3. /// a — 40 / 43 . 4. lx 4 2 y. 

5. 2 ab — 3 ^ 2 * 6 . -r 46 . 7. — 8 . 8 . 2a+ 76. 

' 9. 4 r- 3 y. 10 . 2043 ^. 11. 16 /z 3 - 2oab + 2$b 2 . 

12. 4 rt <2 + Otf/* 4 - 90 2 . 13. ab-i 1 . 14. A ' 3 4 12 

15. 1 6a 4 - ^a\b 2 +b x . 16. a* + 2ab + 2b 2 . 17. x 2 +xy+y i .' 

18. 7<r — 8b. 19* x* — x 2 4 1 • 20. 2 ^V 2 42 .ry 41 . 

21. 3 / 1 * 42 / 141 . 22. // 4 42// a 4 3 // 42 44 a 4 5 . 23. I 9 .r 2 4 15 .r 49 . 

24. a 2 42^i~3^ 2 . 25. 2.r 2 43>'-i. 26. * s -7*4 5 . 

27. x*—x' l —x— 1 . 28. at 2 - 4 a* 4 4 a 2 . 29 - 2 ^ 48 ^- 5 /A 

30. — — 2 ^ 2 - 3 ^ — 4 .31. rt*4^ n . 32. x* + 2 xy+ 3 y*. 

33. 01 2 — 20 / 43 . 34. 1 — 2 * 43 **- 4**4 S* 4 . 

35. a 4 — 2a^43 / T ^ 2 — 2ab 2 +b*. 36. .r 4 4 2 .r ,J 4 3 -r 3 4 2 .r 4 1 . 

37. a* — 2// 2 4 2 c/ — 1 . 38. 4 ** -&r+ 9 . 39. * a 42<ty + 3*#*44^. 

40. 4// 2 4 14 / 249 . 41. 3*420 4/:. 42. 3 .r 2 ~ 4 .r + 5 . 

43. 2* 3 4 5 ax 1 - 2 X 3 . 44. 4 j*t 2 — 30 * 4 a 2 . 45. a 2 - $ab 4 60 2 . 

46. - 1 - 3 ry - 13 x 2 y\ 47. .r 4 4 jX 3 y 4 8 -rV - 8 / 4 ! 

48. 3 r 3 4 2X 2 ~ 4 .r - 1 o. 49. 7 . 1 s - 7 . 1 'j/ 4 5j /2 . 

50. x 2 ~x — iy. 51. x 7 - x° 4 x 4 — x s +x—i. 

52. a 7 — /i°.r 4 « B -f 3 — * 4 a .* 3 4 a*x* — a 2 .r ft 4 ax* — ,r 7 . 

53. at 4 4 xy 4 x 2 y l 4 xy* 4 y 4 . 

Ex. XXXIX. (pp. 64 65). 

1. a + b + c. 2. a — b — c. 3. x 2 ~px + q. 

4. ax 2 +bx — c. 5. a + b — c — rf. 6 . *420 — c. 

7. 3 * 4 20 4 1 *. 8 . a 2 4^4^ 4*0 - at’ + bc. 

9. * 2 4 0 2 4 £ 2 - ab+ac 4 be. 10. 1 -:r 42 / 4 :r 2 42 Ary 44^ 2 - 

II. ' 1 —-r — 2y4# s - 2 Xy + 4 y tJ . 12. x 2 4 4 /' 4 9~ 2 4 2 .\y - 3 x 2 + 6 ys. 

13. ^ 3 4j' a 4^ 2 4i- 14. a-b-c . 

15. ^ 4 a. 16. a'-iab(a-b)-b\ 17. ,r*40 a —(* 4«). 

18. tf 2 4_y.ar4.sjr4 xy. 19- x 2 -xy+y 2 +x+y+I. 

20 . at*4 4 >' 2 49 s 2 4 6yz 4 $xz — 2 -ry. 21 . a + zb + $c. 22 . <?4^. 

Ex. XI*. (pp. 65*66). 

1. — | ax. 2. -*?{&?• 3. J* 2 0 a . 4. — z^ax- 

5* iV* 8* ■“ 7. £*0 — f. 8. — a 4 lb 4 -V^r. 

9. 3*0r -f 0c 4 4tfV ; £a0V - } JV 4 fa B £V. 



ANSWERS. 


x>» 


10 . 

13. 

16. 

19. 

22 . 

25. 


1 . 

3. 

5. 

7. 


1 . 

4. 

7. 

10 - 


1 . 

3. 

6 . 

10 . 

12 . 

14. 

16. 

18. 


1 . 

7. 

a 


1. 
a 

2 . 


\ab +- It) 2 . 
2a 1 —ay — \y 2 . 

+ + }• 

1 -y -2 a» | *2 

5-v —T 

3 a i^+ jf. 


11 . 7 ^+ 1 . ‘ 12 . 3x*-'$xy+%y*. 

14. + hy*- 15- W~$<*!> +Ifi*- 

17- a-^i. 18. ix* + Ixy + ty*. 

20 . a s -*a 2 <$4^ 8 . 21 . x* + lv + l 

23. ijr*-}r + 6. 24. 5 ** 4**49- 


Ex. XLI. (p. 67). 


a — ax + a* 2 - a.r s . 

1 -S' r + I 5' r 2 -45^‘ 
1 42*43* s + 4**. 

— i - a + 2a n 4 4a 4 . 


2 . i + $x+ i$x*+ 4 $x*. 

4. I 4 2 a- 8 i s - 16 a 4 . 

6. i - (a 4 £).v 4 (a 4 £)&** - (a 4- b)b 2 x*. 
8. — afi' 2 + aq — r. 


Ex. XL1I. (p. 69). 


4* 2 - 7. 

' r T 3 ‘ 

3^r 2 4- 2x — 4- 8. .tr 2 —*. 

12A' 1 - T i 4- io* 2 4 39-f 4 8. 


2 . a 2 — 30 + 9 . 

5. 9* s -3r + i. 


3. ;r 3 --3*4 2 . 

6 . X- — ;r 2 4 x — I. 
9. 3 a — 2 b. 


Ex. XLIII. (p. 70). 

a-*. 2. a 4 + ^+A 2 + ^ 3 +j 4 . 

a 6 — a 4 .r 4 - a*r 2 — aV 4- ax* — ;r 6 . 4. 3 -r 41 . 6 . 5 * — J. 

2 .r~ 3 . 7. 1 - 2 jr 4 * 4 .V 2 . 8 . 9 A ' 2 43 * + 1 . 9- 1 — 2 ;r 44 * 2 -- 8 .tf 3 . 

x* 4- 3 x ! y 4 9 xy 1 4 27 _y\ 11. a* — 2 a 2 b 4 4 a 3 0 2 — 8 a<^ 4 16 £ 4 . 

r 16 — .r x V 2 4.vV 4 - 4 .r *>' 8 —^y 10 . 13. *a 2 — *a<£ 4 ^ 2 . 

- x l y l z 4 xyz 2 - z*. 1 5. 4;;/ 2 - ri l . 

a 4 4 2 a*r 4 4 crx 2 4 8 ax* 4 I 6.r 4 . 17. 32 — iba 4 8a 2 - 4 a 3 4 2 a 4 — a 6 . 

a 2 - 7 a 449 . 19. a4i-c. 20. x*+xy-xs+j* - 2 yx+z 3 . 

Revision Papers I. 

Paper I. 

15 . 2. 44 *. 3. 7 a- 7 b. 4. 2 / 2 . 6 . 14 ; 1 ; -35 3; 19- 

(ax - £y) - (cz 4 bx) 4 (cy 4 az) ; (ax - by - cz)-(bx - cy - as'). 
42 jr 2 42 i 6 .rj/ 430 y 2 . 9. d l + ab-ac- be. 10. 4 **. 

Paper II. 

I 2 5 tV 2. 2 ^r 2 -a s - 2 a 2 4 2 a 47 . 5. 8a s 427^ 3 -r 1l 4i8ata 

bx 3 ~ 2 x 2 ~ 8 x~ 16 . 7. *- 6 . 8 . 22 ; 9 ; o ; -6 ; -3 ; 4 . 

- 35 ^+ 18 ^ 417 ^. 10 , x 8 -x*y 2 ~x 2 y°+y B . 
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Paper III. 

1 -' i- 2. a* + b* + c*. 3 - 12 b' 1 . 4 . 94. ’ y 

5. ’06 - 'ix 4- '2x l - x % ; *031. 6 . 2(a- 2 +y 2 4- z 2 -yz -zx-xy). 

7. x^-a*. 8. x*. 9. x 2 + $(a- i)x-~6. 10. 3a -66 miles. 

Paper IV. 

B 1* 3 n/ 033)* 2. 5* a +6ry + 2y*. 3. a*d*-Pd+bd*d. 

4 . a 2 4- 3?r + 3a 2 and a ran 3a R . 5. 20** 2 — 5«xr. 

6 . 3rt 3 + 4«-2. 7. 1 4-3* + 4* 2 4-2a\ 8. 3^ 2 + 4^ + 5<5 2 . 

10. a+ 3#+ 2^. 

Paper V. 

1. 2700. 2. + V^ 2 * 3. a s -a 2 ^ + 3a^-4^ 2 

- 9^ 2 +■ 14- 24 Ire 4 - 45 be 1 + 46° — 27c 3 ; tr - 4/^ 4 -1 2bc - 9^. 

4. a* 3 - 2(a 4- b 4 - c)x* 4- 2{ab 4 - ^r).r. 

5 . at 4 - 2<7,r' - 2( /* - ? 2 )a 2 4- ( p‘ : 4-/*V 4* pcf* - (f')x -/V 2 : 

x l ~-{p+q )x 4- y 2 . 6- .r 4 — (4a 2 4- 9// 2 ).r 2 4- 36 a*6*. 

7. 2 ab 4- yie 4- 6bc. 8 . 16(.r 4 — ,r s y ? ' 4-y 4 ) — 8 (a 5 •rj^ 2 )a 2 4- a 4 . 

9 - 30* - a 4- 2. 

Paper VI. 

1- *V 2. (ioa4-9^4-90(^4“647;) = 10a 2 4* 19^4 -igac + <)b* + 

18 be + 9c\ 3 . 7at 2 — 1 7ax — 1 2d 1 . 4. ,r 2 — ax — b. 

5. 2j/ 2 . 6. x 3 4 - 3at 2 - 16 r - 48 ; 6.r 4- 24. 7 . 7at 2 4- 5 xy 4- iy 2 * 

. 8. x* 4 "yP and x*—y* are divisible by x+y ; x*—y* and 

x 6 —y h are divisible by x—y. 9. a 8 4-at 4 4* 1. 

Paper VII. 

1* 1. 2. (i) i6a 2 b 2 + \2abc + 9C 1 . (ii) 9a 2 b 2 -6abc+ \c 2 . 

3. (i) a 4 4-a 3 —20. (ii) 14375. (iii) 996004. 

4 . x * — ii 6 .r r 4 -1789*°— i046o.r 6 4-2502A‘ 4 — 5382 a s 4*4633a: 2 

- 708.tr 4-1189. 

5 . 3a 2 ~ab + Ir. 6. 16 ax 2 . 7 . 2x r> — x*jy — \x 2 y 2 — \'-x t2, y' 4-_y 6 . 

8. -S* 2 -i.*7+ j|y a . 9. 62.r ? 4-23-ij-4y 2 . 10. x +y 4-s’4- xyz. 

• Paper VIII. 

1. 4* 2. 3a 2 - i2£ 3 -96c 2 -3tf£4-4a- i2/*4-5r. 3. 3^/3. 

* 4 . (i) a* 4 —25. * (ri) 9A* 2 -45A4-56. (iii) 12 a: 2 -47*4-45. 

. 5. x™ — x*y b +y™* 6. 2AT a 4 -AT-i ; *4-1. 7- ajX + bjy + ^z. 

8. 5*. 9. 2x*-2(a + b)x+ab. 10. 3 miles. 
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Paper IX. 

1 . §. 2. (i) qa*-12 u 7 x+ \2a\v'-20a*x l, -20a.r' r -2$x b . , 

(ii) X* — 2 fix 7 — 2a 2 x e + 6a v, x r ' - 6a r> .i 3 + 2 a®*' 2 + 2 ci’x — a 8 . 

3 . r 2 — 2ax — a* +1. 4 . 9a* + 6ar+4for — — 63 2 . 

5 . 2 + 4.1 + 8.r 2 + 1 Gx 2 + 32,r 4 . 6- 3(<r + b’ 1 + c*) - 2(bc+ca + ab ); 59. 

7 . .r 7 — 2ax a — 16a a *r 4 + 32 a* a 3 + 64<7 ( '.r — 1 28 a~. 

2 x* - 5.1* - 4.V 2 +x + 2 . 9 .r 4 - .v 3 _y +x s y" - xy* + y l . 10 . 6a*+ 2. 

Paper X. 

1 . 128. 2 . — 2X — 30r + 53s. 3 . - 6oa r X !, y i ; - 4aVy. 

4 . 5 be+be 1 + b 2 c 2 •, -2. 5 . 3a'* — 7.1+9. 6- a 1 + tab + b' 1 — ac — bc + c 1 . 

8. a 4 — 3a"^ + 6a !1 £ 2 — ^ab^ + b* 9 . a 2 + (n + 3)a;r + 3a 2 . 10 . 2 m ; 2tt. 

Ex. XLIV. (p. 78 ). 

1 . .r(.r + 3a). 2 . a 2 {d l -b). 3 . .v s (.r'’ + 5). 4 . ar*(.r 4 -5a). 

5 . 5 x‘*(x~3y). 6. a(a- 2//). 7 . 7(3-51). 8- -2a(a~3). 

9 . 3A' a ( 1 + 3.V — 4J.' 2 ). 10 . 4a(a —4^ + 6). 11 . 8y(.r + 2S’). 

12 . 3« :i b' l (b 2 - 6 ab +7a 7 ). 13 . 6xy.?(x + 2r - 31*)+). 

14 - 7x’ l y L z(bs l + jxyrj - 9.1 15 - 7xy(2r 2 -xy + 8y l ). 

16 - 5 ab(a" + 5a 2 /; - 2ab> + 3^ 3 ;. 17 . 61^,7(61 -99/ + 82). 

18 . I oa?bh‘(7 ~ babe + 5a v ^V 3 — 4a 3 £V*). 

Ex. XLV. (p. 79 ). 

1. (a + £)(a + c). 2 . (a-£)(a + t). 3 - (a + <*)(r + rf)- 

4 . (ac-2b',(nb+c). 5 . (a+£)(.r + c). 6- (a + b)'x - e). 

7 - (ac — 2,d)(ac + b). 8. (a 2 + £ 2 ):c + a 7 ]- 9 - (i* + 2){2x - 3). 

10 . (u.f 2 + 7 )(-i- 5 )- 11 - ( 5 a ~ 3 ^)Ub- 7 ^)- 12 . 2(3a + 2c)(2a-3^). 

13 . (3a —4</XS^ + 3 ^)- 14 . (i* +1 )(.)'* +1 )■ 15 . (.r* + 4)(a-+5). 

16 . (.1 -_y)(.r +.y - 5). 17 . 7(61 - 5 Xsy* - 2.1). 18 . (.19/ - 57)(a + 5 c). 

19 . (a + 2)(a.i —3^y). 20 . 2(a ~ c)(a+3#). 

Ex. XLVI. (p. 80). 

1. (1 + 6) 2 . 2. (a -4)*. 3 . (.r + 7) 2 . 4 . (2a-1)*. 

5 . (2.1 + 5 y)‘ l . 6- (2.1+1)'’. 7 - (3a-5 b) 2 - 8. (a* + 7) 2 . 

9 . (3a 2 + ^ 2 )' 2 . 10. b 2 {\ab ~ c 2 ) 2 . 11. b 2 (2a 2 — 7 be) 2 . 

12 . (2a£c+l)*. 13 - (22r> + 5^ 4 )*. 14 . (a 2 -10)*. 

15 . Qa-^) 2 . 16 . (3a- 25 +3c) 2 . 17 . (2ar-^ + 2-)*. 

18 - (ai- 5 y + 2c) 2 . 19 - (x 2 + 2.r - 2)*. 20 - (2a + 3/5+ar + 2_y) 2 . 

21 . 1. 22 . 4> 23 . 0025. 24 . '0961. 25 . 4. 
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Ex. XIjVII. (p. 81). 


1« (i+2jr)(i-2;r). 2. (tf + 3*)(a- 3 *). 3. (3»M-2»)(3w -2n} 

4. (5*+ 4X5*-4). 5 . (j*r + 3)(jr-3). 6 . d +**)(i +x)(i-x) 

7. (a + I3)(tf- 13). 8 . (ab+i)(ab-i). 9. «£)($ - ab\ 

10. (3 r +4v)(3-' r “4j)- 11. (9^ + 8)(9r~8). 12. (6 + * 4 )(6-.r 4 ). 

13. (^ 2 + 5 )(^* 2 — 5)* 14. {a*b + \o)ia*b — 10 ). 15. ( 7 a + Qb( 7 a — <)d). 


16. (3-r + 7_y)(3*-7/). 

*18. (iia +i 2 ^)(i ia - I 2 i). 
20 . (a*+ £•)(«■-fl"). 

22. (5+a'“)(5^-a s ). 

24. (aV>° + 3C 4 )(^d° - 3<r 4 ). 


26. 

xy*(4* + s?)(4* - 5jy)- 

28. 

2 ab' c(u-\r 2 c)(a - 2 c). 

30- 

a*(/i + 3b*)(a — 

&). 

32. 

7 X *( X + 3a)(.r- 

- 3 *)- 

34. 

I l(i + 3 «)( I — 

3 «)- 

36. 

14 ia*£"(a 3 ^ v + 

2 )(ti ?, b 2 - 2). 

38. 

7(a a +7 0 J )(a* 

-7 b'). 

40. 

1840. 

4l. 54000. 

44. 

149400. 

45- 573 - 

48. 

14352 . 

49. 29496. 


17 . («+ !7^)(a— 17^). 

19 - (1 lab + 11 4 S )( 12a^ — 1 it*). 

21. 4'rt + 2)(fl-2). 

23 ( 7 -f“ + i)(7x 2 - 1). 

25 . (5a.r + 2jj')(5«.v - 2y). 

27 - ^(aj'+.r' J )(«j/-^r' J ). 

29 x*i$x + a)($x - a). 

31 - (9.r* + 8)(9.t a -8). 

33 . 3 [ x l + 1 o )( x " - 10). 

35 . 5 ' 3 -vv + 4 )( 3 .rr- 4 )- 
37 . 5c(i ia + I2^)(r ia- 12^). 

39 . 17( 1 + 2a<>)( 1 -% 2 < ib ). 

42 . 250000. 43 . 15600. 

46 . 11800. 47 . ,998000- 

50 . 45584. 


Ex. XLVIII. (p. 82). 

1 . (a-b + c)(a — b~c). 2 . (a +b — c){a — b + c). 3 . (a + 3 <5)(a - b). 

4 . (a -1 -M a + c* + d' i )(a i + b' 2 — c l -d*). 5 . (a + b )(a - b + 4). 

6. (a + b + 2){a - b). 7 . (x + 2y + 4a)(.r +y — 4a). 

8. ($x + a + b)(5X-a-b). 9 . (c+a-b)(c-a + b). 

10. (42t-5)(2t + i). 11. Sa^. 12. {a-^^x-y'X^-^x+y)- 

13. 7(x+y)(x—y). 14. (x- + 4xy+y*)(x , ‘- *xy+y*). 

15 . 2ab-i. 16 . (a a 4-2a<J + 2^ a )(a a -2a^ + 2^ a ). 

17 . (7 x-y){ 7 y-x). 18 . 3(a + b + 2C+2d){a + b-2c-2d). 

19 . (3.1 ? J r2y + 2a)(x + ny). 20. (a + b-2c){a- b + 2c). 

21 . (a^b + c)(a-b-c). 22. (c + a-b)(c-a + b). 

23. (2a a + 3a - 1 )( 2 a 8 — 3a 4 - 1 ). 24. (x - 3 y 4 - 4 z)(x - 3y - 4tr)~ 

25 - {3a - 2 b + $x +y){.3<* - 2 b- 4 x-y). 26- (a + b + c)(a + b - c). 

27 . (a+b-c+d){a-b+c+d). 28 . (x' J +.f + i)(.r a - x- 1). 

29 . ( a-b+c+d)(a-b-c-d ). 30 . (a+b+c){a-b+c). 

31. (a a 4-£ a -c a -^ a )(« a -£ a +f a -^). 32. (s+a-^)(5-a + ^). 

33 . (2r a + i)(5~42r). 34 . {a + 6)*(a-b) 2 . 

35 . {3a + b-4d-i){3a-b + 4d-l). 



XV 


1 . 

6 . 


ANSWERS. # 

E:£ XLIX. (p. 83). 

(2 a + b + c) 2 . 2. (x 2 +x-i )*. 3- ( 2 X 2 - $x - 4 ) J . 4. (x -i + 2 x - 2 )*. 
(1 -\b + \c)\ 6 . (x 2 + y.r + |) s . 7. (x 2 - 5 A- + 7 ) 3 . 8 . (a-b-c+ti) 2 . 


Ex. L. (pp. 84 - 85 ). 


1. (x + i)(^+5). 2. 

4 . (x — 3)(x— 5). 5. 

7 - (x - 2)(.r + 3). 8. 

10 . ( x + 5)(x-3 ). 11. 

13. (.v + 3)(.r + 4). 14. 

16. (x- 3 )(.r + 4 ). 17 . 

19- (x + 7 )(x+ 9 ). 20. 

22. (x - 3 «)(.v - 13 a). 23. 

25. (xy + 3 x)(xy + nr). 26. 
28. (6+x)(i 1 -x). 29. 

31. (a s - 9 )(rt* + 5). 32. 

34. (xy - 11 ) (xy +1 4). 35. 

37. ( 5 V - 1 )(5- r r - 1 )• 38 

40. {x — 6 x)(x- 5 /;;. 41. 

43. {x- i)(43-r+i). 

45. (x — 7 a)[~r: + 3 b). 

47. a(a - 3 -r )(a + 2 x). 

49. p\<n + 7 )[ni-\ 2 ). 


(jr + 4 )(.r + 5 ). 

(.r-f-i)(x + 7). 
tx + 2)(x-3). 

(x + 8 )(x- 1 ). 
(.r-2)(.r-7). 

(r - x){ t - 2.v). 

(x— n)(x- 12). 
(a 2 +2b 2 )(a 2 + 7b 2 ). 
(ad - 11 i)(ab- 13c). 

(- r + l K x -5). 

(x - 9)(.r + 8). 

{x + 3) -r- 16). 

(iS.r +y)i2,x-y). 
(x-i3y)(x-i3 y). 


3 . (x + 1 )• x — 6). 

6. (x-i)(x-g). 

9 . (x-3)(.i +1). 
12. (.v 4-1 )(x - 9). 
15 . .(x + 2)(x-7), 

18 (x+n)(x-Jo). 
21. (x- io,(x —20). 
24 . ('i s - 3)(«’ - 4). 
27 . (7 + r).6-x). 
30 . (.r + 13y)(x - 2 y). 
33 . (ab + 1 )(ab — 4). 

36 . 13ab+i)‘2ab- 1). 
39 - (r + 2it)(x- $b). 

42 (131 — 1 )(2x +1). 
44 . (1 - x){ 1 — 6 x). 

46 . a‘(x — a)(x — 2a). 

48 . a 2 (a 2 +&b 2 )(a 2 -7b 2 ). 

50. (x - 3mp)(x + 5 np). 


Ex. LI. (p. 86 ). 


1 (2X + 3)(2X+l). 

4 . ( 3 *-i)( 4 -r-i). 

7 . (tx-i)(x + 3 ). 

10 . (3X+4X2X-1). 

13 - (4* + 0 ( 3 * ~ 1 ’• 

16 . ab($a — 2b)(a + b). 
18 . 3y l {3x + 2y)(x~y). 
20 - x\ 2 b - 3 x)($b +x). 
22 . (7 + a)( 4 -S«)- 
25 . (3*+4)(3-r- 2). 

28 . (3 - x)( 1 + 8x). 


2. (4x + i)(x + 3). 
5- 2 (x + 2 )( 4 X + 3 ). 
8 . ( 2 .r- 3 )( 2 .ir.+ [). 
11 . ( 4 X + 1 )( 3 _r - 2 ). 

14. ( 3 -v- 5 )(x+u. 


3 . (X-2X3.V-7). 

6- (a + 3)(2't+ i). 

9 . (3X-2)(x + 2). 

12. 2(6x - i)(.r-1). 

15 . (4a 2 -x i )(3a 2 + x®). 
17 . xy(2X+yXx + 2y). 

19 . a 2 (^ax - i)(2'ix+i). 

21 (4 — a)(2 + $a). 

23 . ( 7 x- 4 )( 2 .v- 3 ). 24 (13* + 2 )(* + 3 )- 

26 . (2x — 7)(2.r + 9). 27. (2«-i)(« + 5). 

29 . (3X + 5)(x-6). 30 . (6x-m)(3x-2). 


Ex LII. (p. 87). 

1 . ( 3 x + 2 )(x + 4 ). 2. ( 3 X + 2 XX- 4 ). 3- ( 7 X + 3 X 2 X- 5 ). 

4. (2x-3a)(2x-a). 5. (?x - 3 y)(x+y). 0. (2X-i)(x+3). 
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10 . 

12 


I. 

3. 

5. 

7. 

9. 

II. 
13. 
15. 
17. 
19. 
21 . 
23. 
25. 
27. 

29. 

30. 

31. 




1. 

5. 


1. 

3. 

5. 

#• 

9. 

11 . 

12 . 

13. 

14. 


(5.r + 2)(x+3). 8. (4* - 5)(6* - 5)- 9. (4 - 5*)(7+*)- 1 

( 3 * + 2 a)( 2 x - 3 «). 11 . ( 13 *- Sy){7x+i7y)- 

13. (i5«* + i7£ a )(i4<z a -9A a ). 


(n.r+13^X9 *-ii_j/). 

Ex LIII. 

(x+y)(.r' i -xj/+y*). 

(l +.r)(i -x + x 2 ). 

(.r s + )')(.r* - xy +_y"). 

(a- 2 ){a‘ t + 2a + 4 ). 

{(lb 4- I)(« 3 0 2 -ab+l). 

(a + 40 ){a'“ - 4'i/; + i60 2 ). 
r,z-40)(« 3 + 4"0+l60 3 ). 

(i-3*')(H-3*® + 9 J ‘ 4 )- 
{6 a — />)(i,6n 2 + bab + b“). 

(.r* + 4X* 4 - 4* 3 + 16). 

(7«-i)(49rf a +7«+0- 
2(a+4)frt 2 -4« + 16). 


(pp. 87 - 88 ). 

2 . (.v -y)(x 2 + xy + y l ). 

4. (1 -.r)(i +x+x 2 ). 

6 . (-r- -y)(x* + x l y +y 2 ). 

8. ( 2X + I )(4* 2 -2X+1 ). 

10 . (ab— i){ii-b 2 + ab + 1). 

12. (3 a + 1 )(9« 2 - yi + 1). 

14 . U- 2 +i)(.v*-.v 2 + i). 

16 . (2a-30)'4a 2 +6(z0 + 90 2 ). 

18 (9-v + 2cz)(8 ix 2 — 18(2.1'+4« 2 ). 

20. (i+9«)(i-9a + 8irt 2 ). 

22. (4.r - 5 y){ 16 .i' 2 + 20xy + 25 y 2 ). 
24 . (5d 2 + 8.r)(25« 4 - 40a 2 .!- + 64**). 
26 . 3 ( 3 -a )(9 + 3 « + « 2 )- 
28 . (2.r s -t- v a )(4.r B — 2 x 2 y l +y i ). 


.r 3 , a + 3 x){a 2 — yix + 9 r 2 ). 
x‘ 2 y(a 4 - 3;>')(«* - 3 «j' + 91" 1 ). 


(4 - a + b){ lb + 4a - 40 + a 1 - 2ab + b 

(6 + 4« - 50X36 - 24a + 300 + 1 ba 1 - 40 ab + 250 2 ). 

x(x~3)(x 2 + 3 - v + 9 )- 32 .- ( 7 « + 90 )(io 3 cz 2 +i 8 o «0 + 8 i 0 2 ). 


Ex. LIV. (p. 88). 

(2 - + 2) s . 2 . {a +-2.r) s . 3 . (2A -3) 3 . 4 . (5rt-2) s . 

(.t'-5) 3 . 6. [ka-lbf. 7 ( 4 -r- 3 ) s . 8. {a-b)\ 

Ex. LV. (p. 89). 

(x 2 + 3xy-2y 2 Xx 2 ~3xyr-2y i ). 2. (a 2 +a+ i)(a 2 - a + i). 

(3a' 1 + 4« + s)(3« a — 4« + 5). 4 . (,v T + 2x - 4)(„r a - zx - 4). 

(«* + 4 ab - 0 ®X «® -4 'ib- b l ). 6. {x‘ l + 3xy+y 2 (x l - 3 xy +y 2 ). 

(3V' + 2xy + 7y J )(3x* - 2xy + 7y*). 8. (x 2 +x-2)(x 2 -x-2). 

(4X 2 + 2X + 1 )(4.r — 2x + 1). 10. {4a 2 + box 4 - g.ir 2 )(4a 2 - bax -f qx 2 ). 

{a* + 2 ab + 2b' i ){a l — 2 ab + 2 b 2 ). 

(7<t 2 + I3a0 +1 10 *)' 7 f» 2 - I3tt0+110*). 

( 3 x ' l + 3 x y + S^ f )(3 r® - 32^ + 5 .V a ). 

( 5 rt 2 -t- 7 a 0 + 40 a )( 5 a a - 7«0 + 40 ®). 15 . (jr 2 + 2jr + 2)(^®-2^ + 2). 

Ex. LVI. (p. 90). 

(X + 2)(X - 2)(^r 3 + 2xy 4)(jr® - 2* + 4). 

0*: + 2){x - 2)(.r 2 + 4)0 4 +16). 
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3 . ‘ (i +5/)(x ~xk)(i + 37 + 9 / a )( I ~ 3 J' + 9 y t )- 

4 . (i +2a)(i-2a)(i+4a i ). 

5 - ( x + a)(x — a)(ar“+ ax +« a )(.r 2 - + « 2 )(* 2 +<7 2 )(jr* — a 2 x 2 +a 1 ). 

6 - (x + a)(x — a)(x % + a a )(.r 4 + « 4 )(jc 8 + ti 8 ). 

7 . («.*■ + by)(ax - by)(fl l x % + b 2 y 2 ). 

8 - (x 2 + x + l)(x 2 — x + i)(v* -x 2 +1). 

9 . (r* + xy +y 2 )(x 2 — xy +y 2 )(x* —x v y s +y*). 

10 - (a + b)(a' 1 — ab + b 2 )(a — b)(a 2 + ab + b 2 ). 

11 ’ (x +1 )(x 2 - x +1 )(.r - i )(x 2 + .r + i). 

12 . 8 o(a + b)(a-b)(a 2 +b 2 ). 

13 . (a + b + c)t a + b — c)(a — b + c)(b + c-a). 

14 (<z + 2b — 2c ) (/z — lb + 2c) < (t 1 — 8 be + 4b 2 + 4c 2 ). 

Ex. LVII. (pp. 91 92 ). 

1 . 4(^r + i)(r - 1). 2 . yi?b*c 2 (a 2 -6bc+8ab). 3 . abcia+c) 2 . 

4 . x 2 (x b) 1 . 5 . (ab* + c 2 \(ab 8 — c 2 )(a 2 b u + c*). 

6. x 2 (x + *) 2 (.r — a) 2 . 7 . 8- (« + 7)(a~3). 

9 - (3ab*-5c)\ 10 . 3(x-y)(x-6y). 11 . 2(3+ 5 )(«-5). 

12 . $at t ab + 4c)(ab- 3 13 - (2<i£ - 3c (yah - c). 14 . 3(2 4-x)(2 — *). 

1 j. (2;r +_y —.?). 4_r 2 — 2.rjj/ + ixz +y‘ J — 2_y^r + ~ 2 ). 

16. (<* + <5- 5r)(a' J + 2ab + b 2 + ^ac+^bcyz^c 1 ). 

17 . (a + b+C)[ « 2 + 2 ab + b” — ac — bc + c*). 

18 . 2r(2r 2 + 3/ 2 ). 19 . 2y($x' l +y i ). 20 . 3(1 + a-b)(i-a + b). 

21 . (ax + 1 )(bx +1). 22 . i7(.r + i)(* + 2). 23 . 13(32; + 0 ( 3 * - 1). 

24 . 2(53 +1)( 253 s - 53+1). 25 . «+£ +1 )( 3 2 + 23 ^ + £ 2 - 3 -£ + 1). 

26 . (« 2 + ^-^)(« 2 -^-^). 27 . 4 * 2 <* + 3 )( 7 *- 5 )- 

28 . (3 + « + ^)(3-«-^). 29 . (3*-i)(22r-3). 30 . (<2 + 15X3-9). 

31 - (73 +11^)(7<2 — 1 lb). 32 . (a + i)(b + i)(a-i)(b-x). 

33 . $(7a + 6b-c)(c-a). 34 . (3a + 4b + c)($c-a). 

35 . (x-y)(x 2 -sxy + 7 y‘ i )- 36 - (x + 7)(nx-2). 37 . ( 7 *+ 5 .j')( 3 ;r -’ 4 y)- 

38 . (.r 2 + 2Xy + 4 y i )(.v 2 - 2.rV + 4 v 2 )(.t 4 — +r 2 _y 2 + 16^ 4 ). 

39 . y(x-3y)(x-l2y). 40 . (3X + 5 y)( 3 *-Sy)( 9 rt +^y 2 ). 

41 . (2x + 2y-a-b)(x+y-3a-3b). 42 . (52:+i3)(6.r-11). 

43 . (7* — 6)(6.r — 17). 44 . (2i.r-5)(3-f + 7 ). 

45 . (at 2 +4T +1 6)(* 3 — 4jt +16). 46 . ( 3 *+ 4 X 3 Jt ‘- 4 )(*- 4)(jt+2). 

47 . S a ( 1 3 a * + 1 5 «£ +12<£ 2 ). 48 . «£(« — £). 

49 . 2(3- -y)(4y - x). 50 . $b(a-b). 

51 . 2{x+y)(4x-y). 52 . 4 y(x+y). 53 . (a + b)(a 2 +ab+b s ). 

54 . (x + i)(x + 2)(x-2)(x-3). 55 . a 2 (b + a)(b-a). 

5 Q. x{6x + i)(3x- 2). 57 . i6x(i-x). 58 . x(i - 2x)(3-2x). 

59 - 7(^r + i)(at — i). 60 . b{a-5){a 2 +50 + 25), 
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61 . (a 8 + 0®+£ 3 X-* s +>' s + 3 *)- 

62 * (x 2 4 - 2a 2 )(x- - 2a?)(x i + 2ax + 2a l )(x' i - 2ax + 2a 2 ). 

63 . (a+6 — ^c){a + 6 — y~ 1). 64 . 2(1 +a)(i+c)(a-c). 

85 . 2 {a + b + c + d)(a - d). 66- (a 2 + /ix+x 2 )(a 2 - ax+x 2 )(a* - aV +x*). 

67 - {x +y+z + u)(z x-u-x- y)(x -y+z - u)(x - y - z+tt). 

68- (.? 3 + 2,r + 3)(* 2 - 2 X + 3). 69 . C* 2 +/>xy -y^fx 2 -pxy -y 2 ). 

70 . (x+aY(x-ay. 71 - (7^ + 8j)(49J- a -56^+64/*). 

72. (5 -x)(\ 2 +x). 73. (.r+ 7 )(.r 4 - 6 ). 74. ( x+ 2 )(x+ 6 )(x 2 + 8 xl~io ). 

75. (.r + 7 )(* — 6 ). 76. (x + 6 a)(.r- ii<z). 77. { 2 x+y)( 2 x~y)( 3 x 2 +y 2 ). 

78. (3*+2)(*«-4). 79. (2A-+3)(3-r-2). 80. ( 52 : + i)(zr- 5 ). 

81. ( 13 * - 11 )( 3 * + 2 ). 82. 2 ( 2 a + £)( 4 rt 2 + a£ + i 2 ). 83- (6 — x)(x - 4 ). 

84. (jt +1 y(x - 1 ). 85. (a + 26 -c- 3 d){a- 26 +c - 3 d). 

Ex. LVIII. (pp. 94 - 95 ). 

1. o. 2 . 3 . 4r a -i. 4 . (a+fi+c)(a-6 + c). 

5 . ( x 2 -xy+y t ) a . 6. (.r 4 - a 2 x L + a 4 )(x 2 + ax + a 2 ). 7 . x+y. 

8. {a* ■¥ x*){a 2 + x 2 )[a - x). 9 . {x+yf+ 2(x+y)z+ 

10 . jt 4 +5 x 2 y 2 +y*. 11. {ax + by + cs) 2 - (ax + by + cz)(cx — by+az) 

+ (cx - by + az)‘ l . 12 . x 2 — ax + a*. 13 . a*~b*. 

14 . 7« 2 + 13^ 2 + 21 r 2 + U)ab + 2<\ac + 33bL\ 15 . x 3 + $x- 14. 

16 . - 52*(*-7). , 17 . x(x‘ J + 22)(i ix- 10). 19 . 2x 2 -xy~2y s . 

20 . 4Wb 2 - a 4 - b% 21. (3X 2 +y*)(x* + 3 y 2 ). 22. \{y-zf. 

25 . a' + 2a*b + 2ab 2 +b\ 26 - 64z 4 (9^ 2 -i). 

27 . 7{x~ 13). 28 . 7* 3 - io.r + 3. 

Ex. LX. (pp. 101 - 102 ). 


1 . 

‘ 4* 

2 . 

4 - 

3. -4- 

4. 3 - 

5. 

- 4 . 

6 . 

-7- 

7. 

0. 

8 . 

6. 

9. -20. 

10 . 15 . 

11 . 

- l8. 

12 . 

3 - 

13. 

0. 

14. 

n £ 

“IT* 

15. 1 5 . 

16. 8. 

17. 

6. 

18. 

2. 

19. 

16, 

20 . 

— IO. 

21 . 0. 

22 . —3. 

23. 

2 i. 

+* 

24. 

K 

25. 

1 / 

26. 

- 3 - 

27- 5 . 

28. 2. 

29. 

2t- 

30. 

2 *• 

31. 

-2j. 

32. 

-•03. 

33. 4 

34. 01. 

35. 

5 - 



4 


Ex. 

LXI. (pp. 

104-105). 





1 . 

5 . 

?, 

2. 

3. 3 - 

4. 4. 

5. 

i 

i • 

6 . 

7 - 

7. 

8. 

8 . 

9 - 

9. 3. 

10 . 2. 

11 . 

I. 

12 . 

4 - 

13. 

2. 

14. 

5 - 

15. 2. 

16. 4. 

17. 

28. 

18. 

4 - 

19. 

— 2$. 

20 . 

SI¬ 

21 . 0. 

22 . 7 . 

23. 

-4- 

24. 

fl* 

25. 

6. 

26. 

S' 

27. - 10 . 

28. 10 . 

29. 

1 . 

30. 

2 . 

31. 

4- 

32. 

7- 

33. - 2 . 

34. 3 . 

35. 

2 . 

36. 

2j# 

37. 

-5- 

38. 

3- 

39. 5s- 

40. 3- 
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Ex. LXII. (p. 105). 


1. 

d—a 

9 

2 . 2 “ . 

3. 

4 b 


m — n 

5 


3 ’ 

6- 

a 

9 

„ >ri l 

i • 

8 . 

or - b l 


2 

n 

b — 4 a 



9. a — b . * 



Ex. IiXIII. (pp. 107-109). 


X. 

8. 

2. 4 . 

3. 12 . 

4 . 42 . 5 . 12 . 

6. 12 . 

7 . 

12 . 

8 . 5 . 

9. 7- 

10 . 4 . 11 . 5 . 

12 . 1 • 

13. 

7- 

14. 104 . 

15. 42 . 

16. 6 . 17. 5 . ' 

18. - 5 . 

19. 

12 . 

20 . 2. 

21 . 1 *. 

22. 3 . 23. 7 . 

24. -8. 

25. 

4- 

26. 7 . 

27 . 

28. - 15 ?. 29. 3 - 

30. 3. 

31. 

5- 

32. - 7 . 

33. 12 . 

34. 7. 35. 11 . 

36. 11 . 

37. 

8 . 

38. 5 . 

39. 7 . 

40. 1 . 41. 13 . 

42. 5 . 

43. 

O 

w • 

44. 10 . 

45. - 5 . 

46. 6 . 47. — 2 * J. 

48. 1 . 



* 

Ex. LXIV. (pp. 110-111). 


1 . 

18 . 

2 . 56 . 

3. 8 . 

4. 4 . 5. 2 . 

6 . 18 . 

7. 

8 * 

8 - 9- 9. 

10 . 6 . 11 . 4 . 

12 . 10 . 

13. 

7- 

14. JO5 

15. 24 

16. 19. 17. -a. 

18. b-a. 

19. 

cl — 

m. 20. 2 (^ + 6 ). 






Ex. LXV. (pp. 111-112). 


1 . 

3- 

2 . 1. 

3. 60 . 

4. -11. 5. 1 95 

6 . 2 . 

7. 

5- 

8 . 8 . 

9. 10. 

10. 7- 11. ' 4 - 

12 . 5 . 




Ex. LXVI. (pp. 112-113). 


1 . 

[. 

2 . 215 . 

3- -291 

4. 4 * 667 . 5. 5 * 42 . 

6 . -8. 

7. 

47- 

8 . 1 * 89 . 

9. 1 ' 86 . 

10 . 307 . 11 . 3 * 10 . 

12 . - 1 . 

• 


Ex. LXVII. (pp. 113-115). 


1 . 

3- 

2. 5 * 

3. 6 . 

4. — J. 5. * 

6 . ii 

7. 

14 . 

8 . 5 * 

9- 12 . 

10 . 3 . 11 . 2 . 

12 . 2 *. 

13. 


14. 15- 

tj( 25 «-i 8 <>). 16. . 

17- 

5- 

18- ?. 

19. 

20 . 7 - 21 . 4 - 22 . 5 . 

23. 5 . 

24. 

34- 

25. 4 *. 

26. 7 h 

27* 4* 28* /*,&• 29. 4* 

30. 2 . 

31. 

9- 

32. No root. 

33. 7 . 34. 13 - 86 . 

35. - 1 . 

36. 

2 . 

37. 8 . 

38. 11 . 

39. 3 I 40. 4. 

41. 10 . 

42. 


14 a 

43. 9. 

44. 5 . 45. io. 


* — 




5(a + i) 


- 
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Ex. LXVIII. (pp. 117-121). 

1 . ' x + <). 2 . 9 + #. 3 . x— 16. 4 . i 6 ~x. 5 - .r—15. 

6. 20 — x. 7 . a/6. 8. 35/r. 9 . 20X. 10. x — 7. 

11 . #-25. 12 . .r-12. 13 . jt-j'. 14 . ^ 4 - 9 - 15 75 — ^ 

16 . 8o/„r. 17 . 3v/x. 18 jr/9 pie. 19 . 15-y. 20 . y/9 ; 16^/9. 

21 . 5-r. 22 . a 7 . 23 . m 9 . 24 . yjxRs. 25 . a+ 20. 

26 . * + 5 years; at- 10 years. 27 . \x. 28 . jr/9 miles ; q/.rhrs. 

29 . .r/y miles. 30 . TV r * 31 . 32 . x/i2 as ; v)2yjx. 

33 ! 12^/5. t 34 . 64. 35 . 140 — *. 36 . 7 . 37 . ;ry shillings. 

38 - 5* + 2y ; fio(SA' + 2_y;. ^9 2j/. 40 . 2.r + 2y. 41 . 7 A 

42 . 2:/j/. 43 . pq miles ; .r hours. 44 . 15/4*. 

45 . .r, * + i, .r + 2. 46 . x — 2, -ir — 1, x. 47 . -r +1, .r + 2,-v + 3. 

48 . x — 2,x~i,x 1 r+i y x + 2 49 . x, x+ 1, .r + 2. 50 . 21+1. 

51 . 2„r - 2. 52 . 2,i‘ — 2, 2.r, 2# + 2. 53 . 240a 4-1 zb 4 * r. 

54 . a — 2T years ; a - zx — y years. 55 . 2.r— 16. 56 . 25 x/y. 

57 . fixjy hours. 58 . j.r + j (IL y hours. 59 . 6y miles. .. 

60 . .r 2 sq. ft. 61 . xy. 63 xy + 2xx + 2 ys sq. ft. 63 . xyj 5. 

64 . ,r— yz. 65 . xy +z. 66. (x — xr)/v- 67 . j6.i'-I3J. 

68. 392/jr days ; 392/jtrr days. 69 . 88.173. 70 . //z( _y — -r) +A*. 

71 . .1—124/4-5. 72 . 2,r= m. 73 . 202:4-3—4^ —3. 

74 . ^-50=4/. 75 . -K*-7) = 0(2*4-3). 76 . (.r- i).r(.rf r) = a 2 . 

77 . 240a+ 30// 4-1 2c=x. 78 ab=gx. 79 Ty = 5(a-0). 

80. 22 : 4 - 10 ==/. 81. j — i,r = 20 . 82. x + yy = a. 

83 . x — (ix+y + 6 oo) = a. 84 . 30//100. 85 . *y=i 60 . 

Ex. LXIX. (pp. 125). 

1 . 35, 13. 2 . 9. 3 . 513, 466. 4 . 31, 18. 5 . 12. 

6. 71, 17. 7 - 76, 24. 8. 18. 9 . A /fa.84, B /fa.42, C /fa.14. 

10. 120. 11 . 90, 60. 12 . 16. 13 . /fa. 3. 8a. 

14 - 37,30,20. 15 . 15. 16 20. 17 . 79t- 18 - 55- 

19 . 20, 15. 20 . 5,6. 21 . 88. 22 . /fa. 100. 23 . 15. 

24 . 41. 25 . A /fa.85, B /fa.35. 26 . A 28, B 14. 

27 . 29, 17. 28 . 2. 29 . ^2. 6 s. 8 d. 30 . 168, 72. 

31 . /fa./fa.36o, /fa.120, Rs.\ 6 o. 32 . ^52, ^2. 12^. 

33 . A /fa.4oo, B /fa.500, C /fa. 100. 34 . A /fa.30, B /fa.io. 

35 . /fa-8333. 5a. 4/., /fa. 1666. 10a. 8/. 36 . 77. 

37 . /fa.450, Afa.570, Afa.630, Afa.650. 38 . 9 years. 

39 . 20 years. 40 . 14, if. 41 . 22, 8. 42 . 58, 42. 

43 . 24 feet. 44 . £2. 15^. 45 . 11. 46 . 8J hours. 

47 . 8. 48 - /fa. 189. 49 . A /fa.3. B Rs. 5, C /fa. 7. 
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50 . A Rs. 630, B Rs. 810. 51 . 96, 70. 52 . 15, 5. 

• 53 . 98? miles from R, io£ hrs. 54 . 5. 55 . 22,7, 12 gals- 

56 . 1000. 57 . 1 hr. 20 min. from B’s starting, miles. • 

58 . 25 lbs. 59 . 9 h.c., 4 fl. 60 - 20 in., 16 in. 

61 . 36 years ; 18 years. 62 . A AV.30, B A\r.20, C Rs.16. 

63 . 52, S3, 54- 61 A 4i miles, B 3 miles an hour. 

65. B 30, C 15, D 10. 66. 36 miles. 67. 44 * miles. 

68. 128. 69. 80. 70 . 14 71 . it- 72. A^*.55o,A\y.450. 

«a 480 74 . 60, 12. 75. 44-{V> days. 

Ex. LXX. (pp. 136 - 137 ). 

1 . io£ miles. 2 . 25 ft. 3 - 3 miles an hour nearly. 4 . 4 ft. 

5 . 32 ft. 6- 4*5 ft. 7 . 1077 ft. 8. 28 ft. 9. 9*2miles- 

10 . 3*4 miles. 11 . 4 5 miles. 12 . 39*2 ft. 13 . 6*55 ft. 

14 . 36 ft. 15 . 23 3 miles. 16 . 62*5 ft. nearly. 17 . 2*4 miles. 

18 . (1) 8*64. (2) 16*2. ‘(3) 15*98. 19 . (1) 2*5. (2) 3*6. (3) 5*4- 

20. 29 miles. 21. 5 in. nearly. 22. 42*4 nnles. 

23 . l mile ; 18 08 miles. 24 . 9*6 miles. 25 . 3 9 miles. 


Ex. LXXI. (p. 139). 


1. 

4 <1*6*. 

2. 9a 4 #. 

3 - i6«W. 

4. 25 x*y*. 

5 . 

()X* 

16y* ' 

fi 9a ° 

6 - , 6c* ‘ 

! 2Vt 4 

*■ 49iV ‘ 

9 aW 
25a 4 .r 3i 

9. 

8 uWc 12 . 

10. -8 ciW. 

11. - 27aWc 12 . 

12. -125a 6 #. 

13 . 

8x e 

a ? 't> n c° ‘ 

-1 7 7-8 

14 _ 

6 4r V' 

. c Wrf* 

15 * 11 

27a° 

1 

10 ' a *P m 

17 . 

81 aW 

256 c lt * 

~1<I..if* *.20 

!8. - 

J - 

■ 19 - - -' i„ • 

243 ^ 

rtA x 18 

21. 

-x 10 y 2() . 

22. 8i<i*^^“ 

23 . 64 

24 . -128a 14 . 


Ex. IiXXII. (p. 141). 


1 . x? 4- 6 x 2 + 1 2x + 8. 2 . x 4 - Sx H 4 - 24** - 32.r 4-16. 

3. x h + I5t* 4 4-902r s +27 oat 2 4-405^ + 243. 

4 . 1 + io.r 4 - 40X 2 4 - So**’ 4 - 8 o:r 4 4 - 32;r 5 . 

5 . 64a 0 — i92cz fi + 240rt 4 - i 6 oa s 4 - 6 oa 2 - J2a-M. 

6. 8i* 4 4- 108^4- 54Jtr 2 4-122:4-1. 7 - idr 4 -32^ s + 24a 2 Ar 9 -8a s .t*+a 4 

8 - 243AT 6 4-81 oax x 4 - 1 o8oa 2 jr * 4 - 720a s jr a + 24 oefix 4 - 32 a\ 

9. 4096a 0 — 18432a fi ^ 4 - 34560a 4 # 2 — 34560a 3 # 4 - 

19440a 2 # — 58320# + 7 29#. 

10 . a 6 x* — 6 a b x 6 y 2 + 15 a*x*y* — 20 a*x*y° +15 airy 8 - 6 axy 1() +y**. 

11 . a 4 * 4 4 - 4a n 'X b 4- 6a 2 .r° + 4a* 7 +* 8 . 
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12. 32a R £* — 8oa 4 £ fl 4 - 80 a*b 7 — 40 a 2 b* +10 ab 9 - b 10 . 

13. cP — 3 a 2 b + 3«V 4 - 3«^ 2 — 6 a< 5 r + 3^ — 4- 3^V — 3#^ 4 - <?. > 

14. « a s — 3^ 2 3 — 3# V 4- 3 ab 2 4 - 6 abc 4 - 3ac 2 - £ s - 3^ — 3 be 2 — £®. 

15. 1 - 3* +• 6* 2 - 7*® 4- 6* 4 - 3* r> 4- * u . 

16. I 4 - 3 x 4- bx' L 4- 7* s 4 - 6.r 4 4 - $r B 4 - or 6 . 

17. cP 4 - yi l bx 4- yi(b 2 + ac)x 2 4 - ( 6 a* 4- b*)bx* 4 - ${ac 4 - b*)cx 4 4 - 3 bex* 4 - c*x 6 . 

18. I — (lx 4- 1 5* ? ' — 2CXT 1 4-15 * 4 - 6* B +x 6 . 

19. 1 — 6x 4-21 * 2 - 44*® 4- 63a: 4 - 5 <\x h 4- 27x G . 

20. a* - 6a 2 £ 4 - 3a 2 r 4 -1 2cib^ — 1 2abc 4- Sat 2 - 4-12^V — 6b c* 4- c ®. 

21., 1 - 3* 4 - 5-r 8 - 3JI' 6 - * 6 . 22. 1 4 - 9* 4 - 3 jr 2 4 - 63* 3 4 - 66* 4 4 - 36** 4 - 8* 6 . 

23. 2(44-25.r 2 4 1 i 6 r 4 ). 24. i 4 -3* 2 4 - 6 * 4 4- 7 *° 4 - 6 * 8 4 - 3x 1{] +x 12 . 

25. 2(36* 4-171**4-144* fi ). 26. 1 4 - 3** 4 - 3*° 4 - x°. 

Ex. LXXIII. (p. 142). 

1. 1 - 4a* 4 - 2a 2 * 2 4 - 4 a ? x* 4 * a 4 * 4 . 2. 4a 4 — 4a 3 - 7a ?i 4 - 4 a 4 - 4. 

3. ci 4 — 4 x'b 4-1 oa*b* — 12 ab* 4 - 9 b 4 . 4. 1 — 2X 4 - 3 * 2 — 4** 4 - 3.V 4 — 2* 6 4 - x 6 . 

5 . x* — 4* B 4 - io* 4 - 4** - 7x l + 24* 4- 16. 

6 . 14 - Ax - 2X* - 4** 4 - 25* 4 - 24** 4-16* 6 ' 

7. 14 - 6 * 4 - 15* 2 4- 20* 3 4 - 1 5* 4 4- 6* B ■+• *°. 

8. 1 4 -1 2x 4 - 6or a +16o* ? 4 - 240* 4 4-192*^ 4- 64*°. < 

9. ci s - 8 a r x 4- 28 a 0 * 2 - 56flV 4 - 70a 4 * 4 - 56a*r B 4- 28a 2 * 15 — 8 ax 1 4 -* 8 . 

10. a c — 4a 6 /; 4- 8 a*b 2 — 1 oa*b* 4 - 8 tfb 4 - 4 ab :% 4 - b 9 . 

11. i - 4* 4 -1 ox 2 — 16* s 4-19* 4 — 16.r B 4 -1 or 6 — 4X 7 4 - x\ 

12. a 8 — 4 a 7 x 4 - 6ci°x' / - 8 a h x A 4 -11 a 4 * 4 — 8a\r B 4 - 6 a 2 x G — 4 ax' 1 4 - x H . 

13. 1 4 - 8* 4 - 28** 4 * 56*® 4 - 7ox* 4 - 56.r 6 4- 28.V 6 4 - 8 ,v 7 4 - x*. 

14. 46. 15. -44. 

Ex. LXXIV. (p. 143). 


1. 

4 $Xj'*Z*. 

2. ±iioW 

3 . 

± 12 a*b'<*. 

4. 

± zaftc*. 

5 . 

± 7 * 2 y ? £r. 

6. ± io#2 4 /; G r 8 . 

7 . 

4 3« W®. 

8 . 

•A 4-trV s . 

9 . 

3a*V 

* ? s- • 

»* • 

11 . 

5 ^V 

4 «^ * 

12 . 

7a r, ^ , i: 4 

4 —nr 

13 . 

2XV- 

14 . — 3 a 2 t. 

15 . 

2* 9 . 

16 . 

— AcPb' 1 . 

17 . 

- 

18 . +? . 

5 a 

19 - 

7 *‘ z 

20 . 

4 a*b 

21 . 

ia*y a . 

' 22. ± aV. 

23 . 

2 a 3 . 

24 . 

- * 4 7 6 . 

25 . 

29 . 

2*1'® 
i . 

3 ^ a 

2a ± ^’r'. 

30 . * W . 
c 

27 . 

la 7 b 
x b ’ 

28 . 

2 ab 2 

v • 



ANSWERS. 


. xxm 


1. 

5 . 

8 . 

11 . 

14 . 

18 . 

22 . 

24 . 


1. 

« 

5 . 

8 . 

11 . 


Ex. LXXV. (pp. 145 - 146 ). 

2. $a — $b. 3 . 5x' a -f 3.rj'. 4 . jab-a*. 

6. 5 a 2 bc+c\ 7 . i + 2x + 3.V 2 . 8- 3.t 2 +2*4*3. 

4. 10. 3a + 2^ + c. 11. .v 8 - 4xy + ^y 2 . 

+ 2/5 z . 13 . * s - 2** + 3* - 4. 14 . ** + 4*-1. 

16 . 2.t s + 2ax + 4d' J . 17 . 1 - 2x + 3-r 2 - 4* s 

d. 19 . .v 3 — 2x i y + 2xy 1 —y s . 

21. 2.r s - 3-f 2 + x - 4. 

8 . 23 . .x' 2 -(.>'+")* -J'-• 

^ + qx ^p^fcjxr 8 . 25 . 2 - 3a - a 3 + 2a 3 . 

r 2 + (jKfH^+yV-" 2 . 



Ex. LXXVI. (pp. 147 - 148 ). 


3 * 

3 ^ 8 -i' r ^ + 37 
-r 2 - 1*+ l - 


2 


.r a 

■*-! + - . 
a x 

.r 2 k 2 

y l x £ 

1 — x+x 2 . 

jr 2 r< 

: ~ o“i + 


2. H + ->. a s*..^. 

J' ' r 3 ^ 5 « 

6. 1 ~ \xy — 2r~y A . 

1 

2X ’ 

a 


x 4 


3 


9 . 3-r - 4 + 


Cfc 


12. — - 2.r+ 

o ^ 

- J 


2jf 

4 . - - 

2 3 4 

7 . .l:r 2 -J^+l^ a - 

10. JT + 2 + 3 • 

.r 

13 . 2 - r -f-f. 

jy 5^ 4" 


15 . 1 - x. 
19 . X- 2 . 


»-c 


2a 8 a* 16tf 6 * 


16 . ft — 2 17 . 2(1-$. 

20. a - 21. 1 - -r -- J*” - ***. 

„ A J?_ h \ 

U 2 a 8a 3 16 a c ' 


i — \x — S.v* 


5 ,,-S 

T6 a • 


Ex. IiXXVII. (p. 149 ). 


x -2. 

X 

x 2 + \yz-zK 
a — b + c—d. 
a? + b 2 . 


2. 2 - c + - 
2 


n a b 
3 . -,+ — 1. 

b a 


4 x - l 

' .r 2 


14 . a 2 + (2^ - c)a + A 


6. x 2 -2r+i. 7 . ab-ac+bc. 

9 . « 2 — £ 2 + — ^ 2 . 10 . ax -frby 4 - cz. 

12 . (a 2 +b 2 )(c 2 + tP). 13 . 3a*-ab+$\ 

15.^ + ^- (VUi. 

y * 2 U ,*7 

Ex. LXXVIII (p. 151 ). 


1 . x + 2:y. 2. a —3. 3 . * + 4. 4 . 2a —3d. 5 - a + 8i. 

6. 2 X- 7 y. 7 . 7 «- 4 ».r. 8- a.v - 5for. 9 . a 2 +2a+i. 

10. ** — 4* + 2. 11. x' 1 + 2x + 3. 12. d l - ab + b' 1 . 13 . 2* 2 +4*7-37®. 
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14 . **-**+*-1. 15 . x + a + b. 16 . 17 . a? + -\ + 2. 

3b a a 2 * 

18 . a-l+c. 19 . 1 - 2X + 3X 2 - 4X 2 '. 20 . i-x 2 . 

21. x 2 —y 2 . 22. b(a + b-c). 23 i + 2x. 24 . x — 2a. 

Ex. LXXIX. (p. 153 ). 

1 . x 2 y. 2 . x 2 y 2 . 3 . 3X 2 . 4. 2 ab‘ l . 5 . 4y s z 3 . 6. 

7 - 6a 2 bc 2 . 8. 4«.r J . 9 . 2a. 10 . aPPc*. 11 . 4 a 2 bc. 

12 . 5a 2 . 13 . 5-rV. 14 . G/b*. 15 . 1 ixy 2 z 2 . 

Ex. LXXX. (pp. 153 - 154 ). 

1 . 3 xy. 2 . ax. 3 . a. 4 . a. 5 . aiy — b). 6. a — b. 

• 7 . a+x. 8- 22r 2 (a+r) 2 . 9 . x*(a+jr)*. 10 . ab{a — b) 2 . 

11 . 2(.r-i). 12 . x\x+i). 13 . 2{x + a). 14 . x. 

15 . x-3. 16 . x + 3y. 17 . a+x. 18 . 4 (x 2 +y 2 ). 19 . a\x + 1). 

20 . 3(a.r+ 2). 21 . a+ 4. 22 . x+_^. 23 . *--7. 24 . 0-3. 

25 . a - 1. 26 . a + b - c. 

% 

Ex. LXXXI. (pp. 157 - 159 ). 

1 . 3X-2. 2 . 2.1+3. 3 . 3*+ 5. 4 . 2*+ 3.’- 

5 . 3X-2. 6. 3X-2. 7 - 8.v a +14*-15. 8- 4 -*'~ 5 - 

9 - 2(x 2 + 2X+ 1). 10 . y- 2. 11 . x - 2a. 12 . x + 3. 

13 . x— 1. 14 . *-3. 15 . *-7. 16 . * + 3. 

17 - # + 2. 18 . 3(^+3). 19 . x 2 +y 2 . 20 . a{a + b). 

21 . x'*-3. 22 . 2T + 3- 23 . .r-8. 24 . x — a. 

25 . x + 4. 26 - x + 5. 27 . x-i. 28 . x-3.- 

29 . x — 2. 30 . 32^-5. 31 . x 2 + 2x — 3. 32 . a(a 3 -b 2 ). 

33 . x 2 -2xy+y 2 . 34 . .*- a + 4r + 4. 35 . 5 * 2 -i. 36 . x — 4a. 

37 . 2.r + 5. 38 . 2(x 2 +ax — 2a ? ). 39 . 3-r-n. 40 . .r 2 - 2,r + 1. 

41 . x s — x+i. 42 . 2x 2 + 3.r — 2. 43 -v —4. 44 . 2x—i. 

45 . X — 2 d. 46 . x 2 -x + i. 47 . 2x-y. 48 . x(x 2 + 32- +11 )." 

49 . x 2 — 3-f + 4. 50 . x + $. 51 . 2x 2 -x-2. 52 . **-4*+ 3. 

53 . 4 a 2 — 3 ab + b *. 54 . X s - $x 2 +132 — 14. 55 . 2x 2 — 3. 

56 . x-i. 57 3x % -2xy+y % . 58 - x{2x l + 2xy - y 2 ). 

59 . x 2 — 2xy+3y 2 . 60 . x 2 — 2ax+a 2 . 61 - x 2 +2x + 3. 

62 . 2r»-+r + i, , 63 . x 2 +x+4i. 64 . a=6 ; x-2. 

65 . _y=*5. 

Ex. LXXXII. (p. 159 ). 

1. x 2 — 2.r + 5. 2 . .r a + i. 3 . 5* s — 1. 4 . x+4. 

5 . x — 2. 6. 4X+1. 7 . x-i. 8. x 2 +x-3 . 
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Ex. LXXXIII. (p. 164). 

' 1 . 12 aHh. v ‘ 2. 36 Xy. 3. 24 a 5 W/. ' 4. aoaVjrV* 

v 5. a A Pc*. 6. 12a 2 6 2 c 2 . 7. (xtf&cx'y* 8 . 120a 4 /*. 

9. 10 a^b h , 10. i8ooa*r\ 11 . 924 a''b*<?x r y 2 ' 12. iooia*& 7 c*x*. 

* 

Ex. LXXXIV. (p. 165). 

1. axy(x-y). 2. a(b 2 -d 2 ). 3. 6 (a 2 - b' 1 ). 4. I 2 a(a 3 -i). 

5. rt 3 -+ b 2 . 6 . (x — 3)(x + 4)'x — $). 7 . (x +1 )(x + 3)(.v - 4 ). 

6 . a 4 - 1 . 9. 120 xy(x J -y‘ J ). 10. 24 a 2 b\<i 2 - b 2 ). 

11. 36 xy\x 2 -y 2 ). 12. (.r 3 -25)(V J -36). 13. ab{a; - b 2 )(a 2 - 4b 2 ). 

14. (j:-3)(^-s)(i-- 7)- 15. (rf 3 + 1 )(« + 4). 16. xy(y 2 -x 2 ). 

17. (a® — .r*)(a® — 4 ^ 2 ). 18. (.r 3 - <))(x 2 + 3 * + 9 ). 

19- 72 a 2 b\a 2 - b 2 )(a 2 - ii 2 ). 20. 72(a 3 -^)(«°- # ! ). 21. 30.r 2 (.v 2 - i) 3 . 

22. 2 ^- 2 )V + 2 )(jc 2 + 2 ). 23. (.t-°-a 0 )(.r 3 +« 3 ). 24. (x*- i)(x°- 1 ). 

25. (33:4- i)(2.r - i)(x+2). 26- (a + b)(a-b) 2 (a+sb)(a + 6b). 

27. x*-y i . 28. (1 +2*4 4.r s )(i 4-2* - 4.r 2 )( 1 - 4-r 2 ). 

29. (gx 2 — f )(.r 2 - 3) z (9^ 4 - 1 ). 30. (.r - 1 )"(x 4- 1 ). 

31- A' 4 — 1 6a 4 . 32. (.r — u)(x — b){x 4-3a 4- 6). 

Ex. LXXXV. (pp. 167 168). 

1. (* 2 4-1 )(4-r — i)(3*-i). 2. (.r+i)(.r4-3) 2 (*4-4)(*+5)- 

3- (a 3 - 4^ 3 ).'« 3 - b 2 ). 4. (a'-a) 2 (jr~3a)(3r-7a). 

5. (x 4- 2)(2.r — 0 ( 3 . 1 - 0(4 * 2 - 3*4- 1 ). 

6. (a® + 3-f + 2)(3X 2 4- 8* - 3)(2.r 2 ~3-r+ 1 ). 

7. (x 2 — 4)(x 2 + x — 2)(x 2 — x + 1). 8 . (.i' - 1 ){x — 2){x — 3)(.c — 4). 

9. (x ‘ 2 - 1 )(„v 4 4- ?x 2 + 16 ). 10. (.v - 8 ) } (jr 4 - 9 )(yx* - 100 ). 

11. \x l 4- 3-r - 4)(.r 4- 4)(-i' - 3 YZX + 4)- 

12. (x- i)(.r + 4)(.r - 5)(.r 4- 3 )(.v 4-6 )(j^SP® 

13. (^ 3 4-^-3) 2 (^ s -^4-3)(^ 3 -^'-3). 14. ,* s 4-2jr a — 3 . 

15. a 3 — 2 a 2 4 - 2 a — 1 . 

» 

Ex. LXXXVI. (pp. 170-171). 

1. 2. 2. 30. 3. 53. 4. -6. 5. -343^ 6 - - 2 . 

7. - 4 . 8 . -2. 9. 35. 10. 23. 11 . 144 . 12. - 6 . 

19. 23. 20. 4. 21. 14 or -13. 25. b + c+ 1 = 0 . 

27. {p + g)\fi + q+ i) = a. 

REVISION PAPERS II. 

Paper I. 

1- (y-4) s . 2. (i) (22T4-9y)(42.- 3 -18^J/ S 4-8ty). 

• (ii) (x 2 — 6x+i 8)(.v 3 4-6a - 4 -i 8). (iii) (7X-gy)(Zx+.\ly). 



XXVI 


MATRICULATION ALGEBRA. 


3 . 

7 . 
9 . 

1 . 

5 . 

8 . 

I 

1 

4 . 
8 . 

1 . 


5 . 

8 . 



1. 

4 . 

5 . 


6 . 



-8 abc. 5 . 2(„r + 4). 6. -t;(* 2 +19*-5). 

2 X 3 - 4 x 2 +x- 1. 8. x 2m * 1 + 3x m — $y m ~*. 

(i) x — 2. (li) x= 8 . 10. 24. 


Paper II. 


(bx + a)(x 2 - x +1)- 
30 ab[a — b)x + 36 cPb' 1 . 
(i) x — j. (ii) x = 4. 

(3X-2)(2X-3). 


2 . x 4 + 5 (« - b)x 2 + (6a 2 - 25^3 + 63*)i- 2 - 

3 . a 2 -2.r-|-2. 4 . 3a a -a3 + 53 2 . 

6 . Oxyz. 7. (x ' 1 — a 3 )(* 8 + a 5 ) 2 . 

10. 1800. 


. Paper III. 

.t 4 —.1" — 1. 2 . fi) (2.1 2 -i)(2jt 2 4 - 1X2r 2 + 2 ^r + i)(2.r 2 - 2 X + 1). 

(\\) x{x + 2f. (iii) (,r-2)(2.r—i)(2a' z -5 a'+5). 3 . 2A- 2 + 2;r+ 3. 

x u — a". 5 - -i’ n — rt.r* + 2a ! .r + a s . 7 . 3-t' 2 — 2(a + b)x 4- a‘ + 3 2 . 

'1/7 f) 

4(a + b) 2 x 2 . 9 . (i) * = 5. (ii) -™ (r 10 . £4680 ; ^4720. 


Paper IV. 


12 abc. 2. 1 4 -(a + ^).r 4- \{a{a— 1) -f — 1) + 2 ab)x* + 

!,{a(a- i)(a- 2 )+ £(/;- iX^-2) + 3^(^ + ^-2)}a' ,{ ; « 

+ + 1). 3 . 5 r * 0 ) (-r a 4 - ixy-y*)(x* -3*7-.y 2 ). 

(ii) (cl — b 4 ~ c 4 r </)(a + ^ + £ — /V)(<r4-+ r 4 * 4 “ ^■+■ d — *z). 
afo’(a 4 -^ 4 -£)(£ 4 -f — a){c-Va — b)(a + b — c). 6. I (>a*. 

(i) 4 x 2 +i 6 x + ii. (11) .t"+.r + 2- . 9 . at = 2. 

{*/— (a + £)/}miles ; --- hours. 

# 4-0 


Paper V. 

x *+ xy 2 -\-)P \ y — x. 2. 8a 3 . 3- x — 1 ; 1 . 

(2a* 4 - y + s )(2.r - 3 v - xr)(2^r 4 - 3 J - s). 

(i) (2 .v4-3,v)( 2*-3J'-3)- (ii) (* 3 4- 3*7 4- 4J' 2 )(** - 3*7 + 4T 2 )- 

(iii) (o: a +2.r —3)(A' 2 —2,r—3). (iv) (8,r- i)*(i -a)(i +a 4 -^ 2 ). 


a* 


0 ) ax % + $bx-c. (ii) — 4 - 

3 

(ii)a-- 4 Hl 2 . 8.4. 


3 b s 


a 


s 


5 - a b 

- 7 . (o ,- 1 - 

b' b a 

10 234. 


Paper VI. 

(x i +y , ') 2 =(x^-y i ) t + (2xy) 2 . (a) i6 2 + 30 ? . 2. (i) (x— 1 i)(a'+17). 

(ii) (ar+i)(.r + 2)(.r- i)(.r-2). (iii) \{a-cf+ b{a+c)){a- c)(a + b + r). 
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3. .(x- 3)(x-4)(2x- if. 4. (« + i)** + («* +1)*+«* ; 194 ^. 

5 >< (i) a 2 + 5rti-3^ 2 . (ii) a(** +1) + 0 (.r*+.r). 6- 6^ + 3. 

7. (<w+^y)*+(«y-^) s . ’ 8. .r 2 -5*4-8. 9 . *=15. 10 . 42. » 

Paper VII. 

1. y + 1 IJ' 1 +47.K 2 + 93 r + 69. 2 . a 3 -ab 4- £ 2 . 3 . 2.r 2 + 5* - 3. 

4 . (i) #«r + 2^ + ^ f . (ii) (a+^)' 4 +3<r(« + ^)+ <? 2 . 

5 . (i) .r* + ^-2. (ii) 2 + 3-r—.r 2 . 6- (i) (3* - 5X4* +7). 

(ii) (2 jt — 3)(4^+9). (iii) (9a 3 + 12^ + 8 i a )(9a 2 — i 2 «^+ 80 2 ). 

(iv) (jv —a) 2 (x-+2«). 7 . (.v +_r ) 4 + ~ 4 . 8 . o. 

9. x — ~. 10. 60 . 


1. 

4. 

5. 

9. 


1. 


6 . 


11 . 


15. 


19. 


23. 


28 - 


32. 


Paper VIII. 

O. 2. 3 *-I ; h 3. 0) x*-lx + i. (li) “’+ ^* + -p V -. 

G. C. M. = ,r+ 3 ; L. C. M. —( 3 ^+ 8 ;r 2 + 3 ,r- 2 )( 6 * ,4 + 
yx* - 27 x*+ 17-^-j) 

2 -r*-;r 2 — 3 . 6 . 36*1 ft. 7. a K — q&bctrifle 1 . 


(i) *«•. 

(ii) 

„r= - 23 . 
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Ex. LXXXVII. 

(pp. 181-182). 



3 

2 . 

J? 

3 . 

I 1 xs* 

. 6 cPx 

4. 

5. 

4 b\ 

5«^' 


7 bed' 


ya h y z 

77. 


7‘t- 

7 tV 2 

7. 

a +y 

• 

8 . 

X 

9. - m - - . 

10 . 

7£ 

11 ’ 


a 

a 

3(w— 2 X) 

S a 


a 2 — 3*1$ 
2/>{a - 4 - 2 /^) 

3*7-5 y 

4 *-77 

y+y 

y ' • 

a-b 
a + b‘ 

a+ b 

a-b ‘ 
cr + d 
ax+b' 


12 . 


16. 


3,r 2 

j'(.r - 2j/; 

c 

idf 


A a 4 + + b* 

20 - a' + b* 


13. 


17. 


2L. 


2W« 


m + n 
£+7 

f+ 2 X ' 

x 2 - bx 
x + b 


14 


yibc 


18. 


24. 


x + b 


29. 


33. 


x-c 
3 a - 2 x 

5 « + i* 
x-5 

2 * + 3 ’ 


26 . 


cH- 3 - c 


a — b — c' 

30. H^3£. 

2a + 3JT 

a*-3a +9 
*•? 


26. 


;r — 1 
.r+i 


,r- 1 
a 

ji*+i_ 
.r 4 -f 2 f 2 + l 
.r — 1 


22- , 4 


27. 


* + 2 


34. 


0i 2 a + b~c 
ul* . • 

2 a — b — c 

x - 1 


35. 


■* -f -1 
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36. 


10 . 


14. 


17. 


11 . 


_ _3*-?y _ 

( 2 X 2 +/ i )(x + 2}') 


07 a +b-c-d x* + 3\a x+y-r-i 

2 y) a-b + c-d x 2 - 3a x+y + i* 


Ex. LXXXVIII. (p. 183). 


x + 4 2 _ 

x l — ix + i ’ ' 5.r 

5a s (a+x) - x 2 - 
x(a 2 + «x + x 2 )‘ x 

_.35*? +l . _ o_3- 

4a v x 4 +*2ax 2 — i ‘ ’ 4x 2 

* - 5 , . 2 X* + y 

jr+5' x a - 6 a 

3 (^ 1 “ 7 ^* + I2 a 2 ) . c 

2(.r 2 + 7«.r + 12a 2 ) ' 

T" 18 

x- x— 12 


7X-2y 
5-r 2 — 3^7 + 2y J 
r* — ax +rt 2 


r 2 -a a 


a 3*" + * 

4 .i'“ + 2r + i 


11 2 x2 + 3 ^ + 7 # 5 
r' z — for + 2 « 2 


12 . 


~ x 2 +x- 2 
* r :z + sr+ 5 ‘ 
x 2 + 4 x + 4 

0. o . 

r 2 +r + i 

9 . 

2 X s - 4-r 2 + 2X - 3 
2.T + 3 ' io X- 


SV -2 


13. ———. 

x 4 -1 


2 x 2 + 3r - 5 
7 X ~5 

X — 2 

x + 4 


ie. ^±H+_'i. 

x-7 

. q a s - 2a 2 + a + 4 
a 3 — 2a 2 +.12a — 18 ’ 


Ex. LXXXIX. (p. 184). 


3 x + 5 7 ~ ■ 

a - 2.r + —- 
a+x 


2. 2a+ 5 ^. 


a P 

i. a -. 

a 


4. 3 * - 6 H—. 

x + 4 


6 . 2X + 6 + - 3 - . 

x-3 


7. 2a — 3r+ 


5a -x 


12x + 3 + 

6jtv + 2 

3 )' * 

a ?> + 2r 3 


4r — 1' 

12 . 


't y — T r — "» 

9. x-i- “ — - . 10. * + 3 , 

x'-x + i J x*-3x+4 


a + b' 

16. 


13. 


x s - 2 .r 3 - 3 X 


X-2 


x 2 +x y 4 -y‘ 
x + a 


14 **~J ox + .39 
' r “3 

r 5 - 7 n 
r® — ry +y 2 * 


for, <2^7, afor 
abc 

9 £i_ 5 ^ 4 i£ 

15<ir 


Ex. XC. (p. 186). 

0 6<:r 2 , 4 <*A 3«*® 

w« ~ r ” . 

I 2U0C 

. 40b 2 x 2 y, 45a£ 2 x 3 , 48a 2 3y 3 , 5oa s x>> 2 
4 ' ‘ 6oaV ‘ 


a 2 + 2ax + x 2 , a 2 — 2ax +x a D 6ax — 2<5x t 20a — 4^, 2ax 2 - bx 2 

“ 7 ^ 2 • b - “ 8x s 

a*x 2 - b 2 x% a 2 y 2 + b 2 y 2 _ 8ax s - 8£x 2 , x_y _ a-x, a+x, 2a 
' a* - b* ‘ * 6(a 2 - b 2 ) ’ 4a V s -**) *• 


7 . 
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10 .- 


X s + x 2 -x - I, ax(x+ i) 2 , 3 a(x*-x 2 ~x+ i), 4 b(x- I ) a ,S(^*- 0 

Ex. XCI. (pp. 188-189). 


1. 


5. 


9. 


12 . 


16. 


20 . 


24. 


28. 


i_3 x 

12 

x + 7 

3°.r ' 

2 5.i‘ - 2oy 
12 

«*+** 
2(a+b)b' 

nb 

cT-b’ 
x-y 

• 

x 

P + X 2 


2 *j- g Sjrys + sbxs+gcxy ^ 


6 . 


1 3a 

1 2X ’ * 1 2XyZ 

2^+.r 2 -2 „ 71a-5 

• 1 • • 


8** 


8 . 


50a 


7 - 2jr 
12 

25<2 — 20 b 
12 


3 VI 5"** - 4<i*b + + 5 PP 

10 ~4a 11 - a'b* ; 


13. 


3 or — a^ + 2^“ 


17. 


6 v a -£)<* 
2a 2 — 2<ib+ 2 P 
a 2 - P 


14. 


a l + b- 


' l -b- 


15 . 


a 


d l + P 

a'-P’ 


21 . 


IB ~ ab 1 ft " 2 ~ al ' + bi 

a 1 — b* a- 4 — b- 

a 4 - bx 


a 1 - 10(1 +• -1 ’ 
d J 4 - .r 


22 . 


20X 

1 - 2 5-r y ‘ 
8x~ 2 


23. 


OK 2fi 

**( * +*) # aV - a) * *(.»* - i )(.r 4 - 2) — x{x< - 1) 


2« ’ 


—-. 29. o. 30. I x . 31. , y* ,0 

a 4 - x* x'(x- - 1 ) 4 * - 0“ 


*> • 


32. 


c + dx ’ 

27. 

1 +jr s +.r 6 


33 . i; r 

x +_y 


34 . 


£ + a.r 


35. 


2x* +4x^-2 y* 


x 4 -j' 4 


36. 


37. 


- 4 —. 38. 4 7a - v - • 39. 1 . 40. f. 41. , - 

a + .r «* - r6 a 3 + o s (x - 


if 

x — 3 X 2 4- 3 x s 
(1 -x) s 
18 

(x-i)(x + 2)(x + 5) 


1. 


5. 


10 . 


14. 


18. 


Ex. XCII. (pp. 191-193). 

l6x B — 5-r—13 „ 2 y 2 „ 6 


( 3 X + 2) 3 

o. 6. o. 


9 

"• q q • 

x 3 —jr 


3. 


7. 


x 


X 2 + 2X + 4 
(x + 4 ) (x 2 - 9 )' *■ x(x 2 + 1 ) 

b 14 


8 


9. 


(x — 2 a ) 2 " 27 « S + 3 s ' X 2 — 49 

1 1/ — — 1/4 


1t J«L 12 4fVjxV-y 8(a + 6) 

3«-5^. ll a 4_^4- 12 - ~x 4 -y' • 13 a 4 -i6‘ 


22. - 


I+2X + 3X 2 1S 

i6x 

16. —^T. 

• 

4(1 - 

X 4 ) 

1 -**’ 

a 2 -/; 2 


3 a 2 

19. 0 . 

20. 

I 

•1 • 

21 . 

a 2 - 1 


I 



4 


y*-ax 

24. 

(*- 

1 

H, 

1 

K, 

** 

S). 23. 

jr* — a 2 * 


17 5*-«5rJ3" 2 

x 2 - ax - 12a 2 

_I_ 

(x- i)(x-2)(.x-3) 
X S +2X a + 2X- I 

X 4 -! 
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25. 


. 34. 2 . 


35. 


38. 


‘42. 


. 47. 


49. 


-LZf_ ofi _ — _ 27 o 9ft 3 . 

(-r- 3 )(*- + 4 )(-v- 7 )' (« + *)(«*** m °‘ 

r2 + , -i 30 2( ' r " +l) 31 i 32 + ^ 33 2a 34 

* 2 V 3 d0 *(**-0’ 3L ■ 32 ' 33, « + £' 31 

_^ I I 

(«-*)(*- «' x+y* (x~- T)(^^~ 3 j * 

2frt + r)i. OQ I An 2A a . ,2 s 

^ + a.r+.r !! ' ' « 4 -.r 4 ' U ':r 4 -i‘ 41 ' ^-jtrU r 7 < 4 -*V 


36. - .% 

x+y 


37 .-—L—-- 

(x - })(x - 2)(x - 3 ) 


40. 


i6x 7 


l-x*' 


4 - r * + 8 , _ 1 6x 7 

i+x'Tp- 4J ~l~X*' 

-1 + c 

{b + c - a)(c+a - b)(u + b - c)' 


x*— i 


44. i. 


41. 


{a-x)(a*+ x'i, 

46. i. 46. i. 


x l + 5 _r + 4 


48 _- 

a(e?-P)tf-4py 

50. - - . 

( 2 a - 3l>){* - 4 « ‘ 


Ex. XCIII. (pp. 194-195). 


1 . 

-- . 2 . 

2 ^ S 

2 5 «* 


( )b 

1 * 

2 &by 

7. 

<ibc 

• 

8 . 

a 2 — 5 a+ 6 
■> • 


xyz 

a* 

11 . 

ab 

12 . 

* 

a 1 + 4^‘ J ’ 

3r 2 + j / 2 ’ 

15. 

<2 + 4 

_ __ • 

16. 

.r+5 


« + 5 

■ r_ 5 


4 <w. 5. “ . 6 . 

12^' £(a -*) 

g 2 ax\x~y) lfl tjfl + fi 


13. x*+a 2 . 
17. r -. 

a- -y 


a 

a — 6 


14. " ' 

«-3 

iq -lU' + 3 _«) 
«(jr + 2 «j' 


Ex. XCIV. (pp. 195-196). 


4 °y 

49 - 


3 ^ 

4 *> 


« a + ^ 
(a — ^)* 


* - 6 Q 2^ 


d(a + 6). 7. — . 8 . 

A' — i 


4. j. 


A' 2 -/ 


a,+ £ - c 
a-6 + c’ 


j 

13. x. 


9. - - 
3 xy 

u. *+?. 

x — b 


, «UZ 2 + 0 a )(« + *)* 
(« - <*) 2 ' . 

10 .^. 11. 

20 -^ + 4 


15. 


x 2 -ax + a 1 
x* + ax + a* 


a 4 —* 4 

d l x 


Ex. XCV. (p. 197). 
2. a -i. 3 . y ~. 4. — 


A 2,a l (a-b) c a\v{ax-i) 

4. 7 . O. -t-* 

b a — b 


X-I (a 2 -t*)t i 

y-i ' *■ ,.S • »■ zr, 


x‘+y- 


Q «> 

n i a a -x* 

9 . i. 10 .-. 11. 

a 


i 

x+y 
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x “3 

x-4 


13. S J + i+ 


14. 4- ~ - o +1. 

a 4 a* 


x 2 4-1 +“ 7 , . 


o »o 

17. 4* .7 “ I • 

b l a* 


is. 

o 


i/S 

15. VV 

r S 

* e -;)' 


20. .r 4 +ar 8 j/ — ;ry s -j 




Ex. XCVI. (pp. 199-200). 


1 . 

4 ~3 r 

IO 

2 . 3 ' r . 

15 - 2 .r 

3 . 6 

2 T+ 5 

18 . 1+14 

21 * 

3 .r~i 

6 . 

27-4,r 
2(4X - 9) • 

7. ,2 - l - 4 °. 

-> __ -t «- 

J J - l 

10 - 132 : 

8 . - 6 • 

9. j - i. 

10 . ”7 H 

2 * - 25 

11 . 

14 - 2QX 

9 O+ 1 )' 

1 . 2 . l4 "!,. 
i + <r 

13. 1 . 14. I. 

X 

15 . 4 :. 

<r 

16. 

2 <xr 

17. 

y. 18. “ 4 . 19. 

«-5 

(} + 7X-X* 

3 “ 3- r ’“+* s ’ 

20 . 4 . 21 . 
3 * 

Wi 4-*4--r 3 ) 

1 +x* 

22 . 

x. 23. 1 . 24. 

/ 

4 

3<* ’ 

25. 4 * 4 .-. 

(V — X* 


' 


Ex. XCVII. (pp. 201-202). 


1 . 

X* 

T' 4 - d ’ 

2 . 

2 4 X 

~ .r + i 

0 . . - - 

^ - 1 A 2.1 

-I)‘ 1 

a 4 -\-(i L b <i 4 - b 4 ■ 
ab(n — b)‘ l 

5. 

(a + b + c)' 2 
2 bc 

(m — n)\»i-s) „ 

0 . - - /• 

2 m — n — s 1 

1 r r 4*K* S+ 

- x* .V 4 + xy- +y* 

9. 

d 2 . 10 . V- 11 - 

12. f' 1 4 . 13. 

x* - a* 

xy 

x i +y l ‘ 

14. 

. {X - 7)(3* 

- 1( - 5(<* + *) 

- 5 )’ ( 2 a-V 




* 

Ex. XCVIII. (p. 208). 


•,i. 

i ; 3- 

2 . 19 ; 18 . 

3. 1 ; 1 . 

4. 5 ; 2 . , 

5. 1 ; - 1 . 

6 . 

1 ; 2 . 

7. 6 ; 7 - 

8 . 8 ; 2 . 

9. 7 ; 17 . 

10 . 5 ; 6 . 

11 . 

14; 15- 

12 . *; 4. 

13. 2 ; 1 . 

14. 12 ; 3 . 

15. s ; 1 . 

16. 

> j* 

17. 7 ; 5- 

18. 3 i; 2 . 4 . 

19. i ; -f 

20 . 2 ; - 1 . 

21 . 

2 ; 1 . 

22 . 13 ; 9k 

23- 3 ; 6 . 

24. 1 $ ; 2 i. 

25. 4 > 5* 

26. 

1 ; 7- 

27- 3 ; 2 - 

28. 7 ; 10 . 





Ex. XCIX. (pp. 209-211). 


1. 

IO; 24 . 

2- ih 

3. 2 ; 3 . 

4. 7 ; 2 . 

5 . 7 ; 9 - 

6. 

s; 2 . 

7 s . .1 

#• T* » T- 

8. 18 ; 48 , 

9. 2 ^ ; 3 

f. 

¥• 
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10. 

6; 8. 

11. 8 ; 5. 

12 . 17; 11. 13 . 

40 

; 60. 14 . 6 ;* 4. 

15 . 

5 : 9 - 

16 . 3 ; 2. 

17 . 3 ; 2. . 18 . 

55 

5. 19 . 12 ; 6. 

2{f. 

11 ; 7. 

21. -2 ; -j. 

22 . 7 ; 8 . 23 . 

7.; 

9. 24 . *02 ; 2*9, 

25 . 

10; 8. 

26 . 8 ; -15. 

27 . -2 5; -3-5. 

28 . 1-95 ; *675. 



Ex. C. 

(pp. 212 - 213 ). 



1 . 

3! 6. 

2. -1 ; -j. 

O *2 . _ 3 

*+• 7> f Tr 

4 . 

15 » 

5 . 

4; 10. 

6- 2 ; 3. 

7 . 3 ; 4- 

8 

-6 ; t- 9 . i ; i- 

10. 

3 b : -2i. 

11. 3 ; 2 - 

12. 7 ; 4. 

13 . 

s; ii- 

U 

-2 ; 5 - 

15 . 5 ; 2. 

16 7 ; 3 - 

17 . 

3 ; *. 

18 . 

10; 15. • 

19 . 144 ; 216. 

20. 14 ; 9- 

21. 

6 ; 9. 


» 

Ex. Cl. 

(pp. 213 - 215 ). 



1 . 

— ^ ; « + £. 2. -*— 

1 - 

_ b-d l 
ab’ 1 - ab ‘ 

3 . 

1 ; 0. 


7 . 

10 . 


15 . 

17 . 

19 . 

22 . 

25 . 

27 . 

29 . 


1. 

5 . 


g bc^-bic ac^-a^c 
ab 1 — a^b ’ a^ — ab,' 


be ac 

a + b ’ a + b * 

eg - tnd cf) — dn 0 , 

- - ; " , - . 8. a ; b. 

ng — mp „ w/* — ng 

ac{dn + bm ) # bdicn — am) 

ad + + be 


6 . 


6’(c-Z>) e(c-a) 
a(a — bY b(b — a) 


9 . 

11 . 


ac + bd be — 
V+.V* ; «“ + £* 

be 1 


aU 


d 2 + c 1 ' <? + <** 


* n nb{a+b) ab(a-b) 10 . . t ,, mfi-nq . mfi-nq 

JL«> o , » 0 > « , is • AO. U } U. JLX« . “7 j • 

, a z + £ 2 ap ag 

b 


a z + £ 2 ’ a * + p 
12 abm m{yb — 5<V) (<2 - /») 


a + <£ 


16 . 


a 


*»+**_,* 


a(b~a)’ b(a- b)' 
P + r*-a 2 


a + b ’ 

P r __ . ^ 18 .. . _ 

p*~gi ' g 2 —p 2 ' bm — an- en 9 bn -f cm — am ’ 

20. « + ^;« *. 31- *(|+ |) 5 *(i“ |) + 1 - 


*; *. 


£ 2 + r 2 -rt 3 tf 2 + *: 2 -£ 2 
. — 


*9 _ m 2 * i; 2 _ “d 2 


23 . c; b. 

I 1 


24 . 


26 . 


2 a 

m* — w 
am — ' bm — art' a ’ b’ 

akc{bc-ab-ac) abc'ab + bc — ac) 
b >2 e* — c*a % - d 2 b' 2 ’ b l c 3 — a 2 b' 2 — A 2 ’ 

(a + £) 2 ; (a-J) 2 . 30 . 


aw - bn an — 


28 . 


2a + £ 2 a-& 


3 ; 2 ; I. 
7 ; 10 ; 9. 


2 2 

b + c — a — d c + d—a — b 
4(bc-ad) 9 2(bc—ad) 

Ex. CII. (pp. 216 - 218 ). 

2 . 1 ; 2 ; 3. 3 . 4 ; 5 ; 6. 

0 * 5 * ^ * 7* 7 . 6 ; 11 j 6. 


4 . 10 ; 20 ; 5. 

8. - 28 ; 10 ; 9. 



ANSWERS. 


9 . 

13 . 

17 . 


21 . 


25 . 


5. 

8 . 

11 . 

13. 

16 . 

18 . 

20 . 

22 . 

26 .- 

30. 

33 . 

35 . 

38 . 

41 . 

43. 

46 . 

49 . 


4 . 


6 . 

7 . 

8 . 
9 . 

11 . 


6 ; 7 ; 8. 10. 4 : - S ; 6 ; 11. — 5 ; 6 ; — 2. 12. r ; 2 ; 3. 

• ; - 2 ; 3. 14 . 2 ; - 3 ; 4. 15 . 12 ; 12 ; 12. 16 . 1 ; i ; 

6 ; 6 ; 6. 18 . <*; b ; c. 19 . \(a+b + 2,c) ; j(^ + 2 b + c); 

'ha + b + c)' 20 ----- _• . • - ah -- 

+ + ; ' ™ Ui — b)ia — c) ’ {.b-cM-a) ’ [c - «)(c - b)' 

2 . 


22. 3 5 3 5 3- 


J 5 ■ • -1-7 

7 '“5’ 

ibpqr m ‘icfnjr 

(P + >')<] - pr ’ {p+'I)r ~P‘l 

abt ; bc + ca -t-<r£ ; a + b + c. 


23 . r 

(V + r)p - (/? 

24. 5 ; 7 . - 3 . 


4 H 

t- 1 ' 


•» 

» 


Ex. CIII. (pp. 223 - 226 ). 

7 2 and 52. 2 . 65 and 35. 3 . Ah.4. 8a. and AV.6. 

21 and 40. 6. m- 7 - Ks. 925 and AV.500. 

A AV.500, B /v.f.400 and C Ah.200. 9 . AV.400. 10 . 

A 59. and B 3V. 12 . 17 yds. and 13 yds. 

640, 720 and 840. 14 . iocS scj. ft. 15 . to, 8 and 6. 

84 for and 63 agamst. 17 - AV2. Sir and AV. 1. 8^. 

A 49 year-, and B 21 years. 19 . A 20 yrs. and B 64 yrs. 

24, 12 and 4 years. 21. 30, 50 and 70, 20, 01 ho, 20 and 40, 50. 
75. 23 . 48. 24 3. 25 . 10 yards and 7 yards 

150 mangoes and So apples. 27 . 23 28 91. 29 . 63. 

54. 31 . 4’, 3-! and 24. 32 . J2 peisons ; 5 a*. 

40 lbs. tea and 90 lbs coffee. 34 A r s .9 ; 00 passengers. 

253. 36 . 64A. 37 . 2 > and 7i miles per hour. 

17 floiins ; 7 half-crowns. 39 . f V 40 . 222. 

72 apples : 60 pears. 42 . 12 men ; 12 women. 

J2 men ; 10 women. 44 . 3? 45 . A Ah 70 ; B A’r 50. 

7. 47 . 15 miles ; 2 miles per hour. 48 - 3miles per hour, 8.', miles 

65. 50 . 15 miles per hour ; 90 miles. 

Ex. CIV. (pp 232 - 233 ). 

T’*e Fig. is a rectangle, of which one side— 15 units and the 
other =18 units ; area =270 sq. units. 5 . 48. 

( 1 ) (3,o)- ( 2 ) (8, 5)- (3) (-4, - 5 )- (4) (-4,4). 

(1) 10. (2) 17. (3) 25- (4) 8 5. 

(0 22. (2) 17. ( 3 ) 34 - ( 4 ) 1 7 - ( 5 ) 25. (6) 37. 

74-6. 10 . The Fig. is a rectangle, of which one side—15 units 

and the other =28 units ; area = 420 sq units. 

(1) 375 sq. units. (2) 286 sq. units. 

(3) 96 sq. units. ( 4 ) 52 sq. units. 


M. A.—C 
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13 . (i) 2*3" ; 4-2" ; 9 66 sq. m (2) 4 2" ; 2" , 8 4 sq. in. 

14 . (5, 8). 16 . 226 sq, units. 17 - (1) 102. (2) 52. 

18 , 2 and 5 ; — 2 and 6. 

Ex. CV. (p. 238 ). 

3 . 3*2 sq. in. 4 . A straight line (0 patallel to the y axis, 

(11) parallel to the .v-axis. 5 . 1*5 sq. in. 





Ex. CVI. 

(p. 241 ). 



1. 

(1) iov = (>r+i5 

• (2) 5y--26- 

- - x . (3) 

,r = 7 . 

( 4 ) . 3 -' + yy = 18 


( 5 ) ~y = y 

-+I 2 . 

(6) >' = 2.r — 5. 

( 7 ) y •-= 7 

— O l- 

Mr. . 

(8) r-t-1 37 + 46 = 0 

2. 

X + V= 2 . 

• 

3 . 

V --= 3 v + 4. 

4 - (3, 2;, ( 

- 'J 

-2\ '.8, 6). 

5 . 

4' 2 4 ; - 7 - 

6. 

' 5»3 ! 4 ’ 53 - 

7 - (0, 2), ( 

- 4 , 

“A (2, s), (4, 8). 

8. 

y + 5 = 2 ,r. 

9 . j/=- - 41+7, y 

=- -j- + j, 

v ~ - 

--> + 13 - 

10. 

0 ) 4 4 - 


(2) 2-4. 







Ex. CVII. (pp. 243 - 244 ). 


1. 

(0 ; 

y ~ i . 

(2) x =8 

; y = 6. 

(3) 

II 

1 

• 

i 

II 

• 


(4) * = 4 ; 

y = 0. 

( 5 ) - r = 3 

i> — _ ■> 

(6} 

= -2-25 ; r=3'5 


(7) X = (> ; 

J'= 5 - 

(8) -t=«; 

; 7=12. 

(y) 

-v=2-8 ; y — 3 “- 


(10) ,r = 6 ; 

y 11 

( 11) .1=8 

; y—3- 

(12) 

i -~7 ; y = 8. 


(13) X=\\ 

; ^=1 

(14) .1 = 5 

; j'~2. 

05 ) 

* =“2 ; >' = 3. 

2 . 

,r= 1 , y = ( 

>. 

3 

• (- 2, 1) ; 

0,- 

■2) ; (2, 3) 


5. (-3> 2 ); (4, 0 ; (3» 4)- 6. ««5. 

Ex. CVIII. (pp. 261 — 266 ). 

1. 55 lbs. ; 84 lbs. ; 14*8 kilogiannncs ; 17*3 kilogrammes. 

2. 39'3 in. ; 91*6 cms. ; y = 0-393^. 

3 . 12*57, 34*57, 62*86 in. ; 15, jo in. 4 . (1) 76 ; (n) 53. 

5 . 6 o°C. 6 . £ 3 ; £4. 1 05 *. 7 . 52°*i. 9 . 2-2 in.; 12-45 cms. 

10 . 87, 78. 67, 51, 46, 42, 39 , 38 , 36, 17- 

12 . fts .199 ; /vJ.410 ; Us 574. 14 . £\. ljjr. \d. nearly ; 

615 copies to the nearest 5. 15 . 58, 38, 29 ; y — 'i y.r — 60. 

16 . 2*60, 5-63, 4*16, 5*7 7 - 17 . AV. 46. 8a. 

18 . 95. 19 . 167°; 5 0 . 20 . £350; 4250 copies. 

21 . 1 A. M. ; 17 and 14 miles. 22 . io*8 miles. 23 . '28 yds. 

24 . 30 miles ; 12 miles. 25 . 7° nules ; 2 3 and 2 hrs. 

26 . 3 p. M. 27 . In 10 secs, from A J s start, 33-3 yds. from the 

starting point. 28 . (i) 16-4 min. after 4. (li) 5*5 and 27-3 

min. after 4. 29 . 9 secs. 30 . 22 miles ; 48 min. 

31 . 6*5 miles. 32 . *3 of a mile per hour. 
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33 . (i) 27*3 min. after 5. (ii) 10*9 and 43’6 min. after 5. 

(iii) 6 o’clock. 34 .* 1 : 2. 35 . 9I hrs. ffom A ’s start; 

hrs. and I2| hr%. from A* start. 36 . 4 miles. 37 . 5,"; milts. 
38 . B 11*4 secs., C 10*5 secs. 39 . 48 tbs. 40 . (1) A\r.8o. (ii) /1V.240. 

Ex. CIX. 271 ). 


a 4 *■ 1 

x'+x' + x'+x-'. 


2. aP + a ' b + aP + a ’ b. 
4 . ab-+ aP+a'P + a'P. 


tfW> + aP 1 ' 


uP +<t 2 +aH* + aP. 4 . PP + aP+t. 

(1) a 1 + 2^’ 4J +3^“ n + .\ab‘ l + yr l b. 

(li) + t; +■ ^;+ 

v 7 a b» r a~ l b ab l 

(i) «^-’ + 3*^ l + 5^ a +4i*’^ + 2fl- 3 ^. 

, s 13,5,4,2 
^ U ' n * 7 / a V/ ti £ b~ L a :] b~*‘ 

(i) 4 - 4 <* ^b^c 1 + “ l . 

i 4 2 i 

(l,) 3 «-7/V- + + 3 bta ' 

M) jtf + V. 

1 2 Q £ 

(ii) --+ *, ? +~ 5 

2irV;-V‘ yz l b- l s l 3 a'c- 1 

Ja + 2'/<i A 4 - 3 V" :i - 1 - 4 'fa 4 - 1 7- « 3 - 


10 

Ha 

+ 

V(Pb) 

T 

2yu^ s ) ytiV) 
«> 1 . _ 

L y(/^ s ) 

1 1 , • 





77 / 

2 v 7 

3^ 

.i 

4 v '■* 

5W1* 




11. 

* + 

a 


1 

+ , + 

i 

c* 


12 - y’a- + 

v « , 

y/; 1 

y* 2 , 

y,r + 

1 

VP' 

13. 

c 

ab~ 

+ 2 

*v/l 

. ^ 
+ 7-7, 

bc~ 

+ aPc 

■ 


u. V6 1 + 

a i 

y^ 3 + 

y«- 
yp 1 

P 

v'« ■ 





Ex. 

cx. 

(pp 

272-273). 


« 


1. 

i 

i • 


2. A. 

3. 

8. 

4. 

i- 5. 

125. 

6. 

7. 

7. 


i) 

• 

8. i l «i. 

9. 

1 

*»• 

10. 

,*<rt 11 

.a 2 . 

12. 

a 

13. 

d~b. 


14. x-y*. 15. 


. 16. 

*V:r. 17 

. 1. 

18. 

PPc. 

19. 

x~ m . 


20. 

21. 

^2a6c 

22. 

{a>-P) m . 


23. 

X->\ 


i 



/ A V >»+»> 


//>\ P + q 



• 

24. 

i 

•» 


25. 

u) 

m 

26. 

\r) * 

27. 

y\ 

28. 


x v +« 


w/ 



\?/ 
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29. i. 


* cr 


31. 256. 


32. *. 


33. 


1. 

4. 

5. 
7. 

11 . 

13 . 

15. 


r» 


Ex. CXI. (pp. 275-277). 

2. a — b*. 3. X 1 ,£ y - x^y 3 — y 

11 £ £ 1 ^ 1 A 7 J 

42.1'” — iSr ' 1 - yr 3 y* — 14.4* J y <{ 4 - 6r — 4X \y :X 4- 49T" r * 4 - 14.1'j\ 

6. -v 2 — 4r 4 - 6 r i 4- < 1 . 

—64^.* 8. .r - 4-_r ” rr 2 — 3/r -y -" ~. 9. x — y. 10. .r" 3 - 1 


j. \ 5 

x*-zxy-+zx'-y-y*. 


1 .1 "> 

<i l x 4 — ax ' 4* J 6/t *. 


a' — a" 1 4-2^ — 2 -«"'* 


12. .r 4- a* x y' 4 — ,1 4 y' 4 —j* 


1 _ 1 

1 -1/-1 


14. .1* ‘4 -a :> j/ ‘-hr 


:i 4 4 I »_ 

8 a * 4 4- 4x - r “ 4- 2.r \y 4-jp 2 . 

a 1 — ' -h 4/1 ~ ' 2 b :i — 8rt" 4- *(v« - 7;— 32/' *. 


1 1 

.T,,' 1 




1 .1 


16. 

4 1 1 A 

.r* 4- 2.f“ 4- ?>x ] -h 2 r f ’’ 4- t. 


2 j j 1 

17. x'-'+x'Sy* ir. 

18. 

1 u 4 _» 

,i — rt**.t’ 3 4-rt ,, .tr' > — a. 


19. .1^-,/V* 4- (J*. ' 

20. 

•t 1 :< 1 1 A 

.\ ’ 4 5a''.r '■ 4- 6a ’a ’ 4-^ ' 

21. 

4<7 — 2rt 2 A * 4- 2(7 y t* 1 4-/7 -1 4* 


-1 J 

^ V 4 4-c 3 . 

22. 

1 . '1 U _ ^ 2 .41 

.r l j' ‘ 4-.r { j* :i 4-.r :; jj /:5 4 - a 'y' 


23* 

24. 

25. 

27. 

28. 


1 1 


1 i 


1 1 


a ' 4- b 7 4- c J - 2^'* £ ; ‘ 4- 2«'■ r* — 2« r 'b‘. 

j *j 1 _ 1 _ -j .1 

/I s — 4# 4- loa :; — }Cxr* 4-19— 16/1 4-10(7 ;4 — 4^ _1 4-^ \ 

ub *+yr'b 1 4 -yi :i b + <i 1 fr. 26. oVi y ~ 1 — 2.r 4- \\y — V A' V* 


*r ? - 6a :i b^ + 2i(r :i b‘* - 44ab z 4-63^1 ^ 4 - 4-27^. 


•J - •• j r L 


(i) .r" — 4 a 4 j'- 4-6.r “ 1/' -4.1* l y - 4 -y • 

J 5 , r» v> - # i 1 r. :> ii: 

(ii) .r 1 —5.1 v‘ J 4 -10.1 l y — 10 x-y ‘ J 4* 5 A' — y ,J 


• » » *1 


29. (i) a~6 ’ —4 ab 1 4-6 —4a l b + a ~ b“. 


-1 


•.» .» 


•j _ - •> 


•» .. 

_ -1 > 


_ $> 


(ii) a'-/> --5a i y-+io<? 1 -l>~*-ioa''l>'- + 5a~W-a~' 1 6-. 


30. 


<i 

•> 


32. 

35. 


(I) a — 4 a 4 * o — 4 a 4 - a 

1 “» y J ..‘i 

(II) # ~ - 5 a - 4- iofl - — ioc* - 4- S a ' a 

a~Kv* -.r- ^7^. 33. 1 - 3 x /a* + x. 34. - :1 4-1 4- ab’ x . 


-V 


* 

31. 


— +3 — 6 ( 7 '^ +9a 71 . 


36. 


Va+ V(2^) + 2 k /(2c). 
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•37. 

39. 

41. 

44. 

47. 


y * j 2 


_ L 


i 1 


38. i , ’-\r + v) - i.i ‘> ,T . 


- .1 i: l _ ,2 j j. 

3 .r :! + 3 .»r ** ~ 40. ji*v 2 -2x~'y *+x u y ( ' 


i l i _ i 

• r J - i 4 -ci 2 x 2 


_ l 


.i 


1 . 

7. 

10. 

12 


42. .ri'” :T — .r" - 43. 2 \ 2 - 3 v 4 • 

(f x + 1 )(.» + i )■ 45. x - A v '(.f +■ 1 ). 46. 3 <ir(r* 

* V. 

<r"+.r'". 48. +rt 2l “/< Wl -+ A 4 ’*. 49. <r + F. 

Ex. CXII. (pp. 280-281). 

64 '. 2. 8 i\ 3. (’A 4. 1 (i)'. 5. (’)*. 6 . 


k 


\ 

125 '. 


a rv)- ; cr-A 


9. (.',</-) 3 ; 


25 

(;«*')* ; (v ^)' 1 11. u(«*+2«®+^ r; {i(n*+ 3 .f"^+^*+^»*. 

; 6561 '*. 13. ( T ,14. ([</")'■; («')"*■ 


15. 

i a 'Y 

\frv/ ’ 

{',) ' 

36. 

^( 125 ,. 17. 

s/3- 

18. s/(I 2 ). , 

19. 

v/. 1 .. 20 . v' 1 .- 21 . 

V( 32 o). 22. 

Vf54). 

23. V( 256 ). 

24, 

, 1 /( 2048 ). 

25. v 3 . 

26. 

3T-;. 27. 

y.v 

28 . y( 4 '*)- 

29. 

V(98«-.i). 

30. J. 

31. 

y 

32. 

1 

a 1 -f a/> + 4* ‘ 

33. 

Y(a"! 

34. -/( 2 /d 

\ 

1 1 
/• 

35. v/f^^.r). 

36. 

S / /4^\ 

V V' 4 / 

37. 

v (•) 

38. s'fryr 

39. * 

-V-r’. 40. 

, r * 

“. 41. 

r 

y 

42. 

yw 

43. 3 v'5- 

44. 

5 s/5- 45. 

36 s/3- 

46. 3 V 5 . 

47 

18 *. 

48. W(>- 

49. 

VI 12 ). 50. 

Y(54)- 

51. 6. 

52. 

4 4 / 2 . 

53. 8 'if 2 . 

54. 

(VVufc). 55. 

.5 s/ 2 . 

• » 

56. v/ 2 . 

57. 

T,V 2 - 

58 V' v'f 21 ). 


59. ‘i V'i 5 u). 

60. V(375). 

61. 

,/7> s/ 91 /). 

62. «7<r y(rti 3 :. 

63. 1 ^( 42 ). 

64> 1 

, 6 . 

65. 

■» -/ 0 

| ” w • 

66 . £ V6. 


67. i V 3 - 

68 . 'i/"(i 25 ), V(i2i). 

69. 

1 ^(240l), 

^(729). 


70. '1/8, 'V 5 . 

71. 4^7- 

72. 

3^3- i 

73. v'5- 


74. >V(2 7 ). 

-75. 3 Vs- 

IB. 

3 ( 4 !)"'- 

78. 1 - 341640 . 

• ■ 

79. ‘ 816496 .. 

80. 1 - 133893 ... 


1 . 

6 . 


Ex. CXIII. ,'p 282). 

J 2 . 2. 3 JS- 3- rl l v ' 3 - 4. 9 V 9 . 

( 7 + £-i)V(f)- 7 ' 34 '' 3 ' 8 -’”'' 3 ' 


5. V s/ 2 - 

9. 36 . 
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10. 5 - ■/ 6 . 11. 6 v '3 + 3 J( 3 o). 12 . + 3 ~ ^ 6 . 

13-. 2 + £ n / 6 . 14. 216 ^ 6 . 15. 288 l V( 72 ). 16- 16 . 

17. x* + 2 a s - 8 .r 2 - fix - 1 . 18. ^n/( 2 i). 19. ^ 5 . 20. ^( 36000 ). 

21. U J 2 + J 3 + V / S ). 22 . 1 ^/ 6+1 0 /( 3 2 ) + JV( 120 ). 

23. .r + v + 2 J(x +f) + 4 . 


1 . 

4. 

1 

8 . 

11 . 

16 . 

20 . 

23 . 



1 . 

4. 

7. 

12 . 

16 

19. 


Ex. CXIV. (pp 284 - 285 ). 

•/r(58 + 8 v '7). 2. 1 l „(23 + 8 s/5). 3. ?,( 3 - V6). 

1.(2 x /2 - v'3). 5 . v/5 + i. 6. ^5-^/2 7 . 4+ \/2. 

i\>(4 + y^T- 9. .1(7 + 3 \'5)- 10. .,^(297 + 85 v /2i). 

i’i(7 J14- 13)- 12. 23-3137. 13. 2. 14. 1-1992. 15. 1-3197- 

5. 17. |V(9 ■/15 - t 1 s/6). 18. i+v'2+^'3. 19. i6-/(i5). 

= s / 3 . u. iUfrJQ. 23 .?^ a '; 

4 <^(r>-i). 24 . 2.1. 25 . 

?,(2 + s /2 + x /6). 29 . ,5(2 J3 - 3;. 

Ex. CXV. (pp. 287 - 288 ). 


.r 


26 . 1 
I — X“ 

30 . 1?.. 


a*+& + <*. 2. 4^ 8 + ^*). 3- 4 (" 2 + J*+ ** + **). 

- (/>-*:)(£-«)(<* — <£). 5. 4 {b'c 2 +c l a l +a 2 b 2 ). 6 . 2(a* -f + 

2 A t ahc. 8 . iooor\ 9. (ibc . 10. i. 11. 4 a (« 2 4 - 3 A 2 4- 3 ^). 

6 cidr. 13. o. 14. 2 {a-\-b 4r -\- 2 abc. li). i\(ax + by + cz). 

— b* 4 - 8 + 6 ab. 17* x* — * — 27 — 18 .i'r. 18- o. 

(b — c)(<c — a){a — ^). 20. (1 — abr}( 1 — (i L — b 1 ~ c 1 4 - 2 abc). 21 . 8.1 3 . 


Ex. CXVI. (p. 289 ). 


1. (i) 74. (ii) T09. (iii) 97. 

3. (i) 13. (ii) 13. (iii) 3 ^- 
5 - (30 +2b) 2 . 6. (a —4b) 2 . 

8. (;r 2 -f- 5-r+ 7) 2 —(2.T +2) <J . 

10 . (.r-+ I2«.r —3itf 2 ) 2 —(4ti a ) 2 . 


2. (i) 141. (ii) 41. (iii) 112. 

4. (i) 246. (ii) 6. (iii) 335. 

7 . (x 2 + 5-t 4 5) 2 - i 2 . 

9. (4.r 2 -2.r-1) 2 -(2A* 2 -3.r*f 4) 2 - 


Ex. CXVII. (p. 290 ). 

1. (i) 280. (ii) xi88. (iii) 610 2. (i) —10. (ii) 259. (iii) —972. 

3. 364. 4. 198. 5. (i) 9- (ii) -25. 6. (i) 73 - 00 “72on. 

7. 4-^ 2 * 8. (ft 4 * b 4“ c)**. 


Ex. CXVIII. (p. 292 ). 

1. (x — 4)(.r — 8). 2 . (jr + 8)(;r-5). 3. {x- i)(or— 102). 

4 . 0r+3)(.r + 7). 5 . (.r-3X^-9). 6. (6-r- n)(.r + 2). 



ANSWERS. 


XXXIX 


.7* (3- r “7)(7 ' t 4- 12 ). 8. ( 2 S^+ 43 )f.r- 2 ). 9. (S-r- 9 )( 2 r 4 - 1 ). 

10 . (?•* - 3 )(.r + 5 ). Jl. (5*4-13 X 6 *-11 ). 12 - ( 2 ur- 51 ( 3 * 4 - 7 ). • 

13. (2ji'+5y)(.r-j). 14. (.r-I9«)(.i 4- ion). 15. ( 4 ^ + 9 iy)(2* - 3 

16. ( 8 / 1 - 9 ^ 3/1 + 8 .r). 17. { 2 (r 4-j0-U+/')H(- t + v) — 4C /y + ^>1- 

18. ( 2 x* 4 - 3 y 2 )( 2 x *- r*). 19. ( 3 r 2 + y 1 )( 2 „r a - y-). 

20. {.tv 1 - 1 7)(rr 4- 16 ). 21. (.r+ ja)(x- Ja). 

22. (.r + a x/ 2 )^ - A ^ 2 ). 23. (. 1 * 4 - + /; 2 )(^ 2 - ab x / 3 + £ 2 ). 

24. f r 2 4- /* 2 J 3 Y r 4- « 4 / 3 )(r - / 1 V 3 )- 

Ex. CXIX. (p. 293). 

1. (a — /; 4- f )(/* 2 4- 4- £■“ 4- /5c — <v* -f ab). 

2. (a-b- c)(a ' 1 4- lr 4- ('* -f ab - be 4- ca). 

3. (x -y 4 - 1 )(. r 2 4- .ry 4- y 2 - r + r+i). 

4. (* + y 4- 1 )(.r 2 — xy +y* - .r - y + 1 ). 

5. (.r - 2 v 4- 3 .t)'.i ' 2 4- 4 v* 4-«) 7 2 4- 2.i*y 4 -61 ^ - 3 -r^). 

6 ( 2 a- 3 b- 1 )(4 ^ 3 4" { )b 1 4 1 4- 2 d 4" Ctab — 3^)* 

7. (a-b > 2 )(/? 2 4*^ + 4 2/«4-2^). 

8. ( 2 ^ 4 -^ " i)(4.r V4 4-/ ,2 4- r - 2 ^ 4-<M 2rt). 1 

9. 4- 2 <$ 4- 3 rH ^ 2 4- 4 <5 2 f 91 a — 2 tf/> - — 3 6 V«). 

10. ( 2 .r 4 M')(r- v) z . 11. (x+ 2 y-y%r' 1 + 4 y 2 + c)c‘ £ ~ 2 xy -MV~+ 3 r£r )- 

12. (2X -y) 7 v 2 4- 8 r y 4- 4 i /3 ). 

13. (rf - 5^ + 3 )(rr a 4- 25 b ' 1 4* 9 - 3* + 5'^ + 1 $b). 

14. /i 2 *f 2 jt- 4 Y i 4 -2/M-8i-4-8.r4-l6). 

15. 2 {r - b)(yr 4- 77- 4- c 2 — $ab - 3 «c 4- <V). 

Ex. CXX. (pp. 295-296;. 

1 . (\ 4-l'X-r- l '/ 1 - V) 2 . (rt* l + /i ‘ 2 ;( rt " 1 + ' r Y /l “ s 4 

3* (// 4" ^)(<z 4 ~ <* — d ){b 4* c — <b). 4. {a 4* b 4* c){bc 4“ ca 4- (to). 

5. {b + i)(c + rf)(a + b). 6 . (l - b)(a~ ( ;){(i + b). 7. {b 4- c)(r — «)(«“ ^)* 

8 . 4-3*X3/:4-^X^4-^)' 9. (a + b + L)(bc ¥ia + ab). 

10 . (/4- z){n + x){x+y). 11. (a + b + i 'ybr + ra yuby 

12. (a + b + c)(bc+ca + ob). 13. (a 4- b 4- r)(a 2 4- b ' 1 4- 1 2 ). 

14 + + 15. 3(2a4-i + O( rt + >2 * + 0( tf + ^ + 2 0- 

16* (a 4"7‘4“t Y<i 4 ' b — c){a — b 4~ c)^b 4*6 — ^). 

Ex. CXXI. (pp. 297-298). . 

X. —(b — c)(c — <i)(a — b). 2 . {b — c)(c — a){a — b), 

3. —{b-c){r-a){a-b){a + b + c). 4. (b~ryc — rt)(it — b)(a + b + c). • 

5 . -{b-c)(c-a)(a - b){bc + ca+ab). 

6 . — (b + t){r + <*){a 4 -b)(b - c)[c — a){a - b). 

7. — r)(( —a)(a — bybc + ca + ab). 

8. — (b — - b )(a' J 4- & 4 - c 2 4- be 4- ca 4- trb). 
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MATRICULATION ALGLIiRA. 


9. - (b - c\c - n)(a - b)\!>' l c" + c*a- + a 1 !) 1 4 - abc(n + /< + f)}. 

10 . -(b- c){c - a)[a - b) i a* + P + c 1 4 - be 4 - ca + ub). 

11 . - ( b + c)(c + ii)(a + b){b -c)(c- a)(a - b) 

12 . (b-\-c)(i + a)(a + b)(b — c)(c — a)(a — b). 

13. (b - i-)(c - ,t)(,i - £){ A* + P + P + a"(b + c) + b- (r + a) + P(a + b) + abe) 

14. — (b — l )(f — u)(a — b)(ii !t + P + c' 4- bc(b 4- c) + ca(e + a) + ab(a 4- b) 

. _ ,, +« ibc). 

15- (b — e)(c - a)(a — b)(a 4 - b 4 - < ). 

16- f b - c)[ ( : - u)(n - b)[bc + ca + ab). 

17. — <')(<' ~ '*)('* — b){u l + P + P - be - ca - ab). 

18. - (b - c\c - a)(« - b). 19. ~(b-c)(c- a)'a-b). 

20 - (b - c)(c - a){a - b)[a + b + r + 3 ). 21 . -{_/>-c)(c- a (a - b). 

22. {b — L )[c — <i)(a — b). 23. ~(b~c)(c — a){a — b)(a + b + c). 

24. -(b-c)(c-a)(a-b)i\ 25. - 2 {b-,)(c-a)(a-b)(a + b + c). 


Ex. CXXII (p. 300). 


1. (.r 4- i )",.r — 3 );.r — 8 ) 

' 3 . (x- i)X-i + 4 )( 3 1 '-O- 
5 . (x- i) s (.t -4)(4_v+i). 

7. (.r - i )%i- + i)(r - 2)( i + 3 ). 

9. (3 a + ib 4- c )(2 a 4- b 4- 34 -). 
11. (2a 4- 2 b 4- c)(a — 6b 4- 41 '). 

i3- (a-b - c)( 2 n 4 - 3 /; + c). 

15 . (la + b — 3c)(2a - 3b 4- 34-). 
17- f.v 3 4- 2 .r 4- 2 )(. 1 3 - 7.r 4- 2 ). 
19. (.r 3 4- 1 )(.r 4- I) v 3 - 2 v - 1 ). 
21. (.f 3 + i A'.v 4 - 72 * + 1 ). 

23 . (3.1- 3 - 2.1 - 3j(+i s +.i- - 4). 


2 (.r — 1 )~(x 4 - 4 )(.r — <>). 

4. (.t'+ I A 3-1" -O.t'4-s;. 

6. (x 4-1 V s ( r 4 - 2 i( 2 .v — 3 ). 

8 . (.t 4 -1 )(.i - 1 )(x- — a v 4- b) 

10. ( 2 t 1 + 2 b + C)(tt + 2 b + 2 C). 

12 . (a-b + 2c)(a-2b - 2<). 

14 (d —7/>4-5<-)(rt — 3 ^). 

16. (.r 3 4- 4 r 4-1 )(.r 2 — 3 r 4 - 0- 
18 (.r4- i)'i i a — 6r4- 1 ). 

20. (i 5 »4-0 3 C«' , -S.r s 4- 1 ). 

22. (x - I )( r 4-1 

24 (.v - a)( 1 3 4- rt.i 4- rt ? X-r a - a.i 4 - a 1 ). 


Ex. 


-- 


2 . (.1- - 2)(.l - 3 4-.1 4 - 2 ). 3. (.1- - I) 3 ( I 

5. (x - I )(' “ 4 - 3 r 4 - 3 ). 

7. (.r - 8) 3 (.i 4- <;). 8. (.v 4 - 4 )(x - 

10 . (.v - 1 )(x + 3 )( 2 .r 4 - 3 )• 

12 ( 2 .v 4 - 5 )( 2 .r 3 '. 1 - 4 - 4 ). 

14. (.r 4- 3 )(- l ‘ — 4)(- 1 ■ — x 4 - 1 . 


1. (.r- 1 )(x 3 4-.r 4 - 4 ). 

4. (i--2)(.r-3)(.i-4-5) 

6. (.t + l)(.t 4 - 2)(.v - 3). 

9. (.f ^ 4 <i) (.v 3 4- 2 ax + 

11 . ( 3 . 1 - - n)(.v a - 2 ir- 1 ). 

13. (.r-i)(x- 2 )(.r- 3 )(i-- 4 ). 
15. (x 4- 1 )(.r - 4 )(.r 3 - 3.1- 4- 1 ). 

17- (.i’4- i)(.i- 4 - 2 )(.i-- 9 / (.t-- 10 ). 

19. (.r 3 - 3 . 1 - - 6 )(.r 2 - 3.1 - 7 6 ). 

21 . ( 2 .t 3 — j.x 4 - 6 ) ( 2 . 1 3 - 3 . 1 - - 8 ). 
23. (x+ 2 a — b—i)(.x + 2 b — a — c), 


- 16. (.1- 4 - 2)(.i- 4 - 4)(.V - 4)'.r 4- 10). 
18. (.1 3 4- 3x - 5)(a - 3 - 3.1- 4- 5). 

20 . (.r* 4 - "]X 4 - 5 )(- 12 4 - 7 f 4 -17). 
22 . (2A 2 ~ 4-v - 3X2.V 3 - C.r 4-3). 



ANSWERS. 


xli 


| (a - 3^ - 2)(<r 4 - 9//- +4 + 2d 4- yi/t ~ hb). 

25. (a- 4 X^+ 5 ^ + 21 ). # 26. ( 1 +ii-)(i+i*)( 1 +rt)(i +^)(i 1 -*)• 

* 27- ((i + b){a-6 + t'){b + c-'i)' 28 - (a6 + ac-b + c)('i6“tii m + b + c)» 

29- (bx - a)(cx* 4 *bx -a). 30 (1 - 4 - x 4 - OU n ~ x *+* 1 )• 

Miscellaneous Factors. (Harder). 

1. (x+ i)(.i - \;iv + d - \)(v-d+ 1 ) 2 4(f/~~/>; 2 wi4-/'4- 1 ). 

3. ( 4 « 4 - /> + c)(a + ib 4 - 1). 

1 4. (.1 4 -1 )( 1 - 1 )(-r + 1 ~ xy 4 -y)(x ~ 1 - \v - v). 

5 . („r — v)[.v—y - 1). 6 (li 4 -b 4-L')(ti4-b — r)(b 4-f — (i){i 4-a ~ b) 

7. (/i v + //* - -r (r 4- a + b}. S. (.v - 4-1 )(r 4-/M'~ 1 )• 

9. (b - i)(c — a)(a — b). 

10 . {a + b + i+d)(<i + b-c-d)('i b — 1 4rd'/<i~'b + i - d). 

11 . (1 4 *^)(i -« 0 (/> 4 -c 4 -<i^-'*’X^ + 1 ’ -/i/> 4 -^). 


12 . 


13. (u4- 1)1(1 - 1 ) M 

14. 

(■f - 3)(- 1 '- 4)' 1 + 5 ;• 

15. U'M 

■7;i i :i - 5)- 

16. 

(.V ,J l)(.l -l)ll + 3 )'. 

. - | \ 

1 1 3 f- 

17. (» + 

18. 

+ f )(i'-|-ft)(^ + 

19. 3 ' 2 <c 

-b)(u- zb 

20 . 

3(/> + i.'U + «)(/* + £; 

21. (t - 

1 ) \.t - 2). 

23. 

-(i -t) [c-a'.U -1‘ 

^ $ 4" <*;. 

24. (a 

* 25. 

(a + 2 A,j + 3,'( ( '‘ + 7<H-i4)- 



50. 


. >** 


. 0 / 


Ex CXXIV. (pp. 309-313). 

(1) /></->■ (2) A/ 3 »'- (>) /''-Xh-'r ( 4 ) f -v\H->>■ 

Ex CXXV. (pp. 314 315). 


1 . 

4. 

9. 

12 . 

16? 


a 4- b 

>> 1 ; •> 

c- -\u - <v 


71 1 - 4 - rr4- v-) 


»> • 


3 . 


(,- r - T )f .1 * - V + I) 


(c x - i) 


s+s'V+y- 5 ;,;v 6 - T - 1 8 - 3 ' 

10 . ' 1 . 11 . «*+**+.■■*. 

+ *- 6 \« + ^;4-i “ 0 >r + bx) 

(“ b+ - i y. 13 1 + tide. 14. .. 3, “ (,, + ^ .. 15. a .--- 

\iib- i / 


1 . 


.r- - {ti + b).\ 4-db 

a 4 -b 4 -( -Q in <r + b * 4 -i M 

17 . i« ad. (i. iy. # 1 • 

2 6 >c 4" 

Ex. CXXVI. (pp. 320-323). 

4.r n (2.i- + l) q 1 - ' • ■ 4 a _ 


20 . 


b-c 

<1 - L 

b-d' 


2 . 


.t 


u_ 


.r‘-r*4-i 
* x'4-*'4-l 


5 4 . 6 . o. 



xlii 

7. 



15. 

19. 


25. 

31. 



42. 

44. 

1 . 

7. 

11 . 

1 . 

6 . 



MATRICULATION ALC.KHRA. 


O. 


8 . ab. 


q 4«-V 


10 . 


r+ r 


.r 

~ (x + a)'< ‘ 

8rt^r 

o. 20 . i. 21 . «*+ ** + «■. 


(i + <1 !■)( I + ) ' 

13. 2 (fl<T + &/)(flrf+//f). 14. I. 

3 


11 . £ 


16. o. 17. 2 . 


a 2 + b' 1 + c' 1 + br 4- ca + ab. 


23. 


i 


18 

f.r- i )(.r 2 + >) ' 

22 . o ; o , t ; a + b + r ; 

24. ' 


o. 

4- 

aln. 


abc' 4,3 .rf i- — u){x — b)' 

26 o. 27. o. 28. r. 29. i. 30 i. 
32. r. 33. - 3 . 34. o. 35. o. 36 .i 2 . 37. i. 

(- x)' 


39. x. 


40. rf. 


41 


(.v+ rr,{ v+b i (t" + c) 


43. 


i 2 -.i + i 


(- r> 

(r-/»)(.» -b)(x- c) 
u + b + 

<.b+r)(f + ,r)(a + /)) ' 

Ex. CXXVII. fpp. 324 325) 


(x + <>)( x a b,U +r ) 

45. fq. 


4 b 

a 


I. 


3. 


ab 

ii + b' 


(t 2 + 2)(l + ! 4 ) 


la' 




U ' /K 8 . ,r\ 3 „. 9. 


x 

10 . 


5. 


x 


6 . \. 


x 


a + b + c. 


12. i. 


(a+c— i\\V ) ‘ 
13. A 14. A.r. 


a 


l n 
i 1 


2 . o. 


7 i ** <*• 

• • • ,f i) ■ 


3. 


Ex. CXXVIII. (p. 327). 

<7 4 - io a*b - - /; 4 

<7 4 + i + 6/i^ — b 4 ' 

i 


8 


* 


9. <*. 


n{n - i V 

i 


5. o. 


10 




REVISION PAPERS III. 

Paper I. 

„ , - a 2 — !r I I \ 3 31-8 

2 . 1--31 + 1 . 3 . ... 4. (v+ ). 5 . a 

x* -y~ \ x } x 1 - 7 

(i) .1 =2, v - -2, s--5. (ii) .r= il,y~ - x= r 

7.r 2 - 5J>.r + 1 S 

'.r+ r )(.r - 2 )( t- - 6)' 

Paper II. 

x" + 2r + 3 . 2. o. 3. (x+yf + 2S(X + y) + 4 s 2 . 4. • 


8 1 ’« 

• 1 T- 



ANSWERS. 


xliii 


•5. 


i 

a + 2 ' 

7 . (i) -r ' m " 


1 . 

5. 


3. 

6 . 


1 . 

3- 


6. (i) 15. (ii) .1-= r, j= rr= ! 


Oil - T 

/ • * *■ l 

0 O 


o« 


8 . 5 miles. 


Paper III. 


2 . 


-v + r 


3. x z — 2 r + v 


3.1- 3 + x 9-r 4 -14 _ r 

(x 2 + q.r - 6 )(.r* + 3 -r - 10 ) ’ 1 " - 3 r + 2 .r - 4 
a. 6 . 1 . 7. ( 1 ) r = 2 , v — 3 , :: ~ 4 . ( 2 ) t = 3 , ^ = 4 , 7 = f. 

Paper IV. 


1 . (i) 


■f ~ 3 


«* + /** 

00 

(l 


2 . («' + 6 * + <■') ? . 


x+3 V 

(i) r = 3 , y = 2 . (ii) r = 4 ;, y - 3 ’, ?= 3 ^. 


4. tr + b. 


- 


\ - 


7. -t‘ J - 5 »-+ 1 . 8. 432 . 

Paper V. 

x° 4- x ~ u 4- 3 (.r 2 +.v 2 ). 2. 4 f^ 4- b* 4- r n - 

r — 2 r^ ; ( 2 .r 2 4*4^ 4- i )(2 r 2 —.v - 6 ). 5- 


•» 

X" 


(x-a)(.r- /')( r-r) ’ 

4* f)(t m 4* a)(ti 4“ b). 

.f • 

(ii) i'= V£, /r -= 4 t\ 8 - 324 

Paper VI. 


* /-\ (l & 

' ' J + fi - (1 — 0 


o. 


2. .r a 4-7r+r. 3. (i) 4 _ jr> . (ii) ?x. 4. 3 ; hour! 

6 . (i) x = v— T. (ii) r = y=rf, 

8 57' 

Paper VII 

1. (i) 1 . (ii) /? s 4-«*. 2.o. 3. % Y/«4 -a). 5. ^ = -^ + 5- 


5. (i) x* 4- 5 ^ 4 - 5 . (ii) ^'4-^ ? . 
7. <* = 11 , b = - 4 . - 


7 / 5 * 3 - 7*7 + 5 /*• 


.... «7, 

00 .V — ,. j/= , • 

— /? * -T 0 

8 4 l, 4 , 3 : J miles per hour. 

Paper VIII. 


<a. 

1 . x+y + z + xy?. 

4. 1 . 


0 X 2 (x* -2X-bl) x(x - T ) 

2 . - ; o. x — 1 . 

256 16 

5. .r 2 4-3-v-f 2 ; (.v 2 - 4.r 4- 3)(.r 8 - 4 )(x 4 - 4 )- 6 . to. 
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MATKICUL VI'ION AJ.CKltkA, 


7 . 

1 . 

5 . 

6 . 

1 . 

3 . 

5 . 

7 . 

1 . 

5 . 

7 . 

1 . 

5 . 

10 . 

1 . 

7 . 

26 . 

40 . 


t 1 , / t. ■ i .. rti (Inb* b \ (In it I 

(0 -v = «(« - y = b(a~b). (n) .v - - 1 .' -■ \ - 1 , 7 = . 


(in) i - -1 -,j y — 2 \. 


' x / ' y k A * ■/ 

C jf/ ? t 6 jrto — 6 ? ^x 

8. Its. 1996, Is t year; A\s. 2000, 2nd year. 


Paper IX. 


2 . 3-tr — r* — £ — r. 3 . (j) 


2,1 -7 


. (ii) 1. 4 . 4te + J)i 


(1) .r = ^ y=s - l - 


•» / *» «> 7 •» 

. - /r ir—fr 

(n) .1* =-, y=z 

iic — bd ad—be 


ii iiids. 


7 . 36 ft 


8 . 127J. 


Paper X. 


r -Yabc. 


0 jr* .r 4 1 *• 

2 . ^ + — .,.< + . 

2/^ 8zr 16// 


, ; 10*0498756... 


ui -b-Yc -d)(a — b-c + dhb-i Yd-a)' b-t - d+a) 

(a — 6(b-ei(c-d>(rf—a) 

, ~ ... a~bi ab l c . , 

180. 6. (1) .r — „ . , M1 r= - ,.i. (:i; r - v 

w tr + b 1 /r + b~ a + d'- 


2 lirs. 


wX » . fU 1 ' O / 11 

8. 2 ,v. 2 ’//. ; 31 articles. 


£ 

a — b 


Paper XL 

31+47=13. 2 . r== 5, 7 — 6. 3 . .r~i. 4 . 

(1) .1=40, v = 6o. (n; t'--= 2, r =3. 6. - - t , + ^ . 

34 ; - 7. 8. 26 7 miles. 


Paper XII. 

226. 2 . (6, 8). 3 . (i) 1*49 in. (ii) 5*7 cms. 4 . 81 ft. 

AV.530. 6. 162. 7 . 11 s. 8. 4 1 lirs. 9 . (2], J). 

U) 1 I*. M-, 28 miles fiom P. ' 11) 20 miles. (liij 11-30 a. m. 


Ex. CXXX. (pp. 351-353). 

No. 2 Yes ; zr — a l b + ab L — P. 3. No. 4. Yes ; a* — (v'b 
+ d l b 2 — ab* + J 4 . 5. Yes; a A -Y<rb-Ya*b' 1 -Yal) r + /> 4 . 6 - No. 

No. 8 . No. 9. No. 10. Yes; a 7 + a°b + a f 'b-+a 4 b* + i**b A 
+ a-b* + ab ti + 11. No. 12. No. 13. Yes ; a l "-a*P + a*b 4 

- 11 * 6 °-Ya 2 b* — b lt) . 14 No. 15. No. 19. m~ 2 pn, where ft is 

any positive integer. 25. .v 4 + X s y + x'y 2 +xy* +y 4 . 

x s + 2 .V 2 + 3 . 1 - + 4. 31. 1 + a + a 2 + a' + a 4 + a * + a u + a 7 + a H + a°. 

1 -Y a-Y a 2 + a * + a 4 +... . + a :>A1 + a 3l . 
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